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Preface

The following are my solutions to the exercises in Emily Riehl’s textbook
Category Theory in Context.
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Chapter 1

Categories, Functors,
Natural Transformations

1.1 Abstract and concrete categories

Exercise 1.1.i
(i)
We find that

It follows from this equality g = h that the morphism g is not only a left-sided
inverse to the morphism f, but also a right-sided inverse, because 4 is a right-
sided inverse to f. Therefore, g is a two-sided inverse to f. The existence of
this two-sided inverse means precisely that f is an isomorphism.

(i)
Suppose that a morphism f: x — y in a category C admits two inverses g
and h. This means, more explicitly, that both g and h are two-sided inverse

to f. This entails that gf = 1, and also fh = 1,. According to the previous
part of this exercise, we thus have g = h.

Exercise 1.1.ii

We denote the suspected category by G. It has the same objects as the original
category C, but its morphisms are only the isomorphisms from C.
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The objects of G are also objects of C by definition of G, and for every two
objects x and y of G, the set G(x, y) of isomorphisms from x to y (in C) is a
subset of C(x, y).

For every object x of C let 1, be the identity morphism of x in the original
category C. This identity morphism is an isomorphism in C (it is its own
inverse) and therefore contained in G. This shows that all identity morphisms
from C are contained in G.

Let f and g be two morphisms in G that are composable in C, i.e., such
that the codomain of f equals the domain of g; suppose more specifically
that f: x - yand g: y — z. Both f and g are isomorphisms in C, and
the composite g f in C is therefore again an isomorphism in C: its inverse is
given by the composite f~1g~!. Therefore, g f is again contained in G.

We have shown that G contains all identity morphisms of C and that G is
closed under composition of morphisms. This shows that G is a subcategory

of C.

Let f: x = y be a morphism in G. This means that f is in isomorphism
in C, which in turn means that there exists a (unique) morphism f~!: y — x
with both ff™! = 1, and f1f = 1, in C. But these equalities also tell
us that f~! is an isomorphism with inverse f (so that (f~1)~! = f), which
entails that f~! is also a morphism in G. The morphisms f and f~! are also
mutually inverse in G, because G is a subcategory of C. Therefore, f is an
isomorphism in G.

We have shown that every morphism in G is an isomorphism, not only in C
but already in G, which shows that G is a groupoid.

Let now G’ be another subcategory of C that is also a groupoid. This
means that there exists for every morphism f: x — y in G’ another mor-
phism f~1: y - xin G’ with ff™! = 1, and f1f =1, in G’. In these two
equalities, both composition and identity morphisms take place in G’. But
since G’ is a subcategory of G, these equations entail that f and f~! are also
mutually inverse in C. In other words, f is an isomorphism in C. This in turn
means that f is contained in G.

We have shown that every morphism in G’ is also contained in G. This
shows that G is indeed the maximal groupoid in C.



1.1 Abstract and concrete categories

Exercise 1.1.iii

()

We denote the object of ¢/C as pairs (f, x), where x is an object of C and f is
a morphism from ¢ to x in C.

We first need to explain how the composition of morphisms in ¢/C is sup-
posed to work. Given two such morphisms

p: (f,x) —(gy) and ¥:(g,y) — (h2)

in ¢/C, we have the following commutative diagram:

Cc
PN
g
@ 4
b'e y z

By leaving the node y out of this diagram, we arrive at the following commu-

tative diagram:
c

AN

X z

The commutativity of this diagram tells us that the composite /¢ (taken in C)
is amorphism from (f, x) to (h, z) in ¢/C. This observation allows us to define
the composite of ¢ and ¢/ in ¢/C as their composite in C.

The associativity of composition of morphisms in ¢/C follows from the
associativity of composition of morphisms in C.

We have for every object (f, x) in ¢/C the following commutative diagram:

AN

x
X X

The commutativity of this diagram tells us that 1, is a morphism from (f, x)
to (f,x) in ¢/C. We have for every morphism ¢ : (f,x) — (g,y) in ¢/C the
equalities

ply=¢, and lyp=¢
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in C, and therefore also in ¢/C.
We have thus shown that the identity morphism of x in C serves as the
identity morphism of (f,x) inc/C.!

(ii)
This part of the exercise works completely dual to the first part: just reverse
all the arrows. (That is, C/c = (¢/C°P)P))

1.2 Duality

Exercise 1.2.i

Let c be an object in a category C.

The exercise tasks us with proving that two categories are isomorphic, even
though the book has yet to introduce the notion of an isomorphism of cate-
gories. (We haven’t even introduced functors yet.) We will construct in the
following a contravariant functor from C/c to ¢/C°P that is bijective on ob-
jects and on morphisms.

The objects of the slice category C/c are the pairs (x, f) consisting of an-
other object x of C and a morphism f : x — c in C. Similarly, the objects of
the slice category ¢/C°P are the pairs (x, f”) consisting of another object x
of C°P and a morphism f” : ¢ — x in C°P. The two categories C and C°P have
the same objects, and we know that morphisms in C°P correspond bijectively
to morphisms in C via the mapping (f: x = y) = (f°P : y — x). It follows
that this bijection restricts to a bijection between the objects of C/c on the
one hand and the objects of ¢/C° on the other hand. More explicitly, this
bijection is given by

(e, f:x—>c)r—(x,fP:c—>x).

Let (x, f) and (y, g) be two objects of C/c. A morphism from (x, f) to (y, g)
in C/c is a morphism ¢ : x — y in the category C for which the following

"We should actually ensure that Hom-spaces in ¢/C are pairwise disjoint, but we don’t
care about this for now — we could just apply the usual construction of replacing ev-
ery morphism ¢ : (f,x) — (g,y) by its triple (¢, (f,x),(g,y)) to ensure this technical
requirement.
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diagram commutes:

¢
X y
X %
c
Similarly, a morphism from (y, g°) to (x, f°P) in the category ¢/C°P is a
morphism ¢’ : y — x in C° for which the following diagram commutes:

(o
7\
(pl
y X

We have therefore for every morphism ¢ : x — y in C the sequence of equiv-
alences

¢ is a morphism from (x, f) to (y,g) in C/c

= go=f

= (gp)P = fP

— (pOPgOP = fOP

< ¢°P is a morphism from (y, g°P) to (x, f°P) in ¢/C°P.

These equivalences tell us that the bijection between morphisms of C and
morphisms of C°P given by ¢ — ¢°P restricts for every two objects (x, f)
and (y, g) of C/c to a bijection between morphisms from (x, f) to (y,g)inC/c
on the one hand and morphisms from (y, g°P) to (x, f°P) in ¢/C°P on the other

hand:
) o
X y X ¢e—m—— y
«—>
f g fOP gOP
C C

We have thus constructed a bijection between the objects of the two cat-
egories C/c and ¢/C°P, given by (x, f) — (x, f°P), as well as for every two
objects (x, f) and (y, g) of C/c a bijection between the morphisms from (x, f)
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to (y, g) in C/c and the morphisms from (y, g°P) to (x, f°P) in ¢/C°P, given
by ¢ — ¢°P. We denote these mappings by D (for “duality”).

It remains to check the functoriality of D. We have for every object (x, f)
of C/c the sequence of equalities

D(1(x. ) = 10y 5y = Lic = Lxcor = Lx po0) = 1p((a.f)) s
which shows that D preserves identities. We also have for any two compos-

able morphisms ¢ : (x, f) — (y,g) and ¢ : (y,g2) — (z,h) in C/c the se-
quence of equalities

D(yp) = (f9)°P = ¢PY°P = D(p)D(}),

which shows that D contravariantly preserves composition.

Regarding the second part of this exercise: by using the contravariant iso-
morphism D, one could actually define C/c as (¢/C°P)°P. This would then
allow us to deduce part (ii) of Exercise 1.1.iii from the previous part (i).

Exercise 1.2.ii
()
Suppose first that f is a split epimorphism. This means that there exists a

morphism g : y — x with fg = 1,. It follows for every object c of C for the
two induced functions

fi: Cle,x) — C(c,y) and g, : C(c,y) — Clc,x)

that
f*(g*(q))) = f*(gq)) = fgo= lyq) =0
for every element ¢ of the set C(c, y). This shows that the function g, is right
inverse to the function f,. The existence of such a right-inverse entails that f,
is surjective.
Suppose now that the induced function f, : C(c,x) = C(c, y) is surjective
for every object ¢ of C. By choosing c as y, we can see that the map

fe: Cy.x) — C(y,y), g+ fg

is surjective. This surjectivity entails that there exists an element g of C(y, x)
- that is, a morphism g : y — x in C - such that fg = 1,. The existence of
this morphism g tells us that f is split epimorphism.
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(i)

We have the following sequence of equivalences:

f: x = yis asplit monomorphism in C

there exists a morphism g : y — xin C with gf = 1, ¢

there exists a morphism g : y — x in C with (gf)°P = 1;?(:

there exists a morphism g : y — x in C with fPg =1, cop

there exists a morphism g’ : x — yin C with f°Pg” = 1, cop

f°P: y — xis a split epimorphism in C°P

(f°P), : C%(c,y) = CP(c, x) is surjective for every object ¢ of C°P
(f°P), : C%(c,y) = C°P(c, x) is surjective for every object c of C.

I A

We observe that the diagram

C(y,c¢) L C(x,c)

(—>°P| |(—)°P

op
COP(C, y) &) Cop(C, x)
commutes because

Fr(h)°P = (hf)P = fOPRP = (f°P),(h°P)

for every element h of C(y, c). Both vertical arrows in this diagram are bijec-
tions. Consequently, the upper horizontal arrow is surjective if and only if
the lower horizontal arrow is surjective.

Exercise 1.2.11i

We prove (i) and (ii) by providing two proofs for each statement.

Statement (i), first proof

Let hy,hy : ¢ = x be two morphisms with gfh; = gfhy. Then fh; = fhy
because g is a monomorphism, and then furthermore h; = h, because f is
a monomorphism. This shows that the composite gf is again a monomor-
phism.
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Statement (i), second proof

Let ¢ be an arbitrary object of C. By assumption, both maps
fi: Cle.x) = Cle,y), & Cle,y) — C(c,2)

are injective. It follows that their composite g, f. is again injective. But we
have the identity g, f. = (gf).. We have thus found that the map

(8f)x: Cle,x) — C(c,2)

is injective for every object ¢ of C. This tells us that the composite g f is again
a monomorphism.

Statement (ii), first proof

Let hy, hy : ¢ = x be two morphisms with fh; = fhy. Thenalso gfh; = gfhs,
and thus h; = h, because gf is a monomorphism. This shows that f is a
monomorphism.

Statement (ii), second proof

Let ¢ be an arbitrary object of C. By assumption, the induced map

(§/)«: Cle,x) — Clc,2)

is injective. But this induced function equals the composite g, f., whence this
composite is injective. It follows (from naive set theory) that the function f;
is injective. We have thus shown that the map

f* : C(Cs X) - C(C’ y)

is injective for every object ¢ of C. This tells us that the morphism f is a
monomorphism.



1.2 Duality

Concluding (i’)

We first observe for every morphism f : x — y in C the following sequence
of equivalences:

f: x = yis an epimorphism in C

forall gy,g2: y > cinC, g1 f = gof implies g; = g

forall g, g, : y = cin C, (g1£)° = (g, f)°P implies g;* = g5"
forall gj,g,: y = cin C, fPg” = fPgP implies gi* = g5
forall g1, g5+ ¢ > yin C°P, fPgy = f°Pgj implies g] = g5

1rrtot

f°P: y — x is a monomorphism in C°P .

Thanks to this observation and part (i) of the lemma (i.e, Lemma 1.2.11),
we can now observe the following sequence of equivalences:

f:x—>yandg: y— zare epimorphism in C
f°P: y > xand g°? : z —» y are monomorphisms in C°P
f°Pg% : z — x is a monomorphism in C°P

(gf)°P : z > x is a monomorphism in C°P

I

gf : x = z is an epimorphism in C°P

This proves statement (i’).

Concluding (ii’)

By using part (ii) of the lemma and once again the above observation, we get
the following sequence of equivalences:

gf: x = zis an epimorphism in C
— (gf)°?: z - x is a monomorphism in C°P
— f%Pg% : z > x is a monomorphism in C°P
< g°: z > yis a monomorphism in C°P

< g: Yy — zis an epimorphismin C.

This proves statement (ii’).
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Monomorphisms form a subcategory

A class of morphism M in C forms a subcategory of C if and only if the fol-
lowing two conditions are satisfied:

1. M is closed under composition.

2. For every morphism f : x — y belonging to M, both 1, and 1, again
belong to M.

In the case that M is supposed to define a full subcategory of C (i.e., a subcat-
egory that contains all objects of C), the second condition can be simplified
as follows:

2”. 1, belongs to M for every object x of C.

We have already seen in Lemma 1.2.11 (and proven in the previous parts of
this exercise) that the classes of monomorphisms and epimorphisms are both
closed under composition. Identity morphisms are isomorphisms, therefore
both split monomorphisms and also split epimorphisms, and therefore both
monomorphisms and epimorphisms. Consequently, both the class of mono-
morphisms and the class of epimorphisms define full subcategories of C.

Exercise 1.2.1v

Every homomorphism of fields is injective, and therefore a monomorphism
in Field.

Exercise 1.2.v

Let i denote the inclusion map from Z to Q, which is a homomorphism of
rings. The map i is injective, and therefore a monomorphism.

Let R be another ring and let f be a homomorphism of rings from Q to R.
We have for every nonzero integer n the equalities

f(n)-f(%) =f(n-%) 1) =1.

This shows that f(1/n) is multiplicatively inverse to f(n) in R. In other
words, f(n) is invertible in R and f(1/n) = f(n)~!. It follows for every frac-
tion p/q in Q that

A(8)=s(p-3) = 102 1(3) = 102 107 = o000

10
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This shows that the homomorphism f is uniquely determined by its compos-
ite f oi. As this holds for every morphism f with domain Q, we have shown
that i is an epimorphism.

We have thus shown that i is both a monomorphism and an epimorphism.
But it is not an isomorphism, as it is not bijective (1/2 does not lie in the
image of i, whence i is not surjective).

We can more generally consider a commutative ring R, a multiplicative sub-
set S of R, and the canonical homomorphism j from R to its localization S7IR,
given by r — r/1. Then the following hold:

« jis always an epimorphism.
« jis a monomorphism if and only if it is injective, which is the case if and
only if S does not contain any zero divisor.

+ jis an isomorphism if and only if every element of S is already invertible
in R to begin with.

Exercise 1.2.vi
First part, first proof

Let f: x — y be a morphism in a category C that is both a monomorphism
and a split epimorphism. The second assumption tells us that there exists a
morphism g : y — x with fg = 1,. It follows that fgf = 1,f = f = f1,,
and therefore gf = 1, because f is a monomorphism. This shows that g
is already a two-sided inverse to f. The existence of this two-sided inverse
means that f is an isomorphism.

First part, second proof

As before, let f : x = y be a morphism in a category C that is both a mono-
morphism and a split epimorphism. The induced map f, : C(c,x) = C(c,y)
is injective for every object c of C because f is a monomorphism, and it is also
surjective because f is a split epimorphism. This shows that f, is a bijective
for every object ¢ of C, which in turn shows that f is an isomorphism.

Second part

Suppose now that f is a morphism in a category C that is both a split mono-
morphism and an epimorphism. This means that f°P is both a split epimor-

11



Chapter 1 Categories, Functors, Natural Transformations

phism and a monomorphism in C°P. As seen above, f°P is therefore an iso-
morphism in C°P. This is in turn equivalent to f being an isomorphism in C.

Exercise 1.2.vii

Let A be a subset of a poset (P, <).

Definition of the supremum

An element s of P is a supremum of A if and only if for every element x of P
the following condition holds: x > s if and only if x > a for every a € A.
In categorical terms, this condition means that for every object x of P, there
exists a morphism s — x if and only if there exists a morphism a — x for

every object a contained in A.

Definition of the infimum

Dually, an object i of P is an infimum of A if and only if for every object x of P,
there exists a morphism x — i if and only if there exists a morphism x — a
for every object a of A. That is, i is an infimum of A in P if and only if it is a
supremum of A in PP.

Uniqueness of the supremum

Let now s; and s, be two suprema of A. There exists a morphism s; — s,
namely the identity morphism. As s; is a supremum of A, there hence exists
for every object a contained in A a morphism a — s;. As s, is a supremum
of A, it follows that there exists a morphism f : s; — s;. By switching the
roles of s; and s, we also find that there exists a morphism g : s, — s;.

The composite fg is a morphism s, — s, and has therefore the same
domain and codomain as the identity morphism 1;,. For any two objects x
and y in P there exists at most one morphism from x to y, whence it follows
that fg = 15. We find in the same way that also gf = 15 .

This shows that f is an isomorphism with inverse g. But any two isomor-
phic objects of P are already equal (because the relation < on P is antisym-
metric). We hence find that s; = s,.

12
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Uniqueness of the infimum

Suppose that i; and iy are two infima of A. This means that i; and i, are
suprema of A in P°P, whence i; = i,.

1.3 Functoriality

Exercise 1.3.i

Let G and H be two groups. A functor ® from BG to BH consists of a set-
theoretic function {*x} — {*} together with a set-theoretic function

p: G—H

such that
p(1,) =1, and ¢(g182) = ¢(g1)e(g2)

for all g1, g5 € G. The second condition means precisely that ¢ is a homomor-
phism of groups, and this then entails the first condition.

We see that a functor from BG to BH is “the same” as a homomorphism of
groups from G to H.

Exercise 1.3.ii

Let P and Q be two partially ordered sets, and let P and Q be the correspond-
ing categories. A functor F from P to Q consists of a function

f:P—0Q
as well as for every two elements p; and p, of P a function

Fp.p, ¢ P(p1. p2) — QUf(p1). f(p2))

such that

Fpp(1p) =1y and  Fy . (Y9) = Fp, p. () - Fy p,(0) (1.1)

for every object p in P and all morphisms ¢ : p; = p;and ¢ : p, — p3in P.
We make two observations regarding the above data and conditions.

13
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1. The sets Q(q;,¢q,) for 1,9, € Q are either empty or singletons. The
equalities (1.1) are therefore automatically satisfied.

2. The existence of a function Fy, ,, : P(py, pp) > Q(f(p1), f(p2)) is equiv-
alent to the implication

P(p1, p2) 2@ = Q(f(p1), f(p2)) = @,

which is furthermore equivalent to the implication

p1<pp = f(p1) < f(p2).

The existence of the functions F,, , forall p;, p, € P is therefore equiv-
alent to f being isotone (i.e., weakly increasing).

We find altogether that a functor F from P to Q is “the same” as an isotone
function f from P to Q.

Exercise 1.3.iii

We consider the partially ordered set P given by four elements ay, by, a,,b,
with non-trivial relations a; < b; and a, < b,, and the partially ordered set Q
with elements 1,2,3 and 1 < 2 < 3. The categories P and Q corresponding
to P and Q look respectively as follows:

P: aq — b a —— by

N,

We have a functor F: P — Q that maps the morphism a; — b; to the
morphism 1 — 2, and the morphism a, — b, to the morphism 2 — 3. The two
morphisms 1 — 2 and 2 — 3 lie in the image of F, but their composite 1 — 3
does not. The image of F is therefore not a subcategory of Q.

Exercise 1.3.iv

Let C be a category and let ¢ be an object of C.

14
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The covariant functor C(c, —)

We need to show that C(c, —) is compatible with identities and composition
of morphisms.

+ Let x be an arbitrary object of C. The induced map
(1p): + Cle,x) — Cle, x)
is the identity map of the set C(c, x) since
(L)«(h) = 1 -h = h = 1c(c ) (h)
for every h € C(c, x).

« Let f: x > yand g: y — z be two composable morphisms in C. We
have the sequence of equalities

(&f)«(h) = (gNHh = g(fh) = g.(fh) = g.(f(h)
for every h € C(c, x), and therefore the equality (g ). = g f-

We have altogether shown that C(c, —) is a covariant functor from C to Set.

The contravariant functor C(—,c)
We proceed dually to the contravariant case.
« Let x be an arbitrary object of C. The induced map
(10" Clx,¢) — C(x,0)
is the identity map of the set C(x, c) since
(L) (h) = h- 1y = h = 1e(ee)(h)
for every h € C(x,c).

e« Let f: x > yand g: y — z be two composable morphisms in C. We
have the sequence of equalities

(&f)*(h) = h(gf) = (hg)f = f*(hg) = f*(g"(W)
for every h € C(z,c), and therefore the equality (gf)* = f*g".

We have altogether shown that C(—,¢) is a contravariant functor from C
to Set.

15
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Exercise 1.3.v

A functor from C to D is “the same” as a functor from C°P to D°P. Conse-
quently, a functor from C°P to D is “the same” as a functor from C°P°P = C
to DP.

Exercise 1.3.vi
Definition of the composition of morphismsin F | G

Let
(h’ k) : (d, e, f) N (d/,el’f/)’ (hl’k/) . (d/,e/, f/) SN (dl/’e//’f//)

be two morphismsin F | G that ought to be composable. We have by assump-
tions on the pairs (h, k) and (h’,k’) the following two commutative square
diagrams:

Fd) —— G(e) Fd) —L— G()
F(h)l |G(k) F(h’)| |G(k’)
f f”

F(d") G(e’) F(d") G(e”)

By combining these two diagrams, with the first diagram above the second,
we arrive at the following commutative diagram:

F(d) —L . G(e)

F(h) G(k)
Fd) —I s 6(e)
F(h) G(k")
F@") —L— 6"

16
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By leaving out the center row of this diagram we arrive at the following com-
mutative square diagram:

F(d) —2— G(e)
F(h')F(h)l lG(k’)G(k)
F(d”) f” G(e”)

This diagram can equivalently be rewritten as follows:

Fld) —1 . Ge)

F(h’h)| |G(k’k)

Fd”) —

G(e//)

The commutativity of this square diagram tells us that the pair (h’h,k’k) is
a morphism from (d,e, f) to (d”,e”, f”) in F | G. We define the compos-
ite (W', k") - (h,k) as (h’h,k’k). In other words, the composition of morphisms
in F | G is componentwise.

The associativity of the composition of morphisms in the proposed cate-
gory F | G follows componentwise from the associativity of the compositions
of morphisms in D and E.

It remains to prove the existence of identity morphisms in F | G.

We have for every object (d,e, f) in F | G the following commutative
square diagram:

Fd) —L— G(e)

1F(d)| |1G(e)

Fld) —L— G(e)

This diagram can equivalently be rewritten as follows:
Fd) —— Ge)

F(ld)l |G(le)

F(d) G(e)

17
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The commutativity of this diagram tells us that the pair (14, 1.) is a morphism
from (d,e, f) to (d,e, f) in F | G. We have for every morphism

(hk): (d.e, f) — (d".¢', ')
in F | G the two sequences of equalities
(1g7, 1) - (B k) = (g - h, 1o - k) = (B, k)
and
(hk)-(14,1,) =(h- 143,k - 1,) = (hk).

This tells us that for every object (d, e, f) of F | G the endomorphism (14, 1,)
of (d, e, f) serves as the identity morphism of (d, e, f).
We have altogether constructed a category F | G.

The functors dom and codom

We define the “domain functor” dom: F | G — D as dom((d,e, f)) = d
on objects and as dom((h,k)) = h on morphisms. Similarly, we define the
“codomain functor” codom: F | G — E as codom((d,e, f)) = e on objects
and as codom((h, k)) = k on morphisms. The actions of dom and codom can
more graphically be depicted as follows:

d F(d) G(e) e
hl o F(h)[ [G(k) Rt k
d’ Fd) —— G ¢

The assignments dom and codom are indeed functors because identities
in F | G and composition of morphisms in F | G work componentwise.

Exercise 1.3.vii

Let C be a category and let ¢ be an arbitrary object of C. Let 1 be the singleton
category consisting of a single object * and only the morphism 1,. Let F be
the constant functor from 1 to C corresponding to the object c, i.e., the functor

F:1—C, *r—>c¢, 1l,+—1..

The comma category 1¢ | F looks as follows:

18



1.3 Functoriality

« The objects of 1 | F are triples (x, *, f) consisting of an object x of C and
a morphism f : 1c(x) —» F(*), i.e.,, a morphism f: x — c.

« A morphism from (x, *, f) to (y, *, g) is a pair (¢, 1,.) consisting of a mor-

phism ¢ : x — y in C such that the following diagram commutes:

1e(x) —— F(x)

lc(tP)I [F(l*)

1c(y) — F(x)

This diagram can be simplified as follows:

¢

f

X —— ¢
|lc
—> C

A further simplification yields the following diagram:

LA

c

Y g

« The composite of two morphisms

(0.1): Gox f) = (1% g), (1) (1:%.8) — (z.%,h)

is given by
(lﬁ, 1*) : (<P, 1*) = (¢¢, 1*1*) = (l//(ﬂ, 1*)-

We find that the comma category 1¢c | F is isomorphic to the slice cate-
gory C/c via

(XS*sf)'_)(xsf)s ((P’l*)'—)(p
We can show similarly that the slice category ¢/C is isomorphic to the comma
category F | 1c.
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The domain functor (1¢ | F) — C corresponds to the functor C/c — C
given by

x x%y
|Hx, \/ —(xy).
C C

The codomain functor (1c | F) — 1 corresponds to the constant func-
torC/c — 1.

The domain functor (F | 1c) — 1 corresponds to the constant func-
tor ¢/C — 1. The codomain functor (F | 1c) — C corresponds to the
functor ¢/C — C given by

c c
[ — 1, / \ — (x5 y).
x x%y

Exercise 1.3.viii

Let 1 be the category consisting of a single object * and only the respective
identity morphism. Let 2 be the category consisting of two objects, named 0
and 1, and a single non-identity morphism, namely f: 0 — 1. The unique
functor from 2 to 1 maps f onto the identity morphism of *, which is an
isomorphism. But f is not an isomorphism in 2 because there exists no mor-
phism from 1 to 0 in 2.

Exercise 1.3.ix
For isomorphisms

Every isomorphism of groups ¢ : G — H induces isomorphisms of groups
Lp): UG) — Z(H), gr— ¢(g),
Clp): C(G) — C(H), g+ ¢(g),
Aut(p) : Aut(G) — Aut(H), v+ oy !,

In this way, the constructions Z, C and Aut become functors from Group;g,
to Group.
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1.3 Functoriality

For epimorphisms

We use in following without proof that a homomorphism of groups is an
epimorphism in Group if and only if it is surjective.

« Let ¢ : G — H be an epimorphism of groups. We claim that
¢(Z(G)) € Z(H).

Indeed, let z be an element of Z(G) and let h be an element of H. There
exists by assumption some element g of G with h = ¢(g). It follows that

p(2)h = p(2)p(g) = ¢(zg) = p(g2) = p(g)p(z) = hp(z) .

This shows that ¢(z) is contained in Z(H), as claimed.

It follows that the homomorphism ¢ restricts to a homomorphism of
groups from Z(G) to Z(H). This observation allows us to extend Z to a
functor from Groupe,; to Group.

« Every homomorphism of groups ¢ : G — H induces a homomorphism
groups from C(G) to C(H) by restriction. This entails that C extends to
a functor from Groupep; to Group.

« An epimorphism of groups ¢ : G — H does not necessarily induce a map
from Aut(G) to Aut(H): an automorphism ¢/ of G descends to an endomor-
phism of H if and only if ¢/(ker(¢)) C ker(¢p).

There nevertheless exists a functor from Groupep; to Group that assigns
to each group its automorphism group. This is due to the following obser-
vation:

Claim 1 ([MSE18b]). Every functor from Groupjs, to Group can be ex-
tended to a functor from Groupep; to Group.

This observation in turn relies on the following observation:

Claim 2. Let¢: G - H and ¢y : H — K be two epimorphisms of groups.
The composite (¢ is an isomorphism if and only if both ¢ and ¢ are isomor-
phisms.

Proof. If both ¢ and  are isomorphisms then their composite ¢ is again
an isomorphism.
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Suppose conversely that /¢ is an isomorphism. This entails that /¢ is
a monomorphism, whence ¢ is a monomorphism. As ¢ is both a mono-
morphism and an epimorphism in Group, it is an isomorphism. It follows
that ¥ = ¢ - ¢~ ! is a composite of isomorphisms and therefore also an
isomorphism. |

Proof of Claim 1. Let F be a functor from Groupjs, to Group. We define an
extension F’ of F by letting F’(¢) be the trivial homomorphism from F(G)
to F(H) for every epimorphism ¢ : G — H that is not an isomorphism. We
need to prove that the assignment F’ is functorial. More specifically, we
need to check that F’ is compatible with both identities and composition.

o Let G be any group. The identity homomorphism 15 is an isomorphism,

so we have
F'(1g) = F(1g) = 1) = 1p(G)
by the functoriality of F.

o Let¢p: G— Handy : H — K be two epimorphisms of groups. We need
to show that F'(y¢) = F’()F’(¢). We distinguish between two cases:
Case 1. Suppose that both ¢ and ¢ are isomorphisms. Then their com-

posite Y is again an isomorphism, whence

F'(yp) = F(yp) = FY)F(p) = F'(Y)F' ()
by the functoriality of F.

Case 2. Suppose that either ¢ or ¢ is not an isomorphism. By definition
of F’, either F’(¢) or F'(y) is trivial. The composite F’({/)F’(¢p)
is therefore again trivial. It also follows from Claim 2 that ¢
is not an isomorphism, whence F’(¢) is trivial. This shows
that F’(Y¢) = F’()F’ (), as both sides are trivial with the same
domain and same codomain. |

For homomorphisms

« If Z were to extend to a functor from Group to Group, then the commutative
diagram
S3

Z/2 ! Z)2

22



1.3 Functoriality

would result in the following commutative diagram:

Z(S3)

N

2(Z)2) : Z(Z/2)

We have Z(Z/2) = 7Z./2 and Z(S;) = 1 (the trivial group), and therefore
would get the following commutative diagram:

1

/N

z/2 L Z)2

The commutativity of this diagram would mean that the identity homomor-
phism of Z /2 is trivial. But this is not the case!

 The construction C extends to a functor from Group to Group in the usual
way: every homomorphism of groups ¢ : G — H satisfies ¢(C(G)) € C(H),
and therefore restricts to a homomorphism C(¢) from C(G) to C(H).

o It can be shown that Aut cannot be extended to a functor from Group
to Group. We refer to [MSE15] for more details on this claim.

Exercise 1.3.x

Let ¢ : G — H be a homomorphism of groups. For every element g of G,
the homomorphism ¢ maps the conjugacy class of g into the conjugacy class
of ¢(g). The homomorphism ¢ does therefore induce a map

Conj(g) : Conj(G) —> Conj(H), [g] — [p(g)].

We need to verify the functoriality of Conj:

+ We have for any two homomorphism of groups¢: G - Handy : H - K
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the sequence of equalities

Conj(¥)(Conj(e)([g])) = Conj(y)([e(g)])
= [y (p(g))]
= [(Ye)(g)]
= Conj(yo)([g])

for every g € G, and therefore the equality
Conj(¥¢) = Conj(y) Conj(p).
« We also have for every group G the sequence of equalities
Conj(16)([g]) = [16(&)] = [&] = 1conj)([g])
for every g € G, and therefore the equality
Conj(16) = lconj(c) -

This proves the functoriality of Conj.

1.4 Naturality

Example 1.4.3
(vii)

Suppose that a is a natural transformation from F to G, where F is the identity
functor of Vecty, and

G: Vecty — Vecty, V— VRV, f+—f®f.

We then have for every linear map f: k — V the following commutative

square diagram:

k—"* \kek

f[ |f®f

Vv

V— VeV
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1.4 Naturality

The linear map « is given by ¢ (1) = 11 ® 1 for some scalar A in k because
both k and k ® k are one-dimensional with basis elements 1 and 1 ® 1 respec-
tively. Let v be an arbitrary vector of V and let f be the unique linear map
from k to V with f(1) = v. It follows from the commutativity of the above
square diagram that

ay(v) = ay(f(1))
= (f ® fa(1))
=(fe®fHA1e1)
=Af®fH1e1)
=Af(V) ® f(1)
=Av®v

for every v € V. This shows that the linear map ay is uniquely determined
by the scalar A via ay(v) = Av @ v for every v € V.
However, the map

V—o>VRV, vi—>lv®v

is linear if and only if either V = 0, or A = 0, or if simultaneously dim(V) = 1
and k = FF,. This can be seen as follows:

« Suppose that V is at least two-dimensional. There then exist two linearly
independent vectors v; and v, in V. The vectors

M+ +W) =V +V; @V + Vv, V| + 1, ®Vy

and v; ® v; + v, ® v, are then distinct. The map v = Av ® v is therefore
not additive if A is nonzero.

« Suppose that k is not F,. There then exists a scalar p in k that is distinct
to 0 and 1, and therefore satisfies y? # p. If V is also nonzero, then there
exists a nonzero vector v in V. The two vectors (uv) ® (uv) = p?v ® v
and pv ® v are then distinct. The map v — Av ® v is therefore not
homogeneous if A is nonzero.

This shows that the only natural transformation from F to G is given by the
zero map in each of its coordinates (corresponding to the above case A = 0).
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Exercise 1.4.i

Let C be the domain of the two functors F and G.

The naturality of @ ensures for every morphism f : x — y in C the com-
mutativity of the following square diagram:

Fe) — . Fy)
6x) —, 6(y)

This commutativity is equivalent to the equality ay,-F(f) = G(f)- a,. We can

rearrange this equality to F(f)-a;! = =a, L.G(f). ThlS new equality gives us
the commutativity of the following dlagram

60) —22 . G(y)
Fx) — L, R(y)

The commutativity of this diagram, for every morphism f : x — yin C, tells
us that the family (e; 1), cc is a natural transformation from G to F.

Exercise 1.4.ii

Let G and H be two groups. We have already seen in Exercise 1.3.i (page 22
of the textbook) that a functor ® : BG — BH is the same a homomorphism
of groups ¢ : G — H, via the assignments ®(*g;) = *gy and &(g) = ¢(g) for
every g € G.

Let ®,¥ : BG — BH be two functors with corresponding homomorphisms
of groups ¢,y : G — H. A natural transformation a: ¢ = ¥ is a fam-
ily () xepg consisting of morphisms a, : ®(x) — ¥(x) for x € BG such that
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1.4 Naturality

the square diagram

O(x) —— 2(y)
I . J
¥(x) —— ¥(y)

commutes for every morphism g: x — y in BG. Given the specific shapes
of BG and BH, the entire transformation « consists of the single element «,
of H, which has to satisfy the commutativity of the diagram

o(g)

X — > %
0!*| Ia*
¥(g)

X — > %

for every g € G. A natural transformation from @ to ¥ is therefore “the same”
as an element h of H such that hg(g) = y/(g)h for every g € G. In other words,
the element h needs to satisfy 1/(g) = hp(g)h~! for every g € G.

We see overall that there exists a natural transformation from ® to ¥ if and
only if ¢ is conjugated to 1. More explicitly, natural transformations from ¢
to ¥ correspond bijectively to elements of H that realize the conjugation of ¢

and 1.

Exercise 1.4.iii

Let P and Q be two preordered sets with corresponding categories P and Q.

We have seen in Exercise 1.3.ii that a functor F from P to Q is “the same”
as an isotone map f from P to Q, via the assignments F(p) = f(p) for ev-
ery p € P, and F(p; = p2) = (f(p1) = f(p2)) forall py,pp € P. Let
in the following F,G: P — Q be two functors with corresponding isotone
maps f,g: P - Q.

There exists at most one natural transformation from F to G since for every
element p on P there exists at most one morphism from F(p) to G(p) in Q.
The existence of a transformation from F to G is equivalent to the existence of
a family () pep of morphisms a,, : f(p) — g(p), which in turn is equivalent
to having f(p) < g(p) for every p € P. Such a transformation is then au-
tomatically natural since every diagram in Q commutes (because every two
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morphisms in Q with the same domain and the same codomain are already
equal).

We find overall that there exists a natural transformation from F to G if
and only if f < g, in the sense that f(p) < g(p) for every p € P, and that this
natural transformation is then unique.

Exercise 1.4.iv

If f. = g., then by considering more specifically f,, g, : C(c,c) = C(c,d) we
find that

f:f'lc:f*(lc):g*(lc):g'lc:g~

Similarly, if f* = g*, then by considering f*, g*: C(d,d) - C(c,d) we find
that

f=1-f=fAp=g"0p=13-g=3.

(One could also derive the implication f* = g* = f = g from the implica-
tion f, = g. = f = g via duality.)

Exercise 1.4.v

For every object x = (d,e, f) of the comma category F | G let a, be the
morphism

f: Fd — Ge.

Then, since d = domx and e = codom x, the component «, is a morphism
from Fdomx to Gcodomx. Therefore, « is a transformation from F dom
to G codom. We claim that this transformation is natural.

Indeed, let (h,k): x — x’ be an arbitrary morphism in F | G with do-
main x = (d,e, f) and codomain x” = (d’,¢’, f’). This means that we have
the following commutative diagram:

f

Fd —— Ge

g Jo

fl ’

Fd" —— Ge
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1.5 Equivalence of categories

This diagram can be rewritten as follows:

Fdomx G codom x

Fdom (h,k) G codom (h,k)

A7
Fdomx’ —= Gcodom x’

The commutativity of this square diagram shows precisely that « is natural.

Exercise 1.4.vi

In the given diagrams we have morphisms between objects in the codomain
category of F and objects in the codomain category of G. For this to make
sense we need both functors to have the same codomain category.

1.5 Equivalence of categories

Equivalences between skeletal categories are
isomorphisms

For every category C let Iso(C) be the class of isomorphism classes of ob-
jects of C. We note that every functor F: C — D induces a function Iso(F)
from Iso(C) to Iso(D) via [c] = [Fc]. The construction Iso is functorial.

Lemma 1.A. Let F,G: C — D be two parallel functors. If F and G are iso-
morphic, then the induced maps Iso(F) and Iso(G) are equal.

Proof. We have for every object c of C the isomorphism Fc = Gc and therefore

the equality
Iso(F)(c) = [Fc] = [Ge] = Iso(G)(c).

This shows that Iso(F) = Iso(G). [

Proposition 1.B. Let F: C — D be an equivalence of categories with quasi-
inverse G : D — C. The induced map Iso(F) is bijective with inverse Iso(G).

Proof. There exists an isomorphism of functors between GF and 1¢. It follows
from Lemma 1.A that

Iso(G) Iso(F) = Iso(GF) = Iso(1¢c) = 1s0(C) -
We find in the same way that also Iso(F) Iso(G) = 1140(D)- |
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Proposition 1.C. Let F be a functor that is full, faithful, and induces a bijection
between objects. Then F is an isomorphism. |

Proof. It follows that F also induces a bijection on morphisms. |

Corollary 1.D. An equivalence between skeletal categories is already an iso-
morphism of categories.

Proof. Let F: C — D be an equivalence between skeletal categories. It fol-
lows from Proposition 1.B and C and D being skeletal that F induces a bijec-
tion between objects. The functor F is also full and faithful. It is therefore an
isomorphism of categories by Proposition 1.C. |

A category equivalent to a groupoid is itself a groupoid

This statement is a consequence of Exercise 1.5.iv, as equivalences reflect iso-
morphisms.

Exercise 1.5.i

We first prove an auxiliary result.

Proposition 1.E. Let C and D be categories and let F,G : C — D be functors.
1. Leta : F = Gbe anatural transformation. For every morphism f : x — y

in Cletns: Fx — Gy be the diagonal morphism in the resulting commu-
tative square diagram:

Ff
Fx ———— Fy
o, \\?f a, (1.2)

In other words, ny = a;, - Ff and alsony = Gf - ay.
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1.5 Equivalence of categories

Then the following triangular diagrams commute for all composable
morphisms f: x > yandg: y —> zinC:

Fx Fx £f Fy
nf Ngf
G ﬂgf ’7g
g
Gy Gz Gz

In other words, we have

ngr =Gg-ny and ngr=ny-Ff. (1.3)

. Suppose conversely that (¢)¢ is a family of morphisms n5: Fx — Gy,
where f: x — y ranges through the morphisms in C, such that the condi-
tions (1.3) hold for all morphisms f: x - yandg: y = zin C.

Then there exists a unique natural transformation « : F = G such that
the diagram (1.2) commutes for every morphism f : x — yin C.

. The above two constructions are mutually inverse, and thus result in a

bijection between

o natural transformations « : F = G and

- families (177) s of morphisms ns: Fx — Gy, where f: x — y ranges
through the morphisms in C, such that nyr = Gg-nyand ngr =ng - Ff
for all morphisms f: x > yandg: y > zin C.

Proof.

1. We have for all morphisms f: x — yand g: y — z in C the following
two commutative diagrams:

F(gf)
N
Fx ! Fy £ Fz Fx M, Fz
ax‘/ \\\?f |ay \\\\?g a, axl \\\\I\]gf laz
Gx G Gz Gx ——— Gz

G(gf)
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32

The outer square part of these diagrams is the same. The overall diagonal
morphism from Fx to Gz is therefore the same in both diagrams. This
entails that ng ¢ =n, - Ff as wellasngr = Gg - ny.

. If such a natural transformation o were to exist, then we would have for

every object x of C the following commutative square diagram:

F1
Fx —— Fx
\\\
~o
(229 AN Oy

N
N
N

Gx — Gx
G1,

It would then follow that
M, =y Fly =oy - 1py = 0.

This shows the uniqueness of a.
To prove the existence of @ we conversely set

x =11,

for every object x of C, which is a morphism from Fx to Gx. We need to
show that the family « := (@), is a natural transformation from F to G,
and thatny = - Ff and ny = Gf - a, for every morphism f : x > yinC.
These two equalities hold because

ng=n,.f=m, Ff=a Ff

and similarly
ng=np1, =Gf-m, =Gf-a,

and the resulting sequence of equalities a;, - Ff = ng = Gf - a, also shows
that the family « is natural.

Let « : F = G be a natural transformation. Let (17); be the resulting
family of morphisms ¢ : Fx — Gy, where f : x — y ranges through the
morphisms in C, given by ny = @, - Ff (and also ny = Gf - ay). Let @’
be the resulting natural transformation from F to G given by ay = n;_for
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every object x of C. We then have for every object x of C the sequence of
equalities
aa/c:’hx = o Fly =y - 1px = oy,

which shows that ¢’ = a.

Let now conversely (17); be a family of morphisms ns: Fx — Gy,
where f: x — y ranges through the morphisms in C, satistying the two
conditions nyr = Gg - ny and ngy = n, - Ff for all morphisms f: x - y
and g : y — zin C. Let a be the resulting natural transformation from F
to G given by @, = n;_for every object x of C. Let (ry})  be the resulting
family of morphisms 17} : Fx — Gy, where once again f : x — y ranges
through the morphisms in C, with 77} given by 17} = a, - Ff (and also
equivalently 17} =Gf - ay). Then

Ny=ay Ff=mn -Ff=n 5=n¢
for every morphism f: x — yin C. |
We now return to the exercise at hand. We note that a functor
H: Cx2—D

consists of the following data:

D1. For every object x of C an object H(x,0) of D.
D2. For every object x of C an object H(x, 1) of D.

D3. For every morphism f : x — yin C a morphism H(f, 1) from H(x, 0)
to H(y,0) in D.

D4. For every morphism f : x — yin C a morphism H(f, 1;) from H(x, 1)
to H(y,1) in D.

Ds. For every morphism f: x — y in C a morphism H(f, j) from H(x, 0)
to H(y,1) in D, where j: 0 — 1 is the unique non-identity morphism
in 2.

These data are subject to the following conditions:

C1. For every object x of C the two equalities

Cra. H(ly, 1p) = 1g(x) and
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Ci1.b. H(lx, 11) = 1H(x’1).
C2. For all morphisms f: x - yand g: y — zin C the four equalities

Cz.a. H(gf,10) = H(g.1p) - H(f, 1¢),
C2.b. H(gf,1,) = H(g,11) - H(g, 1y),
Cz.c. H(gf,j)=H(gj)-H(f 1),
Czd. H(gf,j) = H(g 1;)- H(f,)).

For every object x of C let
Fx:= H(x,0), Gx:=H(x,1),
and for every morphism f : x — yin C let

Ff=H(f,10), Gf=H(f.11), ny=H(f.J)).

The datum of F is equivalent to the data D1 and D3, the datum of G is equiva-
lent to the data D2 and D4, and the datum of 1 is equivalent to the datum D5.
The combination of conditions C1.a and C2.a is equivalent to the functoriality
of F, the combination of conditions C1.b and C2.b is equivalent to the functo-
riality of G. The combination of conditions Cz.c and Cz2.d is then equivalent
to n defining a natural transformation from F to G via Proposition 1.E.

This shows that functors H: C x 2 — D correspond to pairs of func-
tors F,G: C — D together with a natural transformation « : F = G. This
correspondence is given by F = Hiy and G = Hiy, and the natural transforma-
tion « corresponds to the morphisms H(f,j): Fx — Gy, where f: x —» y
ranges through the morphisms in C, as laid out in Proposition 1.E.

Exercise 1.5.ii

We will show that the category I'°P is isomorphic to Fin°. As Fin? is equivalent
to Fin,, this then also shows that T'°P is equivalent to Fin,. (We have seen in
Example 1.5.6 that Set? is equivalent to Set,. This equivalence restricts to an
equivalence of categories between Fin® and Fin,.)

To prove the claimed isomorphism between I'°P and Fin®, we will construct
mutually inverse contravariant functors F and G between I' and Fin®. The
main observation is that a partially defined function f: T — S is uniquely
determined by its fibres f~(s), which are disjoint subsets of T indexed by S.
Such an indexed family of pairwise disjoint subsets has the same data as a
morphism from Sto T in T.
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The functor F

We start with the functor F : T°P — Fin®.

We define F on objects as F(S) := S for every finite set S.

For every morphism 6 : S — T inT let F(0) be the partially defined function
from T to S given by

FO)(t) =s ifandonlyif ¢ € 0(s)
forall s € S, t € T. In other words, the set 8(s) is the fibre of s under F(0):

FO)1(s) = 0(s).

The partially defined function F(0) is well-defined since the sets 6(s), where s
ranges through S, are pairwise disjoint.”

We us now verify the functoriality of F.

Let S be a finite set, regarded as an object of I, and let i5 be the identity
morphism of S in I'. In other words, i is the function

ig: S— P(S), s+ {s}.

The resulting function F(i) : S — S is then given by F(i5)(s) = s for ev-
ery s € S, whence F(i5) is the identity function on S. This shows that the
assignment F preserves identities.

Let 6 be a morphism in I' from a set S to a set T, and let ¢ be a mor-
phism in I from T to a set U. (Therefore, 6 and o are functions 6 : S — P(T)
and o : T — P(U).) We have for all s € S, u € U the sequence of equivalences
F(c0)(u) = s
u € (c0)(s)

u € Ureg(s) o(®)
there exists some t € 6(s) with u € o(t)
there exists some t € T with t € 6(s) and u € o(t)
there exists some t € T with F(6)(t) = s and F(o)(u) =t
FO(FO)@) =
(F(0)  F(o))(u) ='s.
This shows that F(c0) = F(0) - F(o).
We have thus shown that F is a contravariant functor from I to Fin®.

A A

*The partially defined function F(0) is a total function if and only if the set T is completely
covered by the sets 0(s) with s € S.
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The functor G

We now define the functor G.

The action of G on objects is given by G(S) = S for every finite set S.

For every partially defined function f : S — T between finite sets S and T
let G(f) be the induced function

G(f): T—P(S), t— f1@).

The fibres f~1(t), where t ranges through T, are pairwise disjoint. The func-
tion G(f) is therefore a morphism from T to S in T

We have to verify the contravariant functoriality of G.

Let S be a set and let 1 be the identity function on S. Then

G(15)(s) = 157(s) = {s} = 15(s)

for every s € S, where 15 denotes the identity morphism of S in I, and there-
fore G(1g) = 5. This shows that the assignment G preserves identities.

Let f: S - T and g: T — U be partially defined functions between
sets S, T and U. We have for every u € U the sequence of equalities

G(ge Hw) = (g ) '(w
= (g7 W)
= Utngl(u) f_l(t)
= Urea(g)w) GLH®)
= (G(f) > G(g)(w),

and therefore the equality G(g ) = G(f) - G(g).

The functors are mutually inverse

It remains to check that the functors F and G are mutually inverse.
We have for every finite set S the sequences of equalities

G(F(S) =G(S) =S, F(G(S)=F(©S) =S,

which tells us that F and G are mutually inverse on objects.
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1.5 Equivalence of categories

Let 6 be a morphism in T from a set Sto aset T. We have foralls € S,t € T
the sequence of equivalences

s € (GE)()(t)
s € G(F(6))(t)
s e F(O)~1()
FO)(s) =t
s€eot).

rrot

This shows that (GF)(6) = 0 for every morphism 0 in T

Let f: S — T be a partially defined function between sets S and T. We
have for all s € S, t € T the sequence of equivalences

(FG)(f)(s) =t
F(G(f))(s) =t
s € G(f)(®)

se ft)
f(s)=t.

111

This shows that (FG)(f) = f for every morphism f in Fin®.

We have thus shown that the two functors F and G are mutually inverse.

Exercise 1.5.iii

We denote the given isomorphisms by ¢ : a > a’ andy: b — b’.

The commutativities of the four square diagrams are equivalent to the fol-
lowing four equations respectively:

vfeTt=f". Uf=fe. fort=yT'f f=yTfe.
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These four equations are equivalent because i/ and ¢ are isomorphisms:

yfol=f

(—)ep yre(-)
(o™t Yo

vf="fe fol=y7f

po(=)  (H)ep™!
yte(-)

f=v"f

I hence suffices to show for one of these four equations that there exists a
unique morphism f’: a’ — b’ satisfying this equation. We can use the first
equation, as already explained in the textbook.

Exercise 1.5.iv
()
Let f: x = y be a morphism in C for which the morphism Ff : Fx — Fy is
an isomorphism in D. This means that there exists a morphism g : Fy — Fx
in D with both Ff - g =1p,and g- Ff = 1p,.

There exists a morphism f’: y — x in C with g = Ff’ because the func-
tor F is full. It follows from the sequence of equalities

F(f'f,):Ff'Ff,:Ff'gley:Fly

that f - f* = 1, because the functor F is faithful. We find in the same way
that also f” - f = 1. This shows that f is an isomorphism with inverse f’.

We have thus proven that the inverse of F f in D lifts uniquely to an inverse
of f in C. This entails that f is an isomorphism.

(i)
That the two objects Fx and Fy in D are isomorphic means that there exists

an isomorphism g: Fx — Fy in D. There exists a morphism f: x — y
in C with g = Ff because the functor F is full. It follows from part (i) of this
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1.5 Equivalence of categories

exercise that f is again an isomorphism. The existence of this isomorphism
shows that the two objects x and y are isomorphic.

Exercise 1.5.v

Let P be the partially ordered set consisting of the two natural numbers 0
and 1 with the usual ordering 0 < 1. Let Q be the preordered set consisting of
two distinct elements x and y with both x < y and y < x. Let P and Q be the
categories corresponding to P and Q respectively. (The category P is 1, and
the category Q is I.)

The map

P—Q, O0r—x, 1r—>y

is isotone, and therefore describes a functor F: P — Q. The functor F is
faithful because there exist no two distinct parallel morphisms in P. (More
generally, every functor from a preordered set into any other category is faith-

ful)

The unique arrow 0 — 1in P is not an isomorphism. But its image under F,
which is the unique arrow x — y in Q, is an isomorphism. The functor F
therefore doesn’t reflect isomorphisms.

Exercise 1.5.vi
(i)

We show the following result:
Proposition 1.F. Let F: C - D and G: D — E be two functors.

1. If both F and G are faithful, then their composite GF is again faithful.
2. If both F and G are full, then their composite GF is again full.

3. If both F and G are essentially surjective, then their composite GF is again
essentially surjective.

Proof. We observe for every two objects x and y in C the following commu-

39



Chapter 1 Categories, Functors, Natural Transformations
tative diagram of sets and functions between these sets:

C(x,y) E(GFx,GFy)

N A

D(Fx, Fy)

1. Let x and y be any two objects of C. The maps F: C(x,y) — D(Fx, Fy)
and G : D(Fx, Fy) - E(GFx, GFy) are both injective, whence their com-
posite GF : C(x,y) = E(GFx,GFy) is again injective.

2. Let x and y be any two objects of C. The maps F: C(x,y) — D(Fx, Fy)
and G : D(Fx, Fy) — E(GFx, GFy) are both surjective, whence their com-
posite GF : C(x,y) — E(GFx, GFy) is again surjective.

3. For every category X we denote by Iso(X) the collection of isomorphisms
classes of objects of X. Functors preserve isomorphisms, whence every
functor H: X — Y induces a function Iso(H) : Iso(X) — Iso(Y) given
by Iso(H)([x]) = [Hx].

In the given situation we have the following commutative diagram:

Iso(C) Iso(GF) Iso(E)
Ism‘ ACV;)
Iso(D)

The functions Iso(F) and Iso(G) are both surjective by assumption. Their
composite Iso(G) o Iso(F) = Iso(GF) is therefore again surjective. [

(i)
According to Theorem 1.5.9 there exist functors F: C - DandG: D - E
both of which are full, faithful, and essentially surjective. It follows from
Proposition 1.F that their composite GF : C — E is again full, faithful, and
essentially surjective. Once again according to Theorem 1.5.9, this means
that C and E are equivalent.

We have thus proven that equivalence of categories is transitive.
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1.5 Equivalence of categories

Every category is equivalent to itself via its identity functor. Equivalence
of categories is therefore reflexive.

Two categories C and D are equivalent if and only if there exist func-
torsF: C > DandG: D — CwithGF = 1¢ and FG = 1p. This formulation
is symmetric in C and D, whence equivalence of categories is symmetric.

Exercise 1.5.vii

Let more specifically x be an object of G and let G be the automorphism group
of x, i.e., the group Autc(x). Let F be the inclusion functor from BG to G,
given on objects by F* = x and on morphisms by Fg = g for every g € G.

There exist for every object y of G an isomorphism ¢, : x — y in G be-
cause G is a connected groupoid. We choose ¢, as 1,.

We define a functor F’ from G to BG as follows. On objects, we set F’y :=
for every object y of G (the only possible choice). We define for every two
objects y and z in G the action of F’ on the set G(y, z) as the map

@ o(—)ep
G(y,2) ——— G(x,x) = G = BG(x, %) = BG(F'y, F'z).

In other words,
F'f = g7 fo,

for every morphism f : y — zin G. We need to check that the assignment F’
is indeed functorial:

» We have for every object y of G the sequence of equalities
— -1 -l 4 1
F'ly =0y 1,0, =0, ¢y = 1, = 1, = 1p,,.

This shows that F” preserves identity morphisms.

« We have for any two morphisms f;: y = zand f,: z - win G the
sequence of equalities

F'fy-F fi = 03 fo0r - 07 froy = 0w fofioy = F'(fofy).
This shows that F’ preserves composition of morphisms.

We have thus shown that the assignment F’ is functorial.
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The composite F’F is the identity functor on BG: we have for the single
object * of BG the sequence of equalities

F'Fx=F'x=x,
and we have for every morphism g : * — * in BG the sequence of equalities

F'Fg=Fg=¢y'gp, =15'gl, = 1,81, = g.

The composite FF’ won’t be the identity functor on G (unless x is the only
object in G, in which case F is an isomorphism with inverse F’), but it will be
isomorphic to this identity functor. We claim more specifically that the fam-
ily ¢ := (@), where y ranges over the objects of G, is a natural isomorphism
from FF’ to 1g.

We already know that ¢ is an isomorphism in each component, and that ¢,,
goes from x = FF’y to y = 1¢y for every object y of G. It therefore only
remains to check the naturality of ¢. To this end, we need to check that for
every morphism f : y — z in G the following square diagram commutes:

’ FF/f 4
FF'y ——— FF'z

o] f ‘%

Yy ————=z
This diagram commutes because
0, FF' f = ¢, - F(o;' fo,) = 0, - (07 foy) = 007 foy, = fo,.

We have altogether shown that F’ is an essential inverse to F.

Exercise 1.5.viii

The author doesn’t know enough geometry for this exercise.
Exercise 1.5.ix

Let C be a locally small category and let D be a category equivalent to C.
This means that there exists an equivalence of categories F from D to C. The
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1.5 Equivalence of categories

functor F is both full and faithful by Theorem 1.5.9, and therefore induces for
every two objects d and d’ of D the bijection

D(d.d") —— C(Fd.Fd").

We know that C(Fd, Fd") is a set because the category C is locally small. Con-
sequently, D(d, d") is also a set.

Exercise 1.5.x

Let D be a discrete category and let C be a category that is equivalent to D.
More explicitly, let F: D — C be an equivalence of categories.
The category D is in particular a groupoid. The category C is therefore also
a groupoid, since by Exercise 1.5.iv the equivalence F reflect isomorphisms.
We have for every two objects d and d” of D the induced bijection

D(d.d") —— C(Fd.Fd’).

We know that the set C(c,¢’) contains at most one element for every two
objects ¢ and ¢’ of C. Consequently, D(d,d”) consists of at most one element.
This entails that for every object d of D, the automorphism group of d is
trivial.

From these observations and from Exercise 1.5.vii, we altogether find that D
is the disjoint union of its connected components, each of which is equivalent
to B1.3 (In terms of graphs one might picture each connected component as
a complete graph. An edge in this graph represents a mutually inverse pair
of non-identity isomorphisms.)

Exercise 1.5.xi
The forgetful functor Ab — Group

Let F be the inclusion functor from Ab to Group.

The functor F is full and faithful because Ab is a full subcategory of Group.
The functor F is not essentially surjective because no non-abelian group is
isomorphic to an abelian group. (And non-abelian groups do, in fact, exist.)

We see in particular that F is not an equivalence of categories.

3Where 1 denotes the trivial group.
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The forgetful functor Ring — Ab

Let F be the forgetful functor from Ring to Ab.

The functor F is faithful. But it is not full because not every additive map
between rings is a homomorphism of rings, as not every additive map be-
tween rings is multiplicative.

The functor F is not essentially surjective because not every abelian group
can be endowed with the structure of a unitary ring. Consider, for exam-
ple, the abelian group A := Q/Z. A ring structure on A would consist of a
multiplication map

A®zA— A, a®b+—ab.

But the group A ®7 A is trivial. The only Z-bilinear multiplication on A is
therefore the zero multiplication, which is non-unital.
We find in particular that the functor F is not an equivalence of categories.

The functor (—)* : Ring — Group

Let F be the functor (—)* : Ring — Group that assigns to each ring its group
of invertible elements (also known as its group of units).

The functor F is not faithful. To see this, let R be an integral domain, let a
and b be two distinct elements of R, and let ¢,/ : R[x] — R be the two evalua-
tion homomorphisms determined by ¢(x) = a and /(x) = b. The group R[x]*
is simply R* because R is an integral domain, and both ¢ and ¢ induce the
identity homomorphism on R*.

The functor F is also not full: while there exists no homomorphism of
rings from F3 to Fs, there nevertheless exists a homomorphism of groups
from F5 = Z/2 to F5 = Z/4; even a non-trivial one.

Regarding the essential surjectivity of F, we need to examine if every group
can occur as the group of units of some ring. This is not the case, as explained
in [MSE19].

The functor F is in particular not an equivalence of categories.

The forgetful functor Ring — Rng

Let F be the forgetful functor from Ring to Rng.

The functor F is faithful because Ring is a subcategory of Rng. The func-
tor F is not full because there exists a homomorphism from the zero ring to Z
in Rng, but not in Ring.
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The functor F is also not essentially surjective, because no non-unitary ring
is isomorphic to a unitary ring.

The forgetful functor Field — Ring

Let F be the forgetful functor from Field to Ring.

The functor F is full and faithful because Field is a full subcategory of Ring.
The functor F is not essentially surjective because every non-field ring, e.g., Z,
is not isomorphic to a field.

The forgetful functor Modg — Ab

Let F be the forgetful functor from Modg to Ab.
The functor F is faithful for every ring R. Whether the functor F is full
depends on the ring R:

 The functor F will typically not be full, because an additive map be-
tween R-modules is not necessarily R-linear.

« If R is either a quotient or localization of Z, then every additive map
between R-modules is already R-linear.

« Suppose more generally that the unique homomorphism of rings from Z
to R is an epimorphism.

It then follows that the two canonical homomorphisms of rings from R
to R ®7 R are equal, since they are equal after pre-composition with the
homomorphism Z — R. In other words,r ® 1 = 1 @ r in R ® R for
everyr € R.

Let now M and N be two R-modules and let f : M — N be an additive
map. For m € M we can then consider the auxiliary map

h3R®ZR—>N, r1®rzl—>r1f(rzm)
because f is additive. We find that
rf(m)=h(r®1)=h(1Q®r)= f(rm)

for every r € R. This shows that the map f is already R-linear.

Our argumentation is essentially taken from [MSE18a]. A ring for
which the unique homomorphism of rings Z — R is an epimorphism
is called solid. More information and references about solid rings can be
found at [MSE21].

45



Chapter 1 Categories, Functors, Natural Transformations

The functor F is essentially surjective if and only if each abelian group can
be endowed with an R-module structure. This is the case if and only if the
unique homomorphism rings from Z to R splits, i.e., if and only if there exists
a homomorphism of rings from R to Z:

+ Suppose that such a homomorphism of rings ¢ : R — Z exists. For every
abelian group A we can then pull back the unique Z-module structure
on A along ¢ to an R-module structure on A.

« Suppose conversely that every abelian group A can be endowed with the
structure of an R-module. This means that we have for every abelian
group A a homomorphism of rings from R to Endz(A). For A = Z we
have Endz(A) = Z, and therefore a homomorphism of rings from R to Z.

Moreover, there exists a homomorphism of rings from R to Z if and only
if the ring R is of the form R = R’ X Z for some possibly non-unitary ring R’.
That is, if and only if R is the unitalization of R’.

The functor F typically won’t be an equivalence.

1.6 The art of the diagram chase

Exercise 1.6.i

Let C be a category, let i be an initial object in C, let t be a terminal object
in C, and let f be a morphism from ¢ to i.

There exists a unique morphism g from i to ¢ because i is initial in C (and
also because ¢ is terminal in C). The composite fg is a morphism from i
to i, and there exists only one such morphism in C because i is initial. The
identity morphism 1; is also a morphism from i to i, so by uniqueness we
must have fg = 1;. By using that t is terminal in C, we can similarly see
that gf = 1;.

This shows that f is an isomorphism with inverse g.

Exercise 1.6.11

Let C be a category and let t and ¢’ be two terminal objects in C. There exists
a unique morphism f from ¢ to ¢’ in C because t’ is terminal in C. We can see
in at least two ways that f is an isomorphism:

46



1.6 The art of the diagram chase

First argumentation

There exists a morphism g from ¢’ to t in C because ¢ is terminal in C. The
composite g f is a morphism from ¢ to ¢, and 1; is also a morphism from ¢ to ¢.
But we know that there exists only one morphism from t to t because ¢ is
terminal in C. We hence find that gf = 1;. We can see in the same way that
also fg = 1. This then tells us that f is an isomorphism with inverse g.

Second argumentation

We observe that the induced map f, : C(c,t) — C(c,t’) is bijective for ev-
ery object ¢ of C because the sets C(c,t) and C(c,t’) are both singletons. By
Lemma 1.2,3, the morphism f is an isomorphism.

Exercise 1.6.iii

Let F: C — D be a faithful functor. Let f : x — y be a morphism in C for
which the induced morphism Ff : Fx — Fy in D is a monomorphism.

Faithful functors reflect monomorphisms, first solution

Let g1, g2 : w — x be two morphisms in C with fg; = fgy. Then also

Ff-Fgy =F(fg1) =F(fg) =Ff-Fg,,

and thus Fg; = Fg, because Ff is a monomorphism. It then further follows
that g; = gy because the functor F is faithful.

Faithful functors reflect monomorphisms, second solution

We have for every object ¢ of C the following commutative square diagram:

I

C(c,x) ———— C(c,y)

D(Fc, Fx) & D(Fc, Fy)
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In this diagram, both vertical arrows are injective because the functor F is
taithful, and the lower horizontal arrow is injective because F f is a monomor-
phism. It follows from the commutativity of the diagram that the composite

C(e, x) —I:» Cle,y) —F—> D(Fc, Fy)

is injective, which entails that the map f, : C(c,x) — C(c, y) is injective. As
this holds for every object ¢ of C, this shows that f is a monomorphism.

Faithful functors reflect epimorphisms

The covariant functor F: C — D is also a covariant functor from C°P to D°P,
and still faithful. We thus have for every morphism f in C the logical steps

Ff is an epimorphism in D
< Ff is a monomorphism in DP
— f is a monomorphism in C°P

< f is an epimorphism in C.

Monomorphisms and epimorphisms in concrete categories

Let C be a concrete category with forgetful functor U : C — Set. We have
for every morphism f in C the logical steps

Uf is injective
< Uf is a monomorphism in Set
= f is a monomorphism in C,

as well as the logical steps

Uf is surjective
< U f is an epimorphism in Set

= f is an epimorphism in C,

because the functor U is faithful.
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Exercise 1.6.iv

Let f: x — y be a morphism in a category C that is not a monomorphism,
and whose domain x and codomain y are distinct. Let C’ be the subcate-
gory of C consisting of the two objects x and y, their identity morphisms 1,
and 1 ¥ and the morphism f. The inclusion functor U from C’ to C is faithful,
because C’ is a subcategory of C, and the morphism f is a monomorphism
in C’. But U f is not a monomorphism in C by choice of f.

To see that faithful functors need not preserve epimorphisms we can con-
sider the inclusion functor from (C”)°P to C°P,

Exercise 1.6.v

We can adapt our argumentation from the previous exercise.

A non-injective monomorphism

We can consider the non-injective map
fiin2z— s,
and the subcategory of Set whose objects are the two sets {*} and {1, 2} and
whose morphisms are 1(,3, 14 53 and f.
A non-surjective epimorphism
We can similarly consider the non-surjective function
g txp—{L2), =1,

and the subcategory of Set whose objects are the two sets {*} and {1, 2} and
whose morphisms are 1,3, 1¢; 5 and g.

Exercise 1.6.vi

We denote the category of (C, T)-coalgebras by CoAlg(C,T). Every mor-
phism in CoAlg(C,T) is also a morphism in C. The composition of mor-
phisms in CoAlg(C, T) is the composition of morphisms in C. For every coal-
gebra (c, y), the identity morphism of (¢, y) in CoAlg(C, T) is the identity mor-
phism of cin C, i.e., Ley) = Lo
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We first observe that every coalgebra (c,y) gives rise to another coalge-
bra, namely (Tc,Ty). Moreover, y is a morphism of coalgebras from (c,y)
to (Tc, Ty) by the commutativity of the following diagram:

Y

c—— Tc

b

T
Te —— T%

Suppose now that (c, y) is a terminal coalgebra, i.e., a terminal object in the
category CoAlg(C, T). We know that y is a morphism of coalgebras from (c, y)
to (Tc, Ty). We also know that there exists a (unique) morphism of coalgebras

§: (Te,Ty) — (c.y)

because the coalgebra (c,y) is terminal. This means that § is a morphism
from Tc to c in C, so that the following diagram commutes:

)

Tc —— ¢

Tyl |y (1.4)

TS

T?c —2  T¢

The composite dy is a morphism of coalgebras from (c, y) to itself. As (c,y)
is terminal, this morphism must be the identity morphism of (c,y). There-
fore, 5y = 1(y) = 1. It further follows from the commutativity of the dia-
gram (1.4) that

y6 =T -Ty = T(5}/) =Tl =17, = 1(Tc,Ty) :

This shows that y and § are mutually inverse isomorphisms of coalgebras.

1.7 The 2-category of categories

Exercise 1.7.i

Let C be a small category and let D be a locally small category. Let F and G
be two functors from C to D, and let Nat(F, G) be the collection of natural
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transformations from F to G. The map

Nat(F,G) — [ [ D(Fe.Ge), o (a,)
ceC

is injective, and its codomain is a small product of sets, and therefore again a
set. It follows that the collection Nat(F, G) is also a set.

Exercise 1.7.ii

Let f: x — y be a morphism in C. The morphism f in C induces the mor-
phism

Ff: Fx — Fy
in D. It follows from the naturality of f that the resulting square diagram
HFx — 2 ppy
ﬁFx‘ I,BFy
KFf
KFx KFy

in E commutes. By applying the functor L to this diagram, we get the com-
mutative square diagram

LHFf
LHFx ——— LHFy
LﬁFx\/ |LﬁFy
KF
LKFx ! LKFy

in F. We have Lfp, = (LBF), and similarly L, = (LBF),, and can therefore
rewrite this commutative square diagram as follows:

LHFf
LHFx ——— LHFy
(LBF), |<LﬂF)y
LKFx KES LKFy

That this diagram commutes for every morphism f: x — y in C means
precisely that the family LSF = (Lf.F). is a natural transformation from LHF
to LKF.
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Exercise 1.7.iii

Consider the following diagram of functors and natural transformations:

F H
0N N
C “a D “ﬁ E (1.5)

The vertical composite of ¢ and f was originally defined componentwise as
the diagonal morphism in the following commutative diagram:

HFc Pr

™ , KFc
\\\\(,B*a)c

N (4

He,

N

HGc

Ge

We also know that the horizontal and vertical composition satisfy the inter-
change rule

G-P)x(f-a)=(xp) (y*a)
whenever we are in the following situation:
F J
ARYA
C—G6—D—Kk—E

NN
H L

We have also seen that from the horizontal composition of natural transfor-
mation we can derive the whiskering of natural transformations: in the situ-
ations

F H
S N\ S N\
C “a D —2 L E and c—f .p “ﬁ E
\\5/‘ \\K_/
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we have the induced diagrams

C “a D “1H E and C “u D “ﬁ E

and therefore the natural transformations
Ha =1y *a and BF =B 1p.

However, we can also conversely express horizontal composition via verti-
cal composition and whiskering, as required by this exercise: in the situation
of the diagram (1.5) we have the sequence of equalities

pra=Qg-p)=(a-1p) = (g *a) - (f = 1p) = Ka - fF,
as well as the sequence of equalities
Bra=(B-1g)*(lg-a)=(f*1g)-(1g * @) = fG- He .

These equations give us two ways of expressing horizontal composition via
vertical composition and whiskering.

We can express the overall situation by the following commutative diagram
of natural transformations:

Hr —H* ., gg

pF Pragg

KF ——— KG
Ka

Exercise 1.7.iv

Lemma 1.G (Whiskering and vertical composition I). In the situation

G
F m K
C—D—H—E——>F
N,
J
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we have the identity
K(B-a)F = KBF - KaF.

Proof. We have for every object c of C the sequence of equalities

(K(B-a)F). = K(B - a)p,
= K(Brc - arc)
= Kfp. - Kap,
= (KBF). - (KaF),
= (KpF - KaF),,

and therefore altogether the equality K(f - «)F = KfSF - KaF. |

Corollary 1.H (Whiskering and vertical composition II). Let C, D and E be
three categories.

1. In the situation
F

e N

C—G6—D—6E

N

H
we have the equality K(f-a) = Kf - Ka.

2. In the situation

we have the equality (- «)F = SF - oF. |
Proof.

1. We have K(f-a) = K(f-a)lc = Kflc - Kalc = Kf - Ka.
2. We have (f-@)F = 1g(f - @)F = 1gF - 1gaF = BF - oF. |
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We now return to the given situation:
F J
ATRYAR
C —G—D—Kk—E

NN
H L

The diagram

(8y)F
gF— L kp % p
Ja ke N\ e
Jpo)| J6 —n kG =5 16 |1
Jp P ks NP (g
yH SH

JH ——— kH =22 1H

(6y)H

commutes by definition of the horizontal composition of natural transforma-
tions (the four inner squares) and by Corollary 1.H (the four outer parts). The
above diagram has the following subdiagram:

(0y)F

JF LF
J(pa) (6%B)-(y*a) L(pr)
H LH
J (6y)H

But the composite of the upper horizontal arrow and right-side vertical arrow
is given by
Lp-a)-6-y)F=(G-y)*(f-a).
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(The same goes for the composite of the left-side vertical arrow with the lower
horizontal arrow.) Consequently,

Gxp)-yxa)=0G-y)*(f-a).

Exercise 1.7.v

Let D be a category and let d be an object of D. Let End(d) denote the col-
lection of endomorphisms of d in D. For every two such endomorphisms f
and g, their composite g f is again an endomorphism of D. The composition
of morphisms in D therefore restricts to a binary operation on End(d), mak-
ing End(d) into a magma. As composition of morphism in D is associative,
the restricted operation on End(d) is again associative, upgrading End(d) to
a semigroup. The identity morphism 1, acts as a neutral element in End(d),
further upgrading End(d) to a monoid.

Let now C be a category and let D be the functor category CC. It follows
from the above argumentation that Endp(1¢) is a monoid under vertical com-
position of natural transformations. It follows from the upcoming proposi-
tion that Endp(1¢) is also a monoid under horizontal composition of natural
transformation. These two monoid structures on Endp(1¢) satisfy the in-
terchange property from Lemma 1.7.7. It follows from the Eckmann-Hilton
argument that both monoid structures agree and are commutative.

Lemma 1.I (Whiskering with identity functors). Let F,G: C — D be two par-
allel functors and let & : F = G be a natural transformation. Then al¢ = «
and 1pa = a.

Proof. For the first equality we observe that a1¢ is a natural transformation
from F1c to Glc, and thus again a natural transformation from F to G. We
also have

(alc)e = H1ce) = A

for every object ¢ of C, and thus overall al: = a.

For the second equality we observe that 1p«a is a natural transformation
from 1pF to 1pG, and thus again a natural transformation from F to G. We
also have

(1Da)c =1po. = o

for every object ¢ of C, and thus overall 1pa = a. [ |
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Lemma 1.J (Whiskering of the identity natural transformation). Let
F:C—D and G: D—C
be two functors. Then G1p = 15F and 16F = 15f.
Proof. We have for every object ¢ of C the sequences of equalities
(G1p). = G(1p)c = Glfc = 1grc = (1GF):

and
(16F). = (16)Fe = 1gre = (1GF)e »

and thus altogether G1p = 15 and 16F = 15p. |

Proposition 1.K (Assocativity and units for horizontal composition).

1. In the situation

we have the equality (y * f) * @ = y * (f * a) of natural transformations
from KHF to LJG.

2. We have for every natural transformation a : F = G between two func-
tors F,G: C — D the equalities

axly,=a and 1 *a=a.t
Proof. We prove both claims independently of one another.

1. The horizontal composition y*f is a natural transformation from KH to L],
and the horizontal composition  * & is a natural transformation from HF

“Here 1,_ denotes the identity natural transformation of the identity functor of C. Note
that a*1,_is a natural transformation from F1¢ = F to G1¢ = G, and that similarly 1, *a
is a natural transformation from 15F = F to 1,G = G.
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to JG. We have therefore the sequences of equalities

(y * ) * & = (y * B) codom(a) - dom(y * f)a
= (y * B) codom(a) - dom(y) dom(f)a
= (y * f)G - KHa
= (y codom(p3) - dom(y)B)G - KHa
= (yJ-Kp)G-KHa
=yJG-KBG-KHa

and similarly

v+ (f @) = y codom( + @) - dom(y)(f * )
=y codom(f) codom(e) - dom(y)(p * «)
— yJG-K(B+ )
=yJG - K(f codom(e) - dom(f)«x)
— yJG-K(BG - Har)
=yJG-KBG-KHa,

by Corollary 1.H.>

2. It follows from Lemma 1.I and Lemma 1.J that

a* 1y, = acodom(1; ) - dom(a)1;,
= Oflc 'Fllc
=a- 1F1C
=a- 1F

=

>More generally, given functors F, G, : C; = C;,; and natural transformations ¢; :

fori=1,...,n, we have the identity

oy * w0y = (0,Gy1Gyy - Gy) - oo - (B By, Gy) - (B, -+ B Fyary)
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1.7 The 2-category of categories
and

1y, *a = 13 codom(e) - dom(1;, )a
= 11DG . 1D0(

:11DG'a
:1G'0{

=.

This shows the claimed equalities. |

Exercise 1.7.vi

Lemma 1.L. Suppose that in the situation

/\
c—f .p ﬂa E—J LF
\_/'
H

the natural transformation « is an isomorphism. Then the whiskered natural
transformation JaF is again an isomorphism.

Proof. The component (JaF), = Jag. is an isomorphism for every object ¢
of C because each component of ¢ is an isomorphism and because the func-
tor J preserves isomorphisms. [

The composites

n Gn'F
lc — GF = G1pF ——— GG'F'F

and

’ ’ ’

F'eG £
F'FGG’ ——— F'1pG’ = F'G' — 1

are again natural isomorphisms thanks to Lemma 1.L.
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Exercise 1.7.vii
From a bifunctor C x D — E to functor C — EP

Let F: C x D — E be a bifunctor.
We have for every object ¢ of C the associated inclusion functor

L:D—CxD, dr—(cd), gr— (1.8).

The composite FI, is again a functor. This composite is precisely F(c, —),
whence we have found that F(c, —) is indeed a functor. It is given on objects
by

F(c,=)(d) = F(c.d),

and on morphisms by
F(e,—)(g) = F(1., 8) -

To describe how F(c, —) depends on C, let f : ¢ — ¢’ be a morphism in C.
We have for every morphism g: d — d’ in D the following commutative
square diagram in C x D:

(1.8)

(c,d) (c,d”)

~
AN

()

~
~

N4

(c’,d) —w (¢’,d")

(f.1) (f1a)

By applying the functor F to this commutative square diagram, we arrive at
the following commutative square diagram in E:

F(c.d) F(1..8)

F(c,d")
F(f,ld)| |F(f,1d')

F(C,, d) F(l—/g)) F(C,,d/)

Denoting F(f, 1) as F(f,—)4, we can rewrite this commutative diagram as
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1.7 The 2-category of categories

follows:

Fle.-)(d) 22, Re, )@

F(f,=)a F(f,—)ar

F(c’, -)(d) TeoE F(c’,-)(d")

The commutativity of this square diagram tells us that the family

F(f,—-) = (F(f, —)a)dep

is a natural transformation from the functor F(c, —) to the functor F(c’, —).
It remains to show that F(f, —) is functorial in f. More precisely, we need
to show that

F(1e, =) = 1f(c—)

for every object ¢ of C, and that
F(f'f,=-)=F(f".-) - F(f.-)

for all composable morphisms f: ¢ — ¢ and f’: ¢ — ¢” in C. The first
equality holds true because

F(1¢, —)g = F(1¢,19) = Fle gy = 1pcd) = 1rc—)@) = (1Fe—))d

for every object d of D. The second equality holds true because

F(f'f,—)a=F(f' f.1a)

= F(f'f.141a)

= F((f".19) - (f, 1))

= F(f’.14) - F(f,1q)

= F(f",=)a - F(f. =)
= (F(f',=) - F(f,=)a

for every object d of D.
We have overall shown that a bifunctor F: C x D — E results in a func-

tor F/: C - EP given on objects by F’(c) = F(c,—) and on morphisms

by F'(f) = F(f.-).
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From a functor C — EP to a bifunctor CxD — E

Let now G be a functor from C to EP.
For every object (c,d) of C x D let

G'(c,d) == G(c)(d).
We have for every morphism (f, g): (¢,d) — (¢’,d") in C x D the induced

natural transformation G(f) : G(c) = G(c’), and hence the following com-
mutative square diagram:

G(c
6@~ Gy
G(f )d| IG(f )a?
G(c')(g)

G(c")(d) —— G(')(d)

We let G’(f, g) be the diagonal morphism in this diagram, which is a mor-
phism in E from G’(c,d) to G’(¢’,d").

We claim that the assignment G’ is a functor from C x D to E. It remains
to verify the functoriality of G’.

« We have to show that G’(1(.4)) = 1¢/(c,q) for every object (c,d) in C x D.
We have 1(. 4) = (1., 1), whence the morphism G’(1(.4)) is defined as the
diagonal morphism in the following diagram:

G(c)(1
Go)(d) 2, (o))
G(lc)dl G(lc)d
G(c)(1y)

G(e)(d) ——— G(c)(d)
The functor value G(¢) is itself a functor, from D to E, whence

G(o)(1g) = 1)) = 1o/(cd) -

Similarly, the natural transformation G(1.) equals 1) by the functoriality
of G, whence

G(10)a = (1ge)d = o)) = 167(cd) -
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1.7 The 2-category of categories

We can altogether rewrite the above square diagram as follows:

167 (ca)

G'(c,d) G'(c,d)
1G’(c,d)| e er))
167
G'(e.d) —=" G'(c.d)

We see that the diagonal morphism in this diagram is 1/(. g)-

« We also need to show that G’'((f’,g") - (f,g)) = G'(f",g") - G'(f, g) for
every two composable morphisms

(f.8): (c.d) — (¢.d") and (f".g"): (¢.d") —(c".d")
in C x D. We consider the following commutative diagram:

G(e)(g) G)(g")

G(e)(d) G(O)(d") G(e)(d”)
(P LD ape NIV e
Gl )(d) —ZXE, Genyary —EXE Gy
G CUD Nagre NI o
(")) —Z2, Gemyary S Geryany

Leaving out the middle node of this diagram, we get the following commu-
tative subdiagram:

GO)d) G(e)(g)G(e)(g) GO
GG G'(F'8 )G ) G ar G Plar
G ” d G ” dl/

D ~senraene @@
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It follows from the functoriality of G(c) that the upper horizontal arrow
can be simplified as G(c)(g’g). Similarly, the lower horizontal arrow can
be simplified as G(c”)(g’g). The vertical arrow on the left-hand side can
be rewritten as (G(f’) - G(f))4, and thus as G(f’ )4 by the functoriality
of G. Similarly, the vertical arrow on the right-hand side can be rewritten
as G(f’ f)a». We get overall the following commutative diagram:

G(c)(g'g) ”

Glc)(d) i G(e)(d”)
G(f' fa G'(f".8)G(f.8) G(f' far

G V4 d G V4 d//

(D) s (”)(d")

The morphism G’((f’, g") - (f,g)) = G’'(f' f, g’ g) is defined as the diago-
nal morphism in precisely this commutative square diagram. Consequently,
this morphism agrees with the composite G’(f’, g’) - G’(f, g)-

The constructions are mutually inverse

It remains to show that the two constructions are mutually inverse.

First part Let first F be a bifunctor from C x D to E, let F” be the induced
functor from C to EP, and let F” be the induced bifunctor from C x D to E.
We have for every object (¢, d) of C x D the sequence of equalities

F"(c,d) = F'(c)(d) = F(c,—)(d) = F(c,d).

For every morphism (f, g) : (¢,d) — (¢’,d”) in C x D, the morphism F”(f, g)
is defined as the diagonal morphism in the following commutative square
diagram:
, F'(o)(g) ., ,
F(e)(d) ——= F'(c)d")
F'(f)d| lF'(f)d'

F(e)d) 2, preryan
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Using the definition of F’, this diagram can be rewritten as follows:

F(1.g)
_—

F(c,d) F(c,d")
F(f’ld)| lF(de')
F(¢' d) 228 b ary

The diagonal morphism in this diagram is given by

F(f.14) - F(1., 8) = F((f. 1a) - (1c. 8)) = F(f1e, 148) = F(f. 8) -

This shows altogether that F”(f, g) equals F(f, g).

Second part Let now G be a functor from C to EP. Let G’ be the induced
bifunctor from C x D to E, and let G” be the induced functor from C to DE.
We want to show that G” = G. To this end we need to show that the two
functors G” and G agree both on objects and on morphisms.

We first show that G”(c) = G(c) for every object ¢ of C, i.e., that the two
functors G and G” agree on objects. We need to show that the two func-
tors G”(c) and G(c) from D to E agree both on objects and on morphisms.

« Let d be an arbitrary object of D. We have the sequence of equalities
G"(c)(d) = G'(c,d) = G(c)(d).

This tells us that G”(c) and G(c) agree on objects.

« Let g: d — d’ be a morphism in D. The morphism G”(c)(g) is defined
as G’(1,, g), which in turn is defined as the diagonal morphism in the fol-
lowing commutative diagram:

G(c)(g) ,
Gle)(d) —255 G(e)(d”)
G(lc)dl lG(lc)d’
G(c)(g)

G(e)(d) ———— G(e)(d")
We know from the functoriality of G that

G(1c)g = (1g(e)d = 16(e) @)
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It follows that the diagonal morphism in the above diagram is

G(e)(g) - G(1)g = G(e)(g) - 15(c)ay = Gle)(g) -

This shows that G”(c)(g) = G(c)(g), so that G”(c) and G(c) agree on mor-
phisms.

This shows altogether that the two functors G” and G agree on objects.

We now show that the two functors G” and G agree on morphisms. To
this end, let f : ¢ — ¢’ be a morphism in C. We need to show that the two
natural transformations G” (f) and G(f) from G”(c) = G(c) to G”(¢”) = G(c’)
are equal. We hence need to show that G”(f); = G(f), for every object d
of D. The morphism G”(f)y is defined as G’(f, 1), which in turn is defined
as the diagonal morphism in the following commutative diagram:

G 1
6@ 2N, Gy
G(f )d| lG(f )d
G(¢")(1y)

G(e')d) —— G(')(d)

We know from the functoriality of G(c) that G(c)(14) = 15(c)(4)- The diagonal
morphism in the above diagram is therefore given by

G(fq - G(e)(1g) = G(f)a - 1)) = G(fa

as desired.
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Universal Properties,
Representability, and
the Yoneda Lemma

2.1 Representable functors

Exercise 2.1.i
We denote the given functors by

h:1—2, 0—0,
L:1—2, 0+—1,

as well as
P:2—1, 0,1+—0, i1,

where i: 0 — 1 denotes the unique non-identity morphism in 2. These func-
tors induce morphisms in Cat, i.e., natural transformations,

Iy : Cat(2,-) — Cat(1,-),
I : Cat(2,—) — Cat(1,—-),
P*: Cat(1,—) — Cat(2,-).

Under the canonical isomorphisms Cat(2, —) = mor and Cat(1, —) = ob these
natural transformation correspond to natural transformations

a,f: mor — ob, y: ob— mor.
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The natural transformation «

Let f: x — y be a morphism in a small category C. Under the isomor-
phism Cat(2, C) = mor C the morphism f corresponds to the functor

F:2—C, 0r—x, 1+—y, ir—f.
The resulting functor Ij(F) = FI is given by
FIly: 1—C, 0r—>x.
Under the isomorphism Cat(1, C) = ob C the functor FI, corresponds to the

object x.

We find overall that the component ac : mor C — ob C assigns to each
morphism its domain.

The natural transformation

We find in the same way that for every small category C the component S
assigns to each morphism in C its codomain.

The natural transformation y

Let x be an object of a small category C. The corresponding functor under
the isomorphism Cat(1,C) = ob C is given by

F:1—C, 0+ x.
The resulting functor P*(F) = PF is given by
PF:2—C, 0,1+—x, i+—1,.
Under the isomorphism Cat(2, C) = mor C the functor PF corresponds to the
morphism 1,.

We find overall that the component yc : obC — mor C assigns to each
object its identity morphism.
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Exercise 2.1.ii
Representable functors preserve monomorphisms

There exists by assumption an object ¢ of C for which the two functors F
and C(c, —) are isomorphic. Let a be a natural isomorphism from C(c, —) to F.

Let f: x — y be a monomorphism in C. This entails that the induced
map f, : C(c,x) > C(c, y) is injective. We thus have the commutative square
diagram

Cle.x) —— cley)

Fx) — Y Ry

in which both vertical arrows are bijections and the upper horizontal arrow
is injective. It follows that

F(f) = oy fuory!

is a composite of injections, and therefore itself injective. This shows that
the functor F preserves monomorphisms, as the monomorphisms in Set are
precisely those maps that are injective.

A non-representable functor

For every group G let C(G) be its set of conjugacy classes. Every homomor-
phism of groups ¢ : G — H induces a map C¢ : C(G) — C(H) that assigns
to the conjugacy class of an element g the conjugacy class of the image ele-
ment ¢(g). The assignment C is a functor from Group to Set.

Let S3 be the symmetric group on three letters. This group contains two
elements p; and p, of order 3, which are conjugated to one another. The two
elements p; and p, are related via p, = p?.

Let i be the inclusion homomorphism from Z/3 to S; given by i([1]) = p;.
Then also

i([2]) =i2-[1]) = i([1])? = p? = py.

The group Z/3 is abelian, whence each element of Z/3 forms its own con-
jugacy class. The homomorphism i therefore maps the two non-conjugated
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elements [1] and [2] of Z /3 onto the two conjugated elements p; and p; of Ss.
This tells us that the induced map Ci is not injective.

We find that the functor C does not preserve monomorphisms. It therefore
cannot be representable.

Exercise 2.1.iii

We first observe that parts (i) and (ii) are equivalent:
Let K be an essential inverse to H. We have the sequence of isomorphisms

FK =GHK =Gl1p =G.
We hence find that parts (i) and (ii) are interchangeable via
C«—D, F«<—G, H<+K.

In the following, we prove part (i).

That G is representable tells us that there exists an object d of D such
that G = D(d,—). There exists an object ¢ of C with d = H(c) because the
functor H is an equivalence, and thus essentially surjective. It follows that

F=GH =D(d,-)H = D(d,H(-)) = D(H(c), H(-)) = C(c,—).

This shows that the functor F is represented by the object c.

Exercise 2.1.1v

A subfunctor F of C(c, —) consists of a subset F(x) of C(c, x) for every object x
of C such that

8:«(F(x)) € F(y)

for every morphism g: x — y in C. In other words, we have a collection
of distinguished morphisms that is closed under post-composition with arbi-
trary other morphisms.

We have not been able to find a better, or more explicit description of such
subfunctors.
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Exercise 2.1.v
The category I consists of two objects, named 0 and 1, a morphism i from 0
to 1 and a morphism j from 1 to 0 (and the two identity morphisms). We have
for every category C a bijection given by

Cat(I, C) — {isomorphisms in C}, F > Fi.

The category 1 is the subcategory of I that consists of both objects and the
morphism i (and the two identity morphisms). We have for every category C
a bijection given by

Cat(1,C) — {morphisms in C}, F+— Fi.

We see that for every category C the inclusion

{isomorphisms in C} C {morphisms in C}
corresponds to the pullback map

I*: Cat(I,C) — Cat(1,C)

induced by the inclusion functor I : 1 — L

2.2 The Yoneda lemma

Exercise 2.2.i

The dual version of the Yoneda lemma is as follows:

For every contravariant functor F : C — Set, whose domain C is
locally small, and every object ¢ of C, the map

®: Hom(C(—,c),F) — Fc, ar a,(1,)

is bijective and natural in both ¢ and F.
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Injectivity of ®

To see that the map ® is injective let @ : C(—,¢) = F be a natural isomor-
phism, let x be an arbitrary object of C and let f be an arbitrary element
of C(—, c)(x). As C(—,c)(x) = C(x,c), this means that f is a morphism from x
to ¢ in C. It follows from the commutativity of the square diagram

*

C(c,c) ., C(x,c¢)

|,

Fc —— Fx
that
ax(f) = ax(1e - f) = ax(f* (1)) = (Ff ) (1e) = (Ff)(2(a)) .

This shows that the entire natural transformation « is uniquely determined
by the single element ®(«a).

Surjectivity of ¢

Let u be an arbitrary element of the set Fc. We consider for every object x
of C the map
a,: Clx,c) — Fx, g+ (Fg)w).

(Note that if g is a morphism from x to ¢ in C, then Fg is a map from Fc
to Fx, whence (Fg)(u) is a well-defined element of the set Fx.) We claim
that the family a := (@, )ycc is a natural transformation from C(—,c) to F
with ®(a) = u.

To see that « is a natural transformation from C(—, ¢) to F, we consider an
arbitrary morphism f : x — y in C and the resulting diagram:

*

Cy.0) —— C(x0)

|,
Ff

Fy —  Fx

This diagram commutes because

a(f* (W) = ax(hf) = F(hf)(w) = (F)H(FR)W)) = (F f)(ay(h))
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for every element h of C(y,c), i.e., every morphism h: ¢ — y in C. This
shows the naturality of «.
We also have ®(a) = a,(1.) = (F1.)(w) = 1p(;)(u) = u, as desired.

Naturality in c

We relabel the bijection ® as ®., and want to show that ®, is natural in c.
Let f: ¢ — d be a morphism in C. We need to show that the square
diagram

Hom(C(—,d), F) L Hom(C(—,c¢), F)
'y @, (2.1)
Fd i Fe

commutes. To this end let @ be an element in the top-left corner of this di-
agram, i.e., a natural transformation from C(—,d) to F. One path from the
top-left corner to the bottom-right corner in the diagram (2.1) equals

((fo) (@) = Pc(a - f.)
= (& f)e(1c)
= (o - (f)e)(1e)
= o ((f)e(10))
= oe(f - 1)
= a(f).

For the other path from the top-left corner to the bottom-right corner we
observe that the diagram

cd.d) — . cle.d)

Ff

Fd —— Fc
commutes by the naturality of o, whence

(F ) @4(0) = (Ff)aa(1) = a(f*(12)) = ac(1g - ) = ae(f)-

This shows the commutativity of the diagram (2.1).
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Naturality in F

We relabel the bijection ® as &, and want to show that @ is natural in F.
Let F and G be two contravariant functors from C to Set,andlet f: F = G
be a natural transformation. We need to show that the square diagram

Hom(C(—. ). F) —2 Hom(C(=.¢).G)

Op (e

Be

Fe Ge

commutes. To this end let & be an element of the top-left corner of this dia-
gram, i.e., let @ be a natural transformation from C(—,c) to F. The sequence
of equalities

DG(fu(@) = @G (B-a) = (B - a)c(1c) = (B - ac)(1e) = felac(1c)) = fe(Pp(a))

tells us that the diagram indeed commutes.

Exercise 2.2.ii

Why should it?

Exercise 2.2.iii

The functor category C := Set(®™) can be regarded as the category of con-
travariant functors from w to Set. This category can (up to isomorphism)
more explicitly be described as follows:

+ The objects of C are diagrams of the form

A a

Ay

Aq

Ay

As

consisting of sets and maps between them.

« A morphism from an object ((A,);, (a,),) to an object ((By),, (b,),) is a se-
quence (f,), of maps f, : A, — B, such that the following diagram com-
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2.2 The Yoneda lemma

mutes:
Ay —2 A — 8 A, 2 A,
A
B, o B, b B, b Bs

For every object n of w, the object &(n) = w(—,n) consists of n + 1 many
singleton sets, followed by empty sets:'

e {s}e— v — (3} e— D — @ —

We know that in o there exists a unique morphism from n to m if n < m, and
no morphism if n > m. It suffices to show that the same holds true for the
induced diagrams & (n) and & (m).

« Suppose that n < m. Then there exists precisely one sequence of maps ( f,,),,
that makes the following diagram commute:

f0| fn[ fn+1| fm‘ fm+1‘
&(m): {x} — o — {5} — {3} — o — {5} — @D —

Indeed, the maps fj, ..., f, are necessarily the identity maps on the singleton
set, and f; for k > n is necessarily the empty map.

« Suppose now that n > m. A morphism f: &(n) — &(m) contains a
map fpy1: {*} — @, but such a map does not exist. Consequently, no
morphism from &(n) to &(m) exists.

Exercise 2.2.iv

We know that a natural transformation is a natural isomorphism if and only
if it is an isomorphism in each component. The isomorphisms in Set are
precisely the bijective maps. A natural transformation between Set-valued

"We denote the Yoneda embedding by & instead of y.

75



Chapter z Universal Properties, Representability, and the Yoneda Lemma

functors is therefore a natural isomorphism if and only if it is bijective in
each component.

We also know that the induced transformations f, and f* in parts (ii)
and (iii) are always natural.

This exercise is therefore just a reformulation of Lemma 1.2.3.

Exercise 2.2.v

The set Q consists of two elements, whence it admits 22 = 4 maps into itself.
These maps are as follows:

1. The identity map.

2. The transposition that swaps T and L.

3. The constant map with value T.

4. The constant map with value L.
We denote these maps by 1g, 0, ¢+ and c| respectively.

The natural isomorphism between P(X) and Set(X, Q) is for every set X
given as follows:

« For every function y : X — Q, the corresponding subset of X is the preim-
age y~}(T).

« For every subset A of X, the corresponding function is its characteristic
function
T ifxeA

X —Q, x+—
XA 1L ifx¢ A

We denote this natural isomorphism from Set(—, Q) to P by «.

1. The natural endomorphism (1q), of Set(—, Q) is 15e¢(— ). The correspond-
ing endomorphism of P is given by
-1 _ -1 _ -1 _
a-(1g)-a " = algey— )@ =aa  =1p.

In other words, the identity map induces the identity endomorphism.
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2.2 The Yoneda lemma

2. The natural endomorphism of P induced by o is given by ao,a™!, and its
components are given by

(a0 a Dx(A) = ax((a)x(ax' (A))

= ax((a:)x(xa))
= ax(oxa)
= (oxa) ()
= xa'(@71(M)
= xa' (L)
=X\A.

In other words, it is given by taking complements.

3. The natural endomorphism of P induced by cr is given by a(ct).a !, and
its components are given by

(- (ep)s - @™ Dx(A) = -
= xa (7' (T)
= xa'(Q)
=X.
In other words, it is given by mapping each subset to the entire set.

4. The natural endomorphism of P induced by ¢, is given by a(c, ), !, and
its components are given by

(- (c)wa Dy (A) = -
= xa'(c ' (M)
= X1 (®)
=Q.

In other words, it is given by mapping each subset to the empty set.

Exercise 2.2.vi

Remark 2.A. The formulation of the question is slightly misleading: an “en-
domorphism of the category of spaces” is a functor Top — Top, and there
are many such functors (e.g., constant functors). But the question then asks
for something else: a non-identity natural endomorphism for an arbitrary
topological space.
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First solution

Suppose that we are given for every topological space X a continuous map
fx: X—X

that is natural in X. More explicitly, this means that for every continuous
map g : X — Y the following square diagram has to commute:

fx

X X
8 |8
YLY

Let X be an arbitrary topological space, and for every element x of X let g,
be the map from {*} to X that picks out the element x, i.e.,

& v — X, xr—x.

The map g, is continuous, whence the diagram

o
gx| [gx
X fx X

commutes. This commutativity means that

Ix(x) = fx(gx(*)) = gx(*) = x.

As these equalities hold for every element x of X, we find that fy is the iden-
tity map on X.

The answer to the initial question is therefore “no”: there is no non-identity
solution.

Second solution

The question at hand is whether the identity functor of Top admits a non-
trivial endomorphism. Suppose such an endomorphism a were to exist.
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2.2 The Yoneda lemma

Let U be the forgetful functor from Top to Set. The whiskered natural trans-
formation Ua from Uly,, = U to Ulyy, = U is again non-identity because
the functor U is faithful. More explicitly, there exists some object X of Top
for which ay # 1y, and then also (Ua)x = Uax # Ulx = 1yx.

This shows that every non-identity endomorphism of the identity func-
tor 11, induces a non-identity endomorphism of the forgetful functor U.

But U is represented by the singleton space {*}. Therefore, because the
Yoneda embedding is full and faithful, endomorphisms of U are in one-to-one
correspondence with endomorphisms of {x}.

But {*} admits only the identity endomorphism. Consequently, U admits
only the identity endomorphism. Even consequentlier, 1o, admits only the
identity endomorphism.

Exercise 2.2.vii

The path functor is represented by the unit interval. It follows from the
Yoneda embedding that each automorphism of the path functor is induced
by an automorphism of the unit interval.

More explicitly, suppose that we have for every topological space X a
reparametrization procedure

ay : Path(X) — Path(X),

and that this procedure is natural in X. Then there exists a homeomorphism r
of the unit interval I such that

ax(y) =yr

for every path y in X.
We can further characterize homeomorphisms of the unit interval.

Proposition 2.B. Every homeomorphism of the unit interval is strictly mono-
tone, i.e., strictly increasing or strictly decreasing.

Proof. Let f be a homeomorphism of I. The two endpoints 0 and 1 of I are
the only two points in I whose removal does not split the interval into two
path components. Consequently, f needs to permute these two endpoints.
So either f(0) = 0 and f(1) = 1, or f(0) = 1 and f(1) = 0. We can switch
between the two cases by post-composing f with the flipmapo: x — 1—x.
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Also, f is strictly decreasing if and only if o f is strictly increasing. It therefore
suffices to consider the first case.

We observe that if x and y are two points in I with x < y and f(x) < f(y),
then we have f(x) < f(t) < f(y) for every t with x <t < y. Indeed, suppose

otherwise. Then either f(¢) < f(x) < f(y) or f(x) < f(y) < f(@).

« If f(t) < f(x) < f(y), then it follows from the intermediate value theo-
rem that

f&) e [f@®, fnI < f(z yD

even though x is not contained in the interval [¢, y]. This contradicts the
injectivity of f.

« If f(x) < f(y) < f(@), then it follows from the intermediate value theo-
rem that

f» elfG), fFO1 < f(lx, D)

even though y is not contained in the interval [x,¢]. This contradicts the
injectivity of f.

This shows that indeed f(x) < f(t) < f(y).
Let now x,y € I with x < y.

o If x = 0, then 0 < y, therefore f(y) # f(0) = 0, thus f(y) > 0 = f(x).

« If x # 0, then 0 < x < y and thus f(0) < f(x) < f(y), which entails
that f(x) < f(y).

We find in every case that f(x) < f(y). |

Lemma 2.C. Every strictly monotone, surjective map from [ into itself is a
homeomorphism.

Proof. Let f be such a map. We may post-compose the map f with the flip
map x — 1 — x to assume that f is strictly increasing.

The strict monotonicity of f ensures that f is injective. Together with the
surjectivity of f, this tells us that f is bijective. The inverse of f is again
strictly increasing. It hence suffices to show that under the given condi-
tions, f is continuous. (As swapping the roles of f and f~! will then also
show that f~! is continuous.)

We have 0 < x for every x € I, therefore f(0) < f(x) for every x € I,
thus f(0) < y for every y € I because f is surjective, and hence f(0) = 0. We
find in the same way that also f(1) = 1.
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It follows that the extended map

X ifx <0,
g:R— R, x—{f(x) ifxel,
b'e ifx>1,

is continuous if and only if the original map f is continuous. The map g is
again strictly increasing and bijective. We show in the following that g is
continuous.
Let x € R and let ¢ > 0. There exists for y := g(x) two points y;,y» € R
with
y—e<<y<y<y+te.

It follows for the points x; == f~1(y) and x, == f~1(j,) that x; < x < x;
because the inverse map f~! is again strictly increasing. There hence exists
some § > 0 with (x — &, x + &) C [x1, x3]. We have f([x;, x3]) C [ f(x1), f(x2)]
because f is increasing, and therefore

f((x+6,x=8)) € f([x1,2]) € [fCx), fC)] = 1,321 C(y—e,y +6).
As ¢ > 0 was arbitrary, this shows that f is continuous. |

Corollary 2.D. The homeomorphisms of the unit interval I are precisely
those maps from I into itself that are strictly monotone and surjective.
Equivalently, the homeomorphisms are precisely those maps f: I — I
that are continuous, and either strictly increasing with f(0) = 0 and f(1) = 1
or strictly decreasing with f(0) = 1 and f(1) = 0. |

2.3 Universal properties and universal
elements

Exercise 2.3.i

Given a functor F : C — Set and isomorphism F = C(c, —) for some object c
of C, the universal element corresponding to this isomorphism is the element
of Fc that corresponds to the element 1. of C(c,c).
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()
Let i be the unique non-identity morphism in the category 2. The isomor-
phism « : Cat(2,—) = mor is given by

Olc(F) = Fi.

The universal element corresponding to this isomorphism is therefore the
element ay(15) = 15i = i of mor 2.

(i)
The Sierpinski space S is given by the two elements T and L and the three
open subsets @, {T} and S. The isomorphism « : Top(—,S) = O is given by

ax(x) = x~ (7).

i.e., by taking the preimage of the open point. The universal element corre-
sponding to this isomorphism is therefore the element ag(15) = lgl(T) ={T}
of O(S), i.e., the open point of S.

(iii)

We find in the same way as for part (ii) that the universal element is the
element {1} of G(S), i.e., the closed point of S.

Exercise 2.3.ii
()
We observe that for every bilinear map f: k xV — W we have the equality

P4, v) = B(1, v).

for all A € k, v € V. This implies that § is uniquely determined by the linear
map
V—W, v p(1,v).

Suppose conversely that we are given an arbitrary linear map g: V — W.
The map
kxV—W, (4v)r— Aglv)
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is then bilinear.
The above two constructions are mutually inverse, and give an isomor-
phism of vector spaces

Bil(k, V; W) = Vecty (V, W)

that is natural in both V and W. It follows that we have the sequence of
isomorphisms

Vecty(k ® V, W) = Bil(k, V; W) = Vecty (V, W)
that is natural in both V and W. The isomorphism of functors
Vecty (k ®y V,—) = Vecty (V,-)
tells us that k ® V = V.

(i)
We have the sequence isomorphisms
Vecty (U ®y (V Q W), X) = Bil(U,V ®; W; X)
= Vecty (U, Vect (V @i W, X))
= Vecty (U, Bil(V, W; X))
= Vecty (U, Vecty (V, Vect (W, X)))
= Tril(U, V, W; X)
and similarly
Vecty (U @i V) @i W, X) = Bil(U ® V,W; X)
= Vecty (U ®y V, Vect (W, X))
= Bil(U, V; Vecty (W, X))
= Vecty (U, Vecty (V, Vecti (W, X)))
= Tril(U, V, W; X).

All these isomorphisms are natural in U, V, W and X. The isomorphism of
functors

Vecty (U ®y (V ®, W), —) = Tril(U,V,W;-)
= Vecty (U @, V) @i W, —)

tells us that U @ (V @ W) = (U @i V) Qi W.
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Exercise 2.3.iii

The isomorphism
a: Set(—, B4) = Set(— x A, B)

is explicitly given by
ax(p)(x,a) = ¢(x)(a) (2.2)

for every set X, every function ¢ : X — B% and all (x,a) € X x A.

The universal element ev corresponding to the isomorphism « is given
by aga(1ga). It is thus an element of Set(BA x A, B), i.e., a map from BAx A
to B. It follows from the explicit formula (2.2) that this map is given by

ev(f,a) = aga(1a)(f, @) = 13a(f)(a) = f(a)

for all (f,a) € BAx A. The map ev is thus given by evaluation of the first item
at the second item.

The Yoneda lemma tells us for the functor F := Set(—x A, B) that the entire
natural transformation « : Set(—, BA) = F is uniquely determined by the
element ev of F(B4). More explicitly, ax(¢) = (Fp)(ev) for every set X, and
therefore

ax(p) = (Fp)(ev) =ev-(px1,4).

That « is a natural isomorphism means that ay is bijective for every set X. In
other words:

For every set X and every element f of FX there exists a unique
element ¢ of Set(X, B4) with ax(p) = f.

We can expand this condition as follows:

For every set X and everymap f : XxA — B, there exists a unique
map ¢ : X — B suchthat f(c,a) = ev(p(c),a) forall (c,a) € XxA,
i.e,, such that the following diagram commutes:

f

XxA B
‘P><1A| /
BAx A
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2.4 The category of elements

Exercise 2.4.i

Let S be the singleton category consisting of only a single object s and its
identity morphism. Let C be the functor from S to Set corresponding to the
singleton set {*}, i.e., the unique functor with Cs = {*}. The comma cate-
gory C | F looks as follows:

« The objects of C | F are triples of the form (s,c, &) consisting of the
unique object s of S, an object ¢ of C, and a map f from the set Cs = {x}
to the set Fec.

« A morphism in C | F from an object (s,c, &) to an object (s,c¢’, &) is a
pair (fy, f;) of morphisms f;: s > sinSand f : ¢ — ¢’ in C that makes
the following diagram commute:

¢

f} —— Fe

Cfo| |Ff1

() ——— Fe

The category S has a single object and single morphism. This allows us

to simplify the comma category C | F by replacing it with the following
isomorphic category D:

« The objects of D are pairs (c, &) consisting of an object ¢ of C and a
map ¢ : {x} - Fec.

« A morphism in D from another object (c, &) to an object (¢’,&”) is a mor-
phism f : ¢ — ¢’ in C that makes the following diagram commute:

{+} —— Fe

1{*}l [Ff (23)

{x} —— F¢

A map &: {*} — Fc is the same as an element of Fc, namely the ele-
ment £(*). The commutativity of the square diagram (2.3) is then equiv-
alent to the condition (Ff)(x) = x’ for the respective elements x = &(x)

35



Chapter z Universal Properties, Representability, and the Yoneda Lemma

and x” = &’(*). The category D can therefore be replaced by the following
isomorphic category E:

« The objects of E are pairs (¢, x) consisting of an object ¢ of C and an
element x of the associated set Fc.

« A morphism in E from an object (¢, x) to another object (¢’, x”) is a mor-
phism f : ¢ — ¢’ in C such that (F f)(x) = x.

The category E is precisely the category of elements [ F, so that overall

«|F=D=E=|[F.

Exercise 2.4.ii

Let C be a category and let ¢ be an object of C.
One terminal object of C/c is given by (c, 1,.). Indeed, for every object (x, f)
of C/c there exists a unique morphism from x to ¢ that makes the diagram

commute, namely the morphism f itself.

It follows that an object (x, f) of C/c is terminal in C/c if and only if
it is isomorphic to the object (¢, 1.). This is the case if and only if there
exists morphisms ¢ : (x, f) — (c,1.) and ¢ : (¢,1,) — (x,f) in C/c such
that Yo = 1(.1,) and ¢y = 1(, r). This means that ¢ and § are morphisms
in C,namely ¢ : x = cand ¢ : ¢ — x, such that the diagrams

4 4
X — ¢ c x
\ / and \ /
f L L f
c c
commute, and such that ¢y = 1, and ¢ = 1, in C. The commutativity of

the first diagram is equivalent to the condition ¢ = f, and the commutativity
of the second diagram is equivalent to the condition fi/ = 1.. We find that ¢
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must be equal to f and that ¥ must be a two-sided inverse to f. Consequently,
such morphisms ¢ and ¢ exist if and only if f is an isomorphism in C.

This shows that the terminal objects in C /¢ are precisely those objects (x, f)
for which the morphism f in C is an isomorphism in C. Therefore, roughly
speaking, the terminal objects in C/c are the ways in which the object ¢ is
isomorphic to another object of C.

Exercise 2.4.iii

Let F be a contravariant functor from a category C to the category Set. We
may regard F as a covariant functor G from C° to Set. We then have the
sequence of equivalences

the contravariant functor F is representable
the covariant functor G is representable
the category |G admits an initial object
the category (] F)°P admits an initial object

I

the category [F admits a terminal object.

For the second to last equivalence we used that [F is defined as (JG)°P.
One can refine the above argumentation to get the following result:

Let F be a contravariant functor from a category C to Set. An
element x of a set Fc, where c is some object of C, is a universal
element for F if and only if (c, x) is terminal in [F.

Exercise 2.4.iv

Let Q be the Sierpinski space, consisting of the two elements T and L and
three open subsets @, {T} and Q.

Let O be the contravariant functor from Top to Set that assigns to each
topological space its set of open subsets. We find that

there exists for every topological space X
and every open subset U of X
a unique continuous map y from X to Q withU = y~1({T})

there exists for every object X of Top and every element U of O(X)
¢> . . . .
a unique morphism y : X — Qin Top withU = O(y){T})
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We know that the first condition holds true, so the second condition also
holds true. But the second condition tells us that the element {T} of O(Q)
is a universal element for the functor F. In this sense, the open subset {T}
of Q is the universal open subset. In a weaker sense, this means that Q is the
universal topological space with an open subset.

Exercise 2.4.v

The objects of [ F are pairs (X, <) consisting of a set X together with a pre-
order < on X. In other words, the objects of fF are preordered sets.

A morphism f: (X,<x) = (Y,<y)isamap f: X — Y such that <y is
the pullback of <y along f. In other words, the preorders <y and <y and the
map f need to satisfy the compatibility condition

x <y x' <= f(x) <y f(x')

for all x, x” € X. (This entails that the map f is increasing with respect to the
preorders <y and <y.)

We claim that the functor F is not representable.

To prove this claim, we note that for every preorder < on a set X we have
an associated equivalence relation ~ given by

x~x" = (x<x"and x’ <x).

We call the number of equivalence classes of this equivalence relation the
order size of <, and denote it by size(X, <), or simply by size(X).

The order size of a preorder tells how many elements can be at most dis-
tinguished by that preorder. Consequently, if a preorder on a set X is the
pullback of a preorder on a setY viaamap f: X — Y, then

size(X) < size(Y).

Suppose that the functor F were representable by an object R and a uni-
versal element <. This would mean that there exists for every preordered
set (X, <x) a unique function f: X — R such that <y is the pullback of <p
along f. This then entails that the order size of every preordered set X would
be bound by that of the representing object:

size(X) < size(R)
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for every preordered set X and the representing preordered set R. To show
that the functor F is not representable it therefore suffices to show that for
any arbitrarily large cardinal number « there exists a preordered set whose
order size at least «.

We can consider for every set X the discrete preorder on X, for which no
two distinct elements are comparable. The order size of X is then its cardi-
nality. As there are sets of arbitrarily large cardinality, we find that there are
preordered sets of arbitrarily large order size.

Exercise 2.4.vi

We denote the category of elements of the functor Hom by E, i.e.,
E:= [Hom .
The category E looks as follows:
« The objects of E are pairs ((c¢, d), f) consisting of an object (¢, d) of C°PxC
and an element f of Hom(c, d).
« A morphism ¢ in E from an object ((c,d), f) to an object ((¢’,d"), f") is a
morphism ¢ : (¢,d) = (¢’,d”) in C°PxC such that Hom(—, —)(¢)(f) = f”.
We can simplify this description of E by unraveling the structure of C°P xC
and of the bifunctor Hom. We then arrive at the following category T:
« The objects of T are triples (c, f,d) consisting of two objects ¢ and d of C
and a morphism f : ¢ = din C.

« A morphism in T from an object (¢, f,d) to another object (¢, f*,d")
is a pair (¢,¥) of morphisms ¢: ¢ — cand y: d — d’ in C such
that ¢ fo = f’, i.e., such that the following square diagram commutes:

w] |qo (2.4)

¢ ——— d’

The objects in T are thus the morphisms in C, and a morphism in T between
two morphisms f and f” in C is a commutative diagram of the form (2.4). In
this diagram, the morphism f” arises from the morphism f by “twisting” with
the two morphisms ¢ and .
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Exercise 2.4.vii

We will use the following observations:

Lemma 2.E. Let C be a category and let (D, II) and (D’,II") be two categories
over C, i.e., two objects of CAT/C, for which the functor IT” is faithful. For ev-
ery object d of D let Fd be an object of D, and for every morphism f : d — d’
in D let F f be a morphism in D’ from Fd to Fd’. If the diagram

D i D’
\ / (2.5)
II Ir
C

commutes, then F is a functor, and more specifically a morphism from (D, IT)
to (D’,II’) in CAT/C.

Proof. It remains to show the functoriality of F. We hence need to show that
Flg=1pq and F(gf)=Fg-Ff

for every object d of D, and for every two composable morphisms f : d — d’
and g: d’ — d” in D. AsII’ is faithful, these two conditions are equivalent
to the conditions

II'F1; =1'1py; and II'F(gf) =1I'"(Fg-Ff).
By the functoriality of [1” we can rewrite these two equations as follows:
II'F1 = 1;ypgy and II'F(gf) =II'"Fg-II'Ff.

By the commutativity of the diagram (2.5) we can now simplify these two
equations to

My =1y and TII(gf) =Ilg-IIf.
These final equations are satisfied by the functoriality of IL. |

Let C be a category. For every functor F from C to Set we denote its cat-
egory of elements by [F, and the forgetful functor from [F to C by IIr. The
pair ([F,TIf) is an object of the slice category CAT/C.
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Let F,G: C — Set be two functors and let « : F = G be a natural trans-
formation. The natural transformation « induces a functor

Ja: [F— [G
as follows:

- Let (c, x) be an object of [F. This means that c is an object of C and x is an
element of the set Fc. The component ¢, of the transformation « is a map
from Fc to Ge, whence

(Ja)(e, x) = (e, a(x))

is an object of [G.

« Let f: (¢,x) > (¢/,x") be a morphism in [F. This means that f is a mor-
phism in C from ¢ to ¢’ with (Ff)(x) = x’. We have the following commu-
tative square diagram by the naturality of a:

Ff

Fc ——— F¢’

Gf ,

Gce —— Ge

The commutativity of this diagram tells us that

(G a(x)) = o (Ff)(x)) = e (x'),

whence f is a morphism from (c, 2.(x)) to (¢, & (x”")). In other words, f is
a morphism from ([a)(c, x) to (Ja)(c’, x"). We therefore define

(Jo)(e.x) — (. x)) = (e o)) —— (/s (<))

For simplicity, we will simply write

(Ja)(H) = f.

not keeping track of the change in domain and codomain. This greatly
improves readability, at the minor cost of some rigour.
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Chapter z Universal Properties, Representability, and the Yoneda Lemma

+ The diagram

\\\ /// (2.6)
Iy Il

commutes, whence it follows from Lemma 2.E that [« is a functor from [ F
to IG.

It remains to show that this induced functor [a is itself functorial in a.

« We need to show that [1f = 1 ( f F) This holds true because

(J1r)(e,x) = (¢, (1) (%)) = (e, 1(x)) = (¢, %),

for every object (c, x) of f F, as well as

(J1r)(H)=f
for every morphism f in [F.

« We need to show that [(f-a) = [f- [« for every two composable natural
transformations & : F = G and f: G = H.This holds true because

(IA)(Je)(e. ) = (J£) e aclx))
= (e, ful@c(x)))
= (e, (B~ )(x))
= (J(B- @)(e.x)

for every object (c, x) of fF , as well as

UpU)f =B f=f=(B-o)f
for every morphism f in [F.

We have overall extended the construction [ to a functor from the functor
category SetC to the slice category CAT/C. This entails that isomorphic ob-
jects of Set® are mapped to isomorphic objects of CAT/C. More explicitly,
if F,G: C — Set are two isomorphic functors, then the two categories IF
and [G are isomorphic over C.
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Exercise 2.4.viii

For this exercise we denote the morphisms in [F as quintuples (¢, x, f,d, y)
consisting of two objects ¢ and d of C, elements x of Fc and y of Fd, and a
morphism f: ¢ — d in C with (F f)(x) = y. Pictorially,

Ff
Fc>x —— y€eFd.

Such a quintuple (¢, x, f,d, y) is a morphism from (c, x) to (d, y) in IF )
Let ¢ = (@1, ¢2, ¢3, ¢4, ¢5) be a morphism in [F. We make the following

observations:

« That ¢ is a lift of f along II is equivalent to the equalities ¢; = ¢, ¢4 = d
and ¢3 = f.

« That the domain of ¢ is (c, x) is equivalent to the two equalities ¢; = ¢
and ¢y = x.

« The last entry ¢5 is uniquely determined by the previous entries ¢, and ¢
as 5 = (Fo3)(¢2)-

Combining all of these observations, we see that (c, x, f,d, (Ff)(x)) is the
unique lift of f along II whose domain is (c, x).

Exercise 2.4.ix

We have the following definition of a discrete right fibration:

A functor IT: E — B is a discrete right fibration if for every mor-
phism f: ¢ — d in B and every object e in the fibre over d there
exists a unique lift of f along IT with codomain e.

Exercise 2.4.x

For the functor C(A, —) x C(B, —) to be representable we need the existence
of an object C of C such that

C(C,—) = C(A,—) x C(B,-).

We can also characterize such an isomorphism in terms of its universal ele-
ment (i, j) € C(A, C)x C(B,C): we would need an object C of C together with
two morphisms

irA—C, j:B—C
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such that for every object X of C and every two morphisms f: A — X
and g: B — X there exists a unique morphism h: C — X with f = hi

and g = hj:

C
I
I
I
th
I
$
X
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Chapter 3
Limits and Colimits

3.1 Limits and colimits as universal cones

Exercise 3.1.i
The action of Cone(—, F) on morphisms

A cone over F with summit ¢, where c is some object in C, is a family (/1]-) ie) of
morphism 4; : ¢ — Fj subject to the commutativity of the triangular diagram

C
v\
Fj Fu Fk

for every morphism u: j — k in J. For every morphism f: ¢ — d in C we
have therefore the induced map

f* : Cone(d, F) — Cone(c, F), (,Uj)jej > (,Ujf)jej .

This map is well-defined since in the diagram

C
Jf
wif e f
d
N
Fj Fu Fk
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Chapter 3 Limits and Colimits

the outer triangle commutes if the lower inner triangle commutes. (Intu-
itively speaking, we are pulling back the legs A along f.)

The action of Cone(F, —) on morphisms

The action of Cone(F, —) on morphisms is similarly given by
fi: Cone(F,c) — Cone(F,d), (4))je) —> (f4))je)

for every morphism f : ¢ — d in C. (Intuitively speaking, we are pushing the
legs A forward along f.)

Exercise 3.1.ii

Given an object ¢ of C, an element of the set Cone(c, F) is a family (4))j¢)
of morphisms 4;: ¢ — Fj, subject to the commutativity of the triangular

diagram
c
N
Fj Fu Fk

for every morphismu : j — kin J.

An element « of the set Hom(A(¢), F) is a natural transformation from A(c)
to F. More explicitly, « = («;)j; is a family of morphisms @; : A(c)(j) — Fj
such that the square diagram

ARG 22, A k)

Fu

Fj — T |k

commutes for every morphism u: j — k in the index category J. But we
know that A(c)(j) = ¢ for every object j of J, and that A(c)(u) = 1, for every
morphism u in J. The above square diagram can therefore be simplified as
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3.1 Limits and colimits as universal cones

follows:
1

c
C — ¢

FjLFk

This square diagram commutes if and only if the following triangular diagram

commutes:
c
N
Fj Fu Fk

We find that « the family « is a natural transformation from A(c) to F if and
only if it is a cone on F with summit c. In other words, we have an equality
of sets

Hom(A(c), F) = Cone(c, F) .* (3.1)

It remains to check that the equality (3.1) is natural in ¢. In other words, we

need to check that for every morphism f : ¢ — d in C the following square
diagram commutes:

f*

Cone(d, F) ———— Cone(c, F)

Hom(A(d), F) Hom(A(c), F)

A(f)

« The map f” is given on every cone (4;); by
FH () = @4

« The map A(f)" is given on every natural transformation & = (¢;); by the
components

(A (@) = (a- A(f)); = & - A(f); = o f
so that in total
A(f)*((aj)j) = (ijf)j .

We see that both maps coincide, as required.

"This shows that the two definitions of Cone(c, F) provided in Definition 3.1.2 coincide.
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Exercise 3.1.iii
Cones over F

The category Cones(F) of cones over F is defined as a category of elements
of the contravariant functor Cone(—, F). This category therefore looks as
follows:

« The objects of Cones(F) are pairs (c, 1) consisting of an object ¢ of C and
a cone A = (4;); over F with summit c. This means that each A; is a
morphism from c to Fj, subject to the commutativity of the triangular

diagram
c
N
Fj Fu Fk

for every morphismu : j — kin J.

« A morphism in Cones(F) from a cone (¢, 1) to a cone (d, 1) is a mor-
phism f : ¢ — d in C such that the triangular diagram

c f d
N A
Fj

commutes for every object j of J. In other words, we have for the induced
map

f*: Cone(d, F) — Cone(c, F), (v));j — (v;f);

the equality A = f*(p).
The category A | F, on the other hand, looks as follows:

« The objects of A | F are pairs (¢, @) consisting of an object ¢ of C and a
natural transformation a : A(c) = F.
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3.1 Limits and colimits as universal cones

« A morphism in A | F from an object (¢, @) to an object (d, ) is a mor-
phism f: ¢ — d in C such that the following triangular diagram com-
mutes:

A(f) Ad)

NoA

F

That is, we have the equality o = A(f)*(f).

We have already seen in our solution to the previous exercise (Exercise 3.1.ii)
that objects of Cones(F) are the same as objects of A | F, as a family A = (4;);
is a cone over F with summit c if and only if A is a natural transformation
from A(c) to F.

Let (¢, A) and (d, ) be two objects of the two categories, and let f : ¢ — d be
a morphism in C. We have also seen in our solution to the previous exercise
that the two induced maps

f*: Cone(d, F) — Cone(c, F)

and
A(f)* : Hom(A(d), F) — Hom(A(c), F)

are equal. We have consequently the sequence of equivalences

f is a morphism from (c, 4) to (d, ) in Cones(F)
= A= f"(w
= A=Af)"(w
< f is a morphism from (c,A) to (d, ) in A | F.

This shows that not only are the objects of Cones(F) and A | F equal, but
also their morphisms.
Consequently, the categories Cones(F) and A | F are equal.

Cocones under F

We can show in the same way that the category of cocones under F is equal
to the comma category F | A.
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Exercise 3.1.iv

We simply rewrite the first proof in a more elaborate way.

The universal property of a limit cone (¢, 1) over F asserts that for every
other cone (d, ) over F, there exists a unique morphism of cones f from (d, y)
to (£, A). The cone (£’, ") satisfies the same universal property: there exists
for every cone (d, i) on F a unique morphism of cones f’ from (d, y) to (¢, A").

It follows is particular that there exists a unique morphism of cones f
from (¢, 1) to (£, "), as well as a unique morphism of cones f’ from (¢, 1")
to (¢, 1). The composite f’f is a morphism of cones from (¢, 1) to itself. But
by the universal property of (¢, 1), there exists precisely one such morphism,
and 1y 3) is also such a morphism. Consequently,

' f=1n-

We find in the same way that also ff” = 1y 1.

We have seen that there exists a unique morphism of cones from (¢, 1)
to (¢, A”), and that this morphism is an isomorphism. This entails that € and ¢’
are isomorphic as objects in C, and that there exists precisely one such iso-
morphism compatible with the cones A and 1.

Exercise 3.1.v

The general definition of a cone over F is as follows:
A cone over F with summit p, where p is some object in P, is a

family (4;)je; of morphisms A; : p — Fj with j € ], subject to the
commutativity of the triangular diagram

7N

Fj Fu Fk

for every morphismu : j — kin J.

The category P is a poset, whence every diagram in P commutes. We can
therefore simplify the above definition:
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3.1 Limits and colimits as universal cones

A cone over F with summit p, where p is some object in P, is a
family (4;)e) of morphisms 4; : p — Fj with j € J.

There exists for every object p of P at most one morphism from p to Fj
in P, and this morphism exists if and only if p < Fj. We therefore find the
following:

Let p be an object of P. There exists a cone on F with summit p if
and only if p < Fj for every j € J. This cone is then unique.

Suppose now that p and p’ are two summits of cones over F. Every mor-
phism from p to p’ is then automatically a morphism of cones, because every
diagram in P commutes. Consequently, there exists a morphism of cones
from p to p’ if and only if there exists a morphism from p to p” in P, which
is the case if and only if p < p’. We thus find the following:

Let p be an object of P with p < Fj for every j € J, i.e., the summit
of a cone over F. The cone determined by p is a limit cone for F
if and only if for every other summit p” we have p’ < p.

In other words, a limit cone over F is uniquely determined by its summit,
which is precisely a greatest lower bound for the objects Fj with j € J. The
limit of F is thus the infimum of the elements Fj with j € J.

Dually, the colimit of F is the supremum of the elements Fj with j € J.

Exercise 3.1.vi

The universal property of the equalizer tells us for every object X of the am-
bient category C that the map

h,: C(X,E) — C(X,A), k+— hk
restricts to a bijection
C(X,E) —m {le C(X,A)| fl=gl}.

This entails that the map h, is injective. That this injectivity holds for every
object X of C means precisely that the morphism 4 is a monomorphism.
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Exercise 3.1.vii

Letl,m: Q — P be two morphisms in the ambient category C with kI = km.
We then also have

fhl = gkl = gkm = fhm

by the commutativity of the pullback square, and thus hl = hm because f is
a monomorphism. It follows from the two equalities

kl =km, hl=hm

and the universal property of the pullback (P, h, k) that already [ = m.

Exercise 3.1.viii

We label the objects and morphisms in the given diagram as follows:

d—5——d —5

We provide a diagram to keep track of the auxiliary morphisms that will be
introduced in our argumentations:

———————————————— q
x =ZZ__ _ ~~<
-~ - ~
I\ < S~
| \\\\\ m\\\\ AN
! NNk S SN
\ N ~ S
\ \ N ~ N
\ NN AN N
\ S AN N \\
\ N N f N f/ N
\ N ’ ”
\ N C C c
\ \\
\ N r
[\ S
N S ’ ”
\\ h \\
~
\\\ \\\
s RSN
d d/ d//
g g
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3.1 Limits and colimits as universal cones

Suppose first that the left-hand square diagram is a pullback square. We
then have for every object x of C the sequence of bijections

{k|k: x—>c}
= am I: x—>dandm: x - ¢’
1™ with gl = W'm
_ l: x—>d,p: x—>d andq: x —> "
- {(l,p,q)‘ with gl = pand g’p = h"q }
_ l: x—>dandgq: x > ¢”
- {(l’ q)‘ with g’gl = h"q }

given by
k — (hk, fk) — (hk, b’ fk, f’ fk) — (hk, f’ fk).

This bijection tells us that the outer rectangular diagram is a pullback square.
Suppose now conversely that the outer rectangular diagram is a pullback
square. We then have for every object x of C the sequence of bijections

kk:x—cd
_ I: x—>dandgq: x = ¢”
= {(l, q)‘ with g/gl: h//q }

_ l: x—>d,p: x—>d andq: x ="
- {(l,p,q)‘ with p = gland g’p = h"q }
I[: x—>dandm: x - ¢
= (l’m) 3 / 71,7 ” £’
with h'm = gland g’h’'m =h" f'm
_ l: x—>dandm: x—>¢ |,
B {(l,m)’ with h’'m = gl }

given by
k — (hk, f’ fk) — (hk, ghk, f’ fk) — (hk,m)
where m is the unique morphism from x to ¢’ with h’'m = ghk and f'm = f’ fk.

The morphism fk satisfies these defining equations of m, whence m = fk.
The above bijection is thus overall given by

k —> (hk, fk).

*We can drop the condition g’h’m = h” f’m since it follows from the commutativity of the
right-hand square.
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Chapter 3 Limits and Colimits

This overall bijection tells us that the left-hand square diagram is a pullback
square.

Exercise 3.1.ix
Cones and initial objects

Let i be the initial object of J. There exists for every object j of C a unique
morphism u; fromito jin J. Let s := Fu, for every j € J, which is a morphism
in C from Fi to Fj. We claim that : is a limit cone over F with summit Fi.

We first need to check that : is a cone over F with summit Fi. To this end, we
need to check that for every morphism v : j — k in ] the following triangular

diagram commutes:
/ \k\ (3.2)

Fj v Fk

Given that 1; = Fu; and i = Fuy, this diagram is the image of the diagram

under the functor F. This original diagram in ] commutes because there exists
exactly one morphism from i to k in J. It follows from the functoriality of F
that the original diagram (3.2) commutes.

We now need to check that (Fi, 1) is a universal cone over F. We need to
show that for every other cone (c, 1) over F there exists a unique morphism
of cones f from A to ..

« We start with the uniqueness. Let f be a morphism of cones from A to 4,
i.e., a morphism from c to Fi for which the triangular diagram

c f Fi
Fj
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3.1 Limits and colimits as universal cones

commutes for every object j of J. We consider the case j = i. The unique
morphism y; fromi to i in J is necessarily the identity morphism 1;. Con-
sequently,

;= Fu; = F1; = 1p;,

and thus
f=1nf=uf=4.
For the existence, we now need to check that the morphism 4;, which

goes from c to Fi, is a morphism of cones from A to 1. To this end, we
need to check that the diagram

A
C Fi
Fj

commutes for every j € J. This diagram can be rearranged as follows:

The commutativity of this diagram follows from A being a cone over F.

We have thus proven the following:

Let ] be a category with initial object i, let C be another category
and let F : ] — C be a diagram of shape J in C. For every object j
of ] let u; be the unique morphism from i to j. The family (Fu;)je)
is a limit cone over F with summit Fi.

Cocones and terminal objects

We can dualize the above result:

Let ] be a category with terminal objectt, let C be another category
and let F be a diagram of shape J in C. For every object j of J let v;
be the unique morphism from j to . The family (Fv;)e) is a colimit
cone under F with nadir Ft.
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Let now a be a successor ordinal. This means that « is the successor of
some other ordinal 8. The ordinal f is an element of «, and in fact is the
unique terminal object of the corresponding category a. Given a diagram F
in a category C of shape a, its colimit is thus given by Ff.

Exercise 3.1.x

Pullbacks are only well-defined up to isomorphism. In the given situation,
the two cones (Z, a,b) and (Z, —a, —b) are isomorphic via the isomorphism of
cones

7Z—7Z, x+——— —x.

Thus, (Z, a,b) is a pullback for the given diagram if and only if (Z, —a, —b) is
one.

Exercise 3.1.xi

Let C be a category such that for any two objects ¢ and d of C there exists a
morphism from c to d in C. Let (¢;);c be a family of objects in C that admits
a coproduct [ [ ¢j, with structure morphisms i : ¢ — []e;¢;fork € J.
Let us fix an index k € J. For every index | € ] there exists some mor-
phism 7; from ¢ to ¢ in C, and we may choose r; as 1,. There exists by
assumption a unique morphism r from [Jj¢, ¢; to ¢ with rij = r, for every

index [ € J. This entails that
rig =1 = 1g,

which tells us that it is a split monomorphism.

Exercise 3.1.xii

This exercise is too hard for me.

Exercise 3.1.xiii

The coproduct of finitely many commutative rings Ay, ..., A, is their tensor
product A; ® - ® A, over Z together with the canonical homomorphisms of
rings

A—A®-QA, ar— 10104010 ®1.
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3.2 Limits in the category of sets

Exercise 3.2.i

We abbreviate the sets mor C and ob C as M and O respectively. We have thus
two sets M and O and the functions

dom,codom: M — O, id: O — M.
The domain of the composition function is the set
{(f,g) e Mx M | codom f = dom g},
which can be described as the pullback of the following diagram:
M

codom

M @)

dom

We thus denote this domain by M xp M, so that
comp: MxoM— M, (f,g)r— gf

is the composition function.
We need to express in terms of diagrams the associativity of comp and that
identities act as neutral elements with respect to decomposition.

« To express the associativity of composition we need to introduce the triple-

pullback

M xg M xg M = {(f,g,h) € MxMxM codom g = domh

codom f = domg, }

The associativity of comp can be expressed by the commutativity of the
following diagram:

1xcomp

MxoMX()M—> MxoM

compx1 | |comp
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Chapter 3 Limits and Colimits

« We need for every object x that x is both the domain and the codomain
of 1,: This means that the following two diagrams have to commute:

o—4 .M o—4 .M
\ dom \ |codom
1 1
(0] (0]

This then ensures that we have well-defined maps
ap: M — Mxo M, f'_)(ldomf:f)

and
a: M— MxoM, f'_)(f’lcodomf)-

We need for the following two diagrams to commute:

M—5 s MxoM M—2 5 MxoM
I S N
M M

Exercise 3.2.ii

In the proof of Theorem 3.2.13 we considered the condition

(F f)(Adom f) = )Lcodomf

for every morphism f in Set. But this condition is trivially satisfied when-
ever f = 1, for some object x, since then

(Ff)(/ldomf) = (F1)(Addom lx) = 1px(Ax) = Ax = Acodom 1, = Acodomf-

In the product [ ] temoy j F(codom f) we can therefore leave out all those fac-
tors coming from identity morphisms.
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3.2 Limits in the category of sets

Exercise 3.2.iii

We can describe Sq( f, g) more explicitly as
Sq(f,9) = 1K) [ h: a—c k: b—>d, gh=kf}.
In other words, Sq(f, g) is the pullback of the following diagram:
C(a,c)
8+

C(b,d) —F C(a,d)

Exercise 3.2.iv

A natural transformation « : F = Gisafamily a = (a;)j¢; such that for every
morphism f : j — k in J the following diagram commutes:

Ff

Fj —1 . Fk

‘
Gf

Gi —1 ., Gk

&5

In other words, we need the equality

o Ff=Gf -«

for every morphism f : j — k in C. We can therefore describe Hom(F,G) as
the equalizer

¢
Hom(F,G) ——— [ [ c(#i.G)) ———= [] C(.Gk)
i€) ¥ £k
in J

where the two maps ¢ and ¢ are given by

o@);=a Ff. Y@)=Gf a.

for every morphism f: j — kin C.
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Exercise 3.2.v

We already used this construction in the previous exercise.

Exercise 3.2.vi

The category [ F looks as follows:

- The objects of [ F are pairs (j, x) consisting of an object j of J and an
element x of Fj.

« A morphism from (j, x) to (k,y) in [ F is a morphism f: j — kin J
with y = (Ff)(x).

A section I to the canonical projection functor IT: [ F — J therefore looks
as follows:

« To every object j of ] we associate an object (j, x;) of | F, with Xj an
element of the set Fj.

« To every morphism f : j — kin ] we associate f regarded as a morphism
from (j, x;) to (k, xi). This means precisely that we have (F f)(x;) = xx.

The functor conditions %(1;) = 1y and %(g f) = 3g-Z f are then automatically
satisfied.

We hence see that a section of I1 is the same as a choice of elements x; € Fj
for j € J that is consistent in the sense that (Ff)(x;) = x for every mor-
phism f: j — kin J. But these conditions mean precisely that the fam-
ily (xj)je) defines an element of lim F. We hence see that sections of IT corre-
spond one-to-one to elements of lim F.

This observation allows us to define lim F as the set of sections of I. The
legs A: lim F = F can then be described as follows: if ¥ is a section of II,
and thus an element of lim F, then Xj = (j, 4;(X)). In other words, A;(X) is the
projection of ¥j onto its second coordinate.
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3.3 Preservation, reflection, and creation of
limits and colimits

Exercise 3.3.i

(V)

We have in C the colimit cone x : K = colim K under K. Applying the
functor F to the diagram K and the cone k : K — colim K under it yields the

cone
Fx: FK = FcolimK

under FK in D. The colimit cone y: FK = colim FK is the initial cone
under FK, whence there exists a unique morphism of cones f as depicted:

N

colim FK f FcolimK

(i)

Suppose first that F preserves colimits. The cone Fx: FK = FcolimK is
then a colimit cone under FK. The morphism f is thus an isomorphism of
cones by the uniqueness of colimits.

Suppose now that the morphism f is an isomorphism in D. It is then an
isomorphism of cones from y: FK = colimFK to Fk: FK = FcolimK.
Asy : FK = colim FK is initial in the category of cones under FK, it follows
that the isomorphic cone Fx : FK = F colim K is also initial. In other words,
it is again a colimit cone. This shows that F preserves colimits.

Exercise 3.3.ii

We consider for simplicity only limits. Colimits can be dealt with in the same
way.

Let F: C — D be a full and faithful functor. Let K: ] — C be a dia-
gram in C and let A: £ = K be a cone over K. Suppose that the induced
cone FA: Ft = FK is a limit cone in D. We need to show that 1 : £ = K was
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a limit cone to begin with. In other words, we need to show that for every
cone k : ¢ = K in C there exists a unique morphism of cones fromk : ¢ = K
tol: ¢t =K.

We start with the existence. To this end we consider in D the induced
cone Fx : Fc = FK. There exists a unique morphism of cones h as depicted
below because FA : Ft = FK is a limit cone over FK:

Fe — . e
FK
There exists a unique morphism f : ¢ — ¢in C with h = F f because F is both
full and faithful. We have therefore the following commutative diagram in D:

F
Fc ———

/ Ft
FK

It follows from the faithfulness of F that the original diagram

f

c —— ¢
N\ /

K
in C commutes. This tells us that f is a morphism of cones fromk: ¢ = K
tod: £t =K.

We now show the uniqueness. To this end let g be any morphism of cones

fromx: c = KtoA: £ = K in C. It follows that Fg is a morphism of
cones from Fx : Fc — FK to FA: Ft — FK in D. Therefore, Fg = h by the

uniqueness of h. This means that Fg = Ff, and thus g = f because F is
faithful.
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