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Chapter o
Introduction

Exercise 0.10

For every topological space X, every set-theoretic map from X to I(S) is con-
tinuous. This can also be formulated as follows:

Let i be the set-theoretic map from S to I(S) given by i(s) := s for every
element s of S. There exists for any set-theoretic map f from X to S a unique
continuous map ? from X to I(S) with ? =io f,ie., such that the following
diagram commutes.

Exercise 0.11

Let K be another group and let ¢ be a homomorphism of groups from K
to H such that the composite 0 o ¢ is the trivial homomorphism of groups.
Then there exists a unique homomorphism of groups i from K to ker(6)
with ¢ =10 ¢, i.e,, such that the following diagram commutes:
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Exercise 0.12

We recall the following two statement from point-set topology and from naive
set theory respectively.

Proposition 0.A. Let X be a topological space and let U and V be two open
subsets of X such that X = U uV. Let Y be another topological space and
let f be a set-theoretic map from X to Y. The map f is continuous if and only
if both restrictions f|; and f|, are continuous.

Proposition 0.B. Let X be a set and let U and V be two subsets of X such
that X = U u V. Let Y be another set and let

f:U—Y and g:V—>Y
be two maps that agree on the intersection U n V, i.e., such that
fluav = &luay -
Then there exists a unique map h from X to Y with both Al = f and h|, = g.

We consider now the situation of diagram (0.3) from the book. The com-
mutativity of the outer diagram

UnV LU
j[
f
14
g Y

means precisely that the functions f and g agree on the intersection U n V.
It follows from Proposition 0.B that there exists a unique set-theoretic map h
from X to Y with hl;, = f and h|, = g. This means precisely that the map h



makes the diagram

commute. It follows from Proposition 0.A that this map h is again continu-
ous.

Exercise 0.13

(a)

Let ¢ be a homomorphism of rings from Z[x] to R. Let y be the image of the
variable x under ¢, i.e., let y := ¢(x). For any element p of Z[x], which is of
the form p = ) ., a,x" for suitable coefficients a,, we have

$(p) = ¢(Z x) =Y a,p(x)" =D a".

n=>0 n>0 n>0

This shows that the homomorphism ¢ is uniquely determined by its action
on the element x of Z[x]. This in turn shows the desired uniqueness.
Let now y be an arbitrary element of R. The map

¢: Z|x] — R, Zanx” —> Zany”

n>0 n>0

is a homomorphism of rings that maps the variable x onto the element y. This
shows the desired existence.

(b)

There exists by the previous part of the exercise a unique homomorphism of
rings ¢ from Z[x]| to A with ¢(x) = a, and there exists similarly a unique
homomorphism of rings ¢ from A to Z[x] with y(a) = x.



Chapter o Introduction

There exists by the previous part of the exercise a unique homomorphism
of rings from Z[x] to Z[x] that maps the element x onto itself. But both 1,
and the composite /o are homomorphisms of rings that satisfy this condition.
It follows that ¢ o ¢ = 14},). We find in the same way that also ¢ o/ = 1.

We have shown that the two homomorphisms ¢ and i are mutually in-
verse. This means that ¢ is an isomorphism whose inverse is given by the
homomorphism .

Exercise 0.14

(a)

Let P be the vector space X x Y, let p, be the projection map from P to X
into the first coordinate, and let p, be the projection map from P to Y into the
second coordinate.

For every pair (f;, f,) of set-theoretic maps

fi:V—X, f,:V—>Y,
there exists a unique set-theoretic map
f:V—XxY
such that both f; = p, » f and f, = p, » f, namely the map
fiV— P, v (W) ).

The map f is linear if and only if it is linear in both coordinates. In other
words, f is linear if and only if both f; and f, are linear. It follows that the
cone (P, p,, p,) satisfies the desired universal property.

(b)

By assumption on the cone (P’, pi, p;), there exists a unique linear map i
from P to P’ such that both

piei=p, and pjei=p,.

There exists similarly a unique linear map j from P’ to P such that both

piej=p; and p,oj=p;.



By the universal property of the cone (P, p;, p,), there exists a unique linear
map f from P to P such that both p, o f = p, and p, o f = p,. However,
both 1, and jei satisfy this defining condition of the map f. We have therefore
both f =1, and f =jei, and thusjei = 1.

We find in the same way that alsoioj = 1,.

This shows that the linear maps i and j are mutually inverse isomorphisms
of vector spaces.

(c)

Let Q be the vector space X @Y, and let g, and g, be the two linear maps
¢G: X—0Q, x+—(x,0)

and

@Y —0Q, y—1(0,y).

Let (V, fi, f,) be a cocone. We show in the following that there exists a
unique linear map f from Q to V with both feq, = f, and f-q, = f,.
To show the required uniqueness, let f be such a linear map. Then

(G, ) = f((x,0) + (0, %))
= f((x,0) + f((0,y))
= flq:(x) + f(g.(»))
=(feq)x)+(f>q)¥)
= fi(0) + £,(y)

for all x € X, y € Y. This shows that the linear map f is uniquely determined
by the composites f; and f,, which shows the desired uniqueness of f.
To show the existence of the linear map f, we define it as

f: 0=V, (xy)— filtd)+ ().
The map f is linear since it can be expressed as
f=hepi+ faops,
with p,, p,, f, and , being linear. The map f also satisfies both
(f 2 q)(x) = f(q:(x)) = f((x,0)) = fi(x) + £,(0) = fi(x) + 0 = f(x)
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and

(f > 0)¥) = f(g(y) = f((0,¥)) = [(0) + £(y) =0+ fo(y) = £,(y).

This shows the desired existence of the linear map f.

(d)

Let (Q’, q7, g5) be a cocone such that for every cocone (V, f;, f,) there exists a
unique linear map f from Q' to V with feq; = f; and f - q; = f,.

It follows from the previous part of this exercise that there exists a unique
linear map i from Q to Q’ such thatie g, = ¢ andi-q, = g;. It follows from
the above assumption on (Q’, g7, ¢;) that there exists a unique linear map j
from Q" to Q such that jeq{ =g, and j o q; = g,.

There exists by the previous part of this exercise a unique linear map f
from Q to Q such that f o q, = q, and f ° g, = q,. Both 1, end j - i satisfy this
defining property of f, which shows that joi = 1,. We find in the same way
that alsoioj=1,.

This shows that the linear maps i and j are mutually inverse isomorphisms
of vector spaces.



Chapter 1

Categories, functors and
natural transformations

1.1 Categories

Exercise 1.1.12

The category Ab of abelian groups: the class of objects of Ab is the class
of abelian groups; the morphisms in Ab are the homomorphisms of groups
between abelian groups; composition of morphisms in Ab is given by the
usual composition of functions.

For any ring R, the category R-Mod of left R-modules: the class of objects
of R-Mod is the class of left R-modules; the morphisms in R-Mod are the ho-
momorphisms of R-modules; composition of morphisms in R-Mod is given
by the usual composition of functions.

The category Poset of partially ordered sets: the class of objects of Poset
is the class of partially ordered sets; the morphisms in Poset are the order-
preserving maps; composition of morphisms in Poset is given by the usual
composition of functions.

The category Mfld of smooth manifolds: the class of objects of Mfld is the
class of smooth (real) manifolds; the morphisms in Mfld are the smooth
maps between smooth manifolds; composition of morphisms in Mfld is
given by the usual composition of functions.

For any field k, the category Vary of varieties over k: the class of objects
of Vary is the class of varieties over k; the morphisms in Vary are the regular
maps; composition of morphisms in Vary is given by the usual composition
of functions.
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Exercise 1.1.13

Let g be a left-sided inverse to f and let h be a right-sided inverse to f. Then

g:golB:gOthzleh:h.

Exercise 1.1.14
The composite of two morphisms

(f.8): (AB)— (A" B), (f.g): (A, B)—(A".B")
in o x A is given by

(f.8)e(f.8)=(f"of.g°8).

The identity morphism of an object (A, B) of &/ x & is then given by (1,4, 1),
ie.,
liap = (14,1p).

Exercise 1.1.15

For any two continuous maps f and g from a topological space X to another
topological space Y we write f = g to mean that f and g are homotopic.

The composition of morphisms in Top descends do a composition of mor-
phisms in Toph thanks to the following observation:

Let X, Y and Z be topological spaces. Let
[ X—Y, gg:Y—Z
be continuous maps. If f = f" and g = g’, thenalso g f = g’ o f".

For any topological space X, the identity morphism of X in Toph is given
by the homotopy class of the identity map on X. It follows that two topologi-
cal spaces X and Y are isomorphic in Toph if and only if there exist continuous
maps

f: X—Y, g:Y—X

such that both go f = 1y and f - g = 1,. In other words, two topological
spaces become isomorphic in Toph if and only if they are homotopy equiva-
lent. (More explicitly, a continuous map becomes an isomorphism in Toph if
and only if it is a homotopy equivalence.)
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1.2 Functors

Exercise 1.2.20

« For every topological space X let 1t,(X) be the set of path components of X.
Every continuous map
f: X—>Y

induces a map

mo(f): m(X) — m(Y),  [x]— [f(].

This construction defines a functor m, from Top to Set.

« For every k-vector space V let T(V) be the tensor algebra over V. For every
two k-vector spaces V and W and every linear map f from V to W, let T(f)
be the induced homomorphism of k-algebras from T(V) to T(W), which is
given by

T @ @ v) = f(v) @ ® f(v,)

for every n > 0 and all v,, ..., v, € V. This construction defines a functor T
from Vect; to Alg,.

We have similarly functors S and /\ from Vect, to Alg, that assign to ev-
ery vector space its symmetric algebra and its exterior algebra respectively.

« For every group G let G** be the abelianization of G. For every two groups G
and H and every homomorphism of groups ¢ from G to H, let ¢** be the
induced homomorphism of groups from G** to H*® given by

¢ ([x]) = [p(x)]

for every x € G. This construction defines a functor (—)* from Grp to Ab.

« For every group G let C(G) be its set of conjugacy classes. Every homomor-
phism of groups
p: G—H

induces a map
Clp): C(G) — C(H), [g] — [o()].

This mapping C is a functor from Grp to Set.
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Exercise 1.2.21

Proposition 1.A. Let F be a functor from a category </ to a category 9. Let f
be an isomorphism in &/. Then F(f) is an isomorphism in &.

Proof. Let A be the domain of f, and let A’ be its codomain. By applying the
functor F to these equations

fefh=10. fleof=1a,

we arrive at the equations

F(f) o F(f™) = 1pay F(f™) e F(f) = 1504y
These equations show that the morphism F( f) is again an isomorphism, with
inverse given by F(f™).! |

There exists by assumption an isomorphism f from Ato A’ in & . It follows
from Proposition 1.A that F(f) is an isomorphism from F(A) to F(A”) in %.
The existence of such an isomorphism shown that the objects F(A) and F(A”")
are again isomorphic.

Exercise 1.2.22
A functor F from & to A& consists of the following data:

« Amap f from A to B that gives us the action of F on the objects on .

« For every two elements a and a’ of A and every morphism i from a to a’
in &/ a morphism F(i) from F(a) to F(a’) in A, such that the following
two properties hold:

1. F(1,) = 14, for every element a of &.
2. For every two composable morphisms

ira—a, j:ad—a"
in o/, the equality F(j o i) = F(j) o F(i) holds.

In the category &, any two morphisms with the same domain and the same
codomain are automatically equal. This has the following two consequences:

'In other words, F(f™!) = F(f)™".

10



1.2 Functors

+ The two conditions 1 and 2 are both automatically satisfied.

+ The action of F on morphisms is uniquely determined by the action of F
on objects, and thus by the map f.

The data of a functor F from &/ to & does therefore only consist of a func-
tion f from A to B satisfying the following condition:

There exist a morphism from f(a) to f(a’) in % for every two
elements a and a’ of A for which there exist a morphism from a
ina’ in .

In other words, the function f needs to satisfy the condition f(a) < f(a’) for
every two elements a and a’ of A with a < a’. But this is precisely what it
means for f to be order-preserving.

Exercise 1.2.23

(@)

The group G is the opposite group of G: to every element g of G there is an
associated element g°? of G°? such that the map

G—G?®, g+—og®
is bijective, and the group structure on G is given by
g% - h® =(h-g)® for all g, h, € G.

Every group G is isomorphic to its opposite group G°P via the inversion
map
i:G—G®, gr—(gP)!.
Indeed, the map i bijective because it is the composite of the two bijections
G—G?®, gr—g®
and

G® — G, x+— x L.
It is a homomorphism of groups because
i(gh) = ((gh)**)™ = (hPg*)™ = (g) " (h*)™" = i(g)i(h)
forall g,h € G.

11
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(b)

We follow the approach from [MSE13b]. Let X be a set that contains at least
two elements and let M be the monoid of maps from X to itself, i.e., let M
be Endg(X).

Every constant map ¢ from X to X is left-absorbing in M, in the sense
that cf = c for every element f of M. It follows that the opposite monoid M°P
contains right-absorbing elements.

But M itself does not admit any right-absorbing element. Indeed, there ex-
ist for every element f of M two elements x and y of X with f(x) # y (because
the set X contains two distinct elements). Let s be the transposition on the
set X that interchanges the two elements f(x)and y. Then(sf)(x) = y = f(x)
and therefore sf = f.

Exercise 1.2.24

Suppose that such a functor Z were to exist. The symmetric group S; con-
tains a transposition, which corresponds to a non-trivial homomorphism of
groups f from Z/2 to S;. There also exists a non-trivial homomorphism of
groups g from S; to Z /2, which is given by

0 ifoiseven,

§(0) = L if & is odd,

for every permutation o in S;. The composite g o f is the identity on Z/2,
whence we have the following commutative diagram:

/ \
72 72

By applying the functor Z to this diagram, we arrive at the following commu-
tative diagram:

S;

1z/2

Z(Ss)

yw‘

2(Z/2) et Z(Z/2)

12



1.2 Functors

The group Z/2 is abelian and the center of the symmetric group S, it trivial.
The above commutative diagram can therefore be rewritten as follows:

1

N

1z/2

z/2

z/2

It follows from the commutativity of this last diagram that the identity ho-
momorphism of Z/2 is trivial. But this is false because the group Z/2 is
non-trivial.

Exercise 1.2.25

(@)
We first check that for every object A of &, the assignment F# is indeed a
functor from % to 6.

« If g is a morphism from B to B’ in 9 then the pair (1, g) is a morphism
from (A, B) to (A,B’) in & x &. It follows that F(1,, g) is a morphism
from F(A, B) = F4(B) to F(A,B’) = FA(B") in 6.

« We have for every object B of % the equalities

FA(lB) = F(lA’ 13) = F(l(A,B)) = 1F(A,B) = 1FA(B)'
e Let
g:B—B, g:B —B

be two composable morphisms in 9. We have

FA(g) o FA(g) = F(14,8) ° F(1,, 8)
= F((14,8)°(14,8)
=F(1y014,8 °8)
=F(14,8 °8)
= FA(g > g).

13
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This shows that the assignment F# is indeed a functor from 9% to €.
Let now B be a fixed object of the category 9. For every object A of &/
let F5(A) be the object F(A, B) of & x &. For every morphism

fi A— A

in of let Fz(f) be the morphism F(f, 15) in €. The domain of this morphism
is (A, B) = Fz(A), and its codomain is (A’, B) = Fz (A).

» We have for every object A of & the chain of equalities
FB(lA) = F(lA: 13) = F(l(A,B)) = 1F(A,B) = lFB(A)'
« For every two composable morphisms
ftA—A, f:A—A
in &/, we have the chain of equalities
Fy(f") « Fg(f) = F(f", 15) e F(f, 1p)
= F((f",15) ° (f, 15))
=F(f" > f.15°1p)
=F(f" f.1p)
= F(f" > f).

This shows that F; is a functor from & to €.

(b)
We have for every object A of & and every object B of & the equalities
FA(B) = (A, B) = Fy(A).
We also have for all morphisms
ftA— A, g:B—F
in o and A respectively the chains of equalities
FY(9) o F(f) = F(1Ly ) * F(f, 1) = F(Lo ) * (£, 1)) = F(f. 8)

and

Fy(f) > FA(g) = F(f,15) e F(14,8) = F((f. 15) ° (14, 8)) = F(f. ).

and therefore the equalities

FY(g) » Fs(f) = F(f. 8) = Fy (f) = FA(g).

14



1.2 Functors

(©

Suppose first that such a functor F were to exist. Then
F(A, B) = FA(B)
for every object (A, B) of & x 9B, and

F(f,8) = F(1a, &) ° (f.1p)) = F(14, 8) o F(f, 15) = F*(g) » F(f)

for every morphism (f, g) from (A, B) to (A’, B’) in & x 98. This shows the
uniqueness of F. In the following, we will show the existence of F.

For every object A of &/ and B of &, we denote the element FA(B) of &
by F(A, B). We have equivalently F(A, B) = Fz(A). For every morphism

(f.&): (A, B)— (A, B)
in & x % we define

F(f,8) = F*(g)  Fs(f).
Equivalently,

F(f,g) = Fz(f) - F4(g).

We have to check that F is indeed a functor.

o Let
(f.8): (A B)— (A", B)

be a morphism in & x %. The morphism F(f,g) = FA'(g) o F5(f) goes
from F(A, B) to F(A’, B’), as we can from the following diagram:

F3(f) F¥(g)

Fy(A) ———— F3(A") === F*(B)

F(A,B) —— F(A’,B) =—— F(A’,B)

F¥(B)

F(A’,B’)
« We have for every object (A, B) of &/ x 3B the chain of equalities

F(l(A,B)) = F(lA: 13) = FA(lB) ° FB(lA) = 1FA(B) ° 1FB(A) = 1F(A,B) ° 1F(A,B)

= 1F(A,B) .

15
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« For every two composable morphisms
(f.8): (AB)— (A4.B), (f.g): (A,B)—(4".B")
in &/ x 98, we have the chain of equalities

F(f’,g") * F(f,8) = F*"(g) ° Fg.(f) e Fz.(f) - FA(g)
= F¥(g") e Fg(f* = f) e FA(g)
= FY(g) o F¥(g) e Fy(f" = f)
=F¥(g o) e Fs(f > f)
=F(g'og f°f)
=F((g". (&)
=F(g'.f")>F(g f).

This shows altogether that the assignment F is indeed a functor.

Exercise 1.2.26

For every topological space X let C(X) be the (commutative) ring of continu-
ous, real-valued functions on X. For any two topological spaces X and Y and
every continuous map f from X to Y, let C(f) be the induced map

C(f): CY) > C(X), or—¢p-f.

This map is well-defined because the composite of two continuous maps is
again continuous.
Let us check that map C(f) is a homomorphism of rings:

« If we denote by * either addition or multiplication, then we have for every
two elements ¢ and ¥ of C(Y) the equalities

C(H)e*P)(x) = (o ¥) > f)x)
= (@ *P)(f(x))
= o(f(x)) * Y(p(x))
= (¢ ) * (¥ > 9)(x)
= C(f)@)(x) » Cle)(¥)(x)
= (C(f)(@) » Clp)(¥))(x)

for every point x in X, and thus the equality

C(f)p *¥) = C(f)) x C()H).

16



1.2 Functors

« Let us denote by 1y and 1y the functions with constant value 1 on X and Y
respectively. We have

C(HHAy) =1y f =1y,
and thus C(f)(1) = 1.

These calculations show that the map C(f) is indeed a homomorphism of
rings from C(Y) to C(X).
Let us now check the functoriality of the construction C.

« For every topological space X we have

C(ax)p) =polx=¢= 1C(X)(§0)

for every ¢ € C(X), and therefore C(1y) = 1¢(x). (Here we denote by 1y the
identity map on the space X.)

« For every two composable continuous maps
f: X—Y, g:Y—2Z,
we have the chain of equalities

Clge f)@)=pogeof
=C(f)¢p-°g)
= C(f)(C(g)())
= (C(f) - C(g)(e)

for every ¢ € C(Z), and therefore C(g » f) = C(g) » C(f).

This shows that C is indeed a contravariant functor from Top to Ring.

Exercise 1.2.27

Let 2 be the category with two objects, named X and Y, and one non-identity
morphism, named f, which goes from X to Y. This category looks as follows:

f

X —Y

17



Chapter 1 Categories, functors and natural transformations

Let 2 + 2 be the category that consists of two copies of 2. More precisely, the
category 2 + 2 looks as follows:

X

Let F be the functor from 2 + 2 to 2 that maps the two copies of 2 in 2 + 2
back onto 2. More explicitly,

F(X1)’F(X2) =X, F(Y1)aF(Y2) =Y, F(fl)aF(fz) :f~

The functor F may be depicted as follows:

fe

X, Y,

The functor F is faithful because for every two objects A and A’ of 2 + 2, the
set (2+2)(A, A’) contains at most one element. But f; and f, are two distinct
morphisms in 2 + 2 that have the same image under F.

Exercise 1.2.28

(@)

Example 1.2.3, (a). The forgetful functor U from Grp to Set is faithful. But
it is not full: Let G be the trivial group, let H be a non-trivial group and let h
be a non-identity element of H. The map U(G) — U(H) given by 1 — h is
not a homomorphism of groups, and is therefore not contained in the image
of U.

Example 1.2.3, (b). The forgetful functor U from Ring to Set is faithful. But
it is not full: Let both R and S be the ring of integers, i.e., the ring Z. The map

f+Z—7Z, n—2n

is not a homomorphism of rings. It is therefore not contained in the image
of U.

18
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Example 1.2.3, (c). The forgetful functor from Ring to Ab is faithful. But it
is not full: this can be seen from the same counterexample as for the previous
functor.

The forgetful functor U from Ring to Mon is faithful. But it is not full:
Let both R and S be the ring of integers, i.e., the ring Z, and let f be the
trivial homomorphism of monoids from U(R) to U(S). The map f is not a
homomorphism of rings from R to S, and therefore not contained in the image
of U.

Example 1.2.3, (d). The inclusion functor from Ab to Grp is both faithful
and full since Ab is a full subcategory of Grp.

Example 1.2.4, (a). The free functor F from Set to Grp is faithful: Let Sand T
be two sets and let f be a map from S to T. The induced homomorphism of
groups F(f) from F(S) to F(T) satisfies the condition

F(f)(s) = f(s)

for every element s of S. The original map f is therefore uniquely determined
by its induced homomorphism of groups F(f).

But the functor F is not full: Let S be a non-empty set and let T be the
empty set. There exists no map from S to T, but there exist a homomorphism
of groups from F(S) to F(T) (namely the trivial homomorphism).

Example 1.2.4, (b). The free functor from Set to CRing is faithful, but not
full. This can be seen as in the previous example.

Example 1.2.4, (c). The free functor from Set to Vect, is faithful, but not full.
This can be seen as in the previous example.

Example 1.2.5, (a). The functor m; from Top, to Grp is not faithful. To
see this, we consider the pointed topological space (R,0). The fundamental
group 7, (R, 0) is trivial, whence there exists precisely one homomorphism of
groups from 7, (R, 0) to 7t;(R, 0). But there exist many more continuous maps
from (R, 0) to (R,0).”

The functor mt, is also not full. The author doesn’t know a good example
for this, and refers to [MSE13c].

Example 1.2.5, (b). The author strongly suspects that these functors are nei-
ther faithful nor full, but isn’t good enough at topology to give examples that
confirm these suspicions.

*Namely, 2% many.
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Example 1.2.7. The functor F from & to # is faithful if and only if the cor-
responding homomorphism of groups f from G to H is injective. Similarly,
the functor F is full if and only if the corresponding homomorphism f is sur-
jective.

Example 1.2.8. This functor is faithful if and only if the corresponding G-set,
respectively representation of G, is faithful.

Example 1.2.9. This functor is faithful, because there exists for any two ele-
ments a and a’ of A at most one morphism from a to a’ in /. It is full if and
only if it follows for any two elements a and a’ of & from f(a) < f(a’) that
alsoa<a'.

Example 1.2.11. The given functor C from Top to Ring is not faithful. To
see this, let X := {x} be the one-point topological space and let Y := {y;, ,}
be the two-point indiscrete topology space. Both C(X) and C(Y) consist only
of constant functions, and the two continuous maps from X to Y induce the
same homomorphism of rings from C(Y) to C(X).

The functor C is also not full. The author doesn’t have a (counter)example
for this, and refers to [MSE17].

Example 1.2.12. The functor (-)* from Vect;, to Vect,, is faithful. To see this,
let V and W be two k-vector spaces and let f; and f, be two distinct linear
maps from V to W. There exists by assumption a vector v in V for which
the two vectors w; := f(v) and w, := f,(v) in W are distinct. It follows that
there exists some linear functional w* in W* with w*(w,) = w*(w;). It further
follows that
fiw)() = (w*e f)(v)

=w(fi(w))

=w(w)

#= w*(wy)

= 7 (w)).

This shows that f"(w*) # f;"(w*), and therefore f;" # f".
However, the functor (—)” is not full. To see this, we observe that for any
two k-vector spaces V and W, the map

Dyy : Homy (V,W) — Homy(W*,V*), fr— f~
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1.2 Functors

is linear. For V = k, the domain of Dy, is given by
Homy (V,W) = Hom (k,W) = W,
while its codomain is given by
Hom (W*, V*) = Homg(W*, k*) = Hom (W*, k) = W*.

If we choose the vector space W to be infinite-dimensional, then it follows
that the map Dy y, cannot be surjective, since W™ is of strictly larger dimen-
sion than W.

(b)

Let 2 be the category given by two objects 0 and 1 and one non-identity mor-
phism i, going from 0 to 1. This category may be depicted as follows:

2: 00— 1

Let similarly 2’ be the category given by two objects 0 and 1 and two parallel
non-identity morphisms from 0 to 1, denoted by i and i’. This category may
be depicted as follows:

The inclusion functor
I:2—2 with FO0)=0, F(1)=1, F@G)=i
is faithful but not full. The retraction functor
R: 2 — 2 with F(0)=0, FQ1)=1, F@=i F@)=i
is full but not faithful. The composite R - I is the identity functor on 2, which

is both full and faithful. The composite I » R is neither full nor faithful.

Exercise 1.2.29

(@)

Let (P, <) be an ordered set and let & be the corresponding category. A sub-
category @ of & is the same as a subset Q of P together with a partial order <
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Chapter 1 Categories, functors and natural transformations

on Q such that x < y whenever x < y. In other words, a subcategory @ of &
is the same as an ordered set Q that is subordinate to P. Such a subcategory
is full if and only if it follows conversely for any two elements x and y of Q
from x < y that also x < y.

(b)

Let G be a group and let & be the corresponding one-object category. A
subcategory # of & is the same as a submonoid H of G or the empty set.
The only full subcategories of & are G itself and the empty set.

1.3 Natural transformations

Exercise 1.3.25
« We have the two functors
T, T, : Vect, x Vect, — Vect,,
given by

LV.W)=VeWw, T(f.g=®g,
LVW)=WeV, T,(fg=g®f.

We have for every two k-vector spaces V and W the isomorphism of vector
spaces
oyw): VOW —WRV, v@wr—>wv.

This isomorphism is natural in (V, W), in the sense that these isomorphisms
assemble into a natural isomorphism ¢ from T; to T;.

« We have a functor
D: Grp — Grp, G+—G%®, f+—f.
We have for every group G an isomorphism of groups given by
az: G—GP, gr— g%,

These isomorphisms are natural in G, in the sense that they assemble in a
natural isomorphism « from 1g,, to D.
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1.3 Natural transformations

« We have the two contravariant functors
D,, D, : Vect, x Vect, — Vect,

given by

Tl(V:W):V*®W*5 Tl(fag):f*®g*a
and

TZ(VJW) = (V®W)*’ TZ(f>g) = (f®g)*
We have for every two k-vector spaces V and W a linear map

Bvwy: VW — (V® w),
VW — [vewr— vi(v) - wi(w)].

This linear map is natural in (V, W), in the sense that these linear maps
induce a natural transformation f from T; to T,.

Exercise 1.3.26

Suppose first that « is a natural isomorphism. This means that there exists a
natural transformation f from G to F such that both fea =1y anda-f = 1;.
For every object A of &/, we have therefore the equality

PBacay=(Boa)y=(1p)4 = Lrca)

and similarly the equality

agofa=(aeP)a=0)a= 16ea) -

This shows that the morphism @, is an isomorphism whose inverse is given

by fa.

Suppose now that for every object A of & the morphism «, is an isomor-
phism, and let 8, be the inverse of ay, ie., B, = a;'. We have for every
morphism

fi A— A
in &/ the commutative square diagram

F(4) —— F(A)

G(4) —— 6(A)
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Chapter 1 Categories, functors and natural transformations

by the naturality of @. The commutativity of this diagram is equivalent to the
equality

ay e F(f) =G(f) e au,
which in turn is equivalent to the equality

F(f)eay' = ay' » G(f).

In other words,
F(f)e Ba = Ba o G(f),

which tells us that the following square diagram commutes:

F(f)
_—

F(A) F(A)
ﬁA] [ﬁA'
Ga) —2, G

This shows that f = (B4) scob() is @ natural transformation from G to F.
We have for every object A of & the equalities
(Boa)y=Pacas=ay" cay=1pa = (154,

which shows that f o « = 1;. We find in the same way that also a - f = 1.
This shows that « is a natural isomorphism whose inverse is given by .3

Exercise 1.3.27

Let F be a functor from & to 9. We can regard F as a functor from &/°P
to %P, which we shall denote by F’ instead of F for clarity. This functor F’
is given by

F'(A®) = F(A)*® and F'(f°®)=F(f)®
for every object A of & and every morphism f in &/. This assignment F’ is
indeed a functor from /P to 9B°P:

+ We have for every object A of &/ the equalities

F'(140) = F'(13) = F(1,)° = 130, = Lpcape -

3In other words, (¢™!),, = (a,) " for every object A of &. This allows us to just write &’
for this morphism.

24



1.3 Natural transformations

« We have for every two composable morphisms
ftA—A, g:AA— A
in &/ the equalities
F'(f*g®) = F'((gf)™)
= F(gf)*
= (F(e)F()™
= F(f)PF(g)"
=F'(fP)F(g™).
This shows that F’ is indeed a functor from &/°P to %°. We have therefore
the map
(=) : Ob([,RB]) — Ob(|LP, BP]). (1.1)

Let F and G be two functors from & to % and let « be a natural transfor-
mation from F to G. We have for every morphism

f: A— A
in o the following commutative square diagram in 93:
F(4) —— F(A)
G(4) —— 6(a)
It follows that we have the following commutative diagram in 98°P:
Fay? — 0 paryr
] [a;e
G(Ay? — L Garyr
This diagram can also be written as follows:
Fr(A®) 2 prarr)
d s
G/(A4%) — o G (A)
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The commutativity of the above diagram shows we have a natural transfor-
mation &’ from G’ to F” with components (a) 4o := @ for every object A
of .

The natural transformation o’ depends contravariantly functorial on a:
+ Let F be a functor from & from 9. We have the chain of equalities
(1F)aw = 1p(A)? = 1;?14) = Tpayr = 1pamy = 15, (A)
for every object A of &/. This shows that 1 = 1.
« Let F, G and H be functors from & to %, and let
a: F=G, p:G=H
be natural transformations. We have the induces natural transformation
a:G=F, p:H=G, (Pa): H=F.
We have for every object A of & the chain of equalities
(@B ar = (@) g (B ) aor = P BL = (Baaa)® = (B) = (Be) )
and therefore altogether the equality
af = (pa).

We have altogether shown that the mapping (1.1) extends to a contravari-
ant functor

Dyg: |d, B] — [P, BP],

We claim that the two contravariant functors D 5 and Dy« g are mutu-
ally inverse. This then shows that D, 4 is an isomorphism of categories
from [, B to [P, FBP].

Indeed, we have
Dyyor gor(Dyy 3(F)) = Dyyop gon(F') = F” = F
for every object F of [of, %], and similarly
Do gor(Dey 5(@)) = Dyjop g (') = " = &

for every morphism « in [&/, %B]. These equalities show that the compos-
ite Dyyop go» © Dy 5 is the identity functor of [/, B]. It follows that also

D.Qf,@ ° D.Qfop“@op - D‘Q{opop“@opop ° Dﬂop’(%)op - 1[dop’@0p] .
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1.3 Natural transformations

Exercise 1.3.28

(@)

For any two sets A and B, we can consider the evaluation map
asp: AxB*— B, (a f)— f(a).

(b)

For any two sets A and B, we consider the map

Pas: A— BEY | ars [f > f(a)].

Exercise 1.3.29

Suppose first that « is a natural transformation from F to G.
+ Let B be any object of 9. We have for every morphism
f: A— A
in o/ the following commutative square diagram:

F(f.1p)

F(A, B) F(A’, B)
O‘A,BI I‘ZA',B
G(A, B) —2I | Gar,B)

This diagram can equivalently be written as follows:

Fs(f) ,
F3(A) D Fya)
aA,Bl IaA',B
Gs(f) ,
Gy(A) & Gy(A")

The commutativity of this diagram tells us that the family (a4 p) scon() is @
natural transformation from Fj to Gg.
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+ Let A be an object of &/. We have for every morphism
g: B— B
in A the following commutative square diagram:

F(14.8)

F(A, B) F(A, B)
aA,BI IaA,B’
G(A, B) — 28 5(A B)

This diagram can equivalently be written as follows:

FA(B) ——— FA(B)
AB | |aA,B’
GH(B) — 52— GA(B)

The commutativity of this diagram shows that the family (@, 5)con(s) is @

natural transformation from F* to G4.

Suppose now conversely that the following two assertions hold: for every
object A of &/, the family (a4 )con() is a natural transformation from F*
to G*, and for every object B of %, the family (a4 ) scob(w) IS @ natural trans-
formation from Fy to Gz. We need to show that the family (a4 5) 4 pcob(r<a)

is a natural transformation from F to G. Let

(f.&: (A,B) — (A", B)

be a morphism in & x 9. We have by assumption the following two commu-

tative square diagrams:

Fs(f) , , FA'(g)
Fy(A) : Fy(A") F¥(B) ——*—
aA,Bl ‘/aA’,B aA’,Bl

Gs(f) , , ’ ,
Ga(A) — 2, Gy GY(B) — 9, ¥ (B)
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1.3 Natural transformations

We can equivalently write these diagrams as follows:

F(A B) — 1 pa, B) F(A", B) —28_, kA, B)

aA,B| laA/,B aar ,Bl laA/,B’
G(f.1p) , , G(147,8) ) Ty

G(A, B) G(A’, B) G(A’, B) G(A’, B)

This rewriting allows us combine both diagrams into the following commu-
tative diagram:

F(f.1p) F(140.8)

F(A, B) F(A’, B) F(A',B)
“A,BI IaA’,B IaA’,B’
(A, B) — ", (a7, B) — "2, (A", B)

By leaving out the middle column this combined diagram, we arrive at the
following commutative diagram:

F(A’ B) F(lA/)g)°F(f’1B) F(AI, B,)

aA’Bl laAl'B,

G(A’ B) G(lA’sg)°G(f’1B) G(A,’B,)

Thanks to the equalities

F(14,8)° F(f, 15) = F(14.,8) ° (f, 1) = F(f. g)
and
G(14,8) °G(f,15) = G((14, 8) ° (f, 1) = G(f, 8).,

we can further rewrite this commutative diagram as follows:

F(A B) —9 , par B)

D{A,B| laAI’B/

G(A, B) —Y2 , A, B)

The commutativity of this final diagram shows that « is a natural transforma-
tion from F to G.
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Exercise 1.3.30

The author suspects that the result will be conjugation. Let us check in the
following that the author is correct.

Let ¥ be the one-object category corresponding to G. Let g and h be two
elements of the group G and let ¢ and ¢ be the corresponding homomorphism
of groups from Z to G, given by

¢(n):=g" and Y(n):=h"

for every integer n. The corresponding functors ® and ¥ are isomorphic if
and only if there exists a natural transformation from ® to ¥: every morphism
in ¢ is already an isomorphism, and every natural transformation from ® to ¥
is therefore already a natural isomorphism by Lemma 1.3.11.

There exists a natural transformation from ® to ¥ if and only if there ex-
ists a morphism k in &, i.e., an element of G, such that the following square
diagram commutes for every integer n:

@(n)

() ()
B(x) — 2 ()

We hence need k o ®(n) = ¥(n) o k, or equivalently k  ¢(n) = ¢(n) » k, or
equivalently

kg" = h'k
for every integer n. For n = 1 this gives us the necessary condition kgk™' = h.
This condition is also sufficient because the cases n # 1 follow from it.

We hence find that natural transformations from ® to ¥ correspond bijec-
tively to elements k of G for which kgk™ = h. It follows that the two group
elements g and h define isomorphic functors if and only if they are conju-
gated.

Exercise 1.3.31

(@)

Let X and Y be two finite sets and let f be a bijection from X to Y (i.e., a mor-
phism in the given category 9B). We let Sym( f) be the resulting conjugation
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1.3 Natural transformations

isomorphism of groups from Sym(X) to Sym(Y), i.e., the map
Sym(f): Sym(X) — Sym(Y), s~ fosof.
This construction defines a functor Sym from 9 to Set:
« For every set X we have
Sym(1y)(s) = 1x e so 1y = 1y 050 1y =5 = Igynx)(S)

for every s € Sym(X), and therefore Sym(1y) = 1gym(x)-

« We have for any two composable morphisms
f: X—Y, g:Y—Z
in A, the equalities

Sym(g)(Sym(f)(s)) =geo fese flog™
=(goflose(gef)!
= Sym(g ° f)(s)

for every s € Sym(X), and therefore the equality
Sym(g ° f) = Sym(g) - Sym(f).

We have shown that Sym is indeed a functor from 9 to Set.*
Let X and Y be two finite sets and let f be a bijection from X to Y. Given
a total order < on X we get a total order <; onY given by

fCx) < fl) <= x <x
for all x;, x, € X. We define Ord(f) as the map
Ord(f): Ord(X) — Ord(Y), <+ <y,

This defined a functor Ord from & to Set:

4The functor Sym lifts along the forgetful functor from Grp to Set to a functor from 93
to Grp.
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Chapter 1 Categories, functors and natural transformations

« Let X be a set. For every total order < on X, i.e., element of Ord(X), we
have
XS, X = 1x(x) <iy 1x(x) = x <x,

for all x;, x, € X, which means that the total order <, = Ord(1x)(<) coin-
cides with the original order <. This shows that Ord(1y) = 1o,4.x)-

 Let
f: X—Y, g:Y—Z

be two composable morphisms in 9. Given a total order < on X, we have
the chain of equivalences

(g° ) (£4)g (g0 )
= g(f(x)) (<), 8(f(x2))
= f(x) <y flx)

x; < x,

= (g° ) <pp (g0 )

for all x;,x, € X, which shows that Ord(g)(Ord(f)(<)) = Ord(g o /)(<).
We have thus shown that

Ord(g ° f) = Ord(g) > Ord(f).
This shows that Ord is indeed a functor from &% to Set.

(b)

We have for every finite set X a distinguished element of Sym(X), namely
the identity function 1. For every morphism

f: X—Y
in &%, we have
Sym(f)(lx):f°1x°f_l:f°f_1:1Y-

This shows that the map Sym( f) carries the distinguished element of Sym(X)
to the distinguished element of Sym(Y). In the following, we denote the dis-
tinguished element 1y of Sym(X) by sy.
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1.3 Natural transformations

Suppose that there exists a natural transformation « from Sym to Ord. For
every finite set X we can then consider the element ty = ay(sy) of Ord(X).
We have for every morphism

f: X—Y
in % from the following commutative diagram:

Sym()

Sym(X) Sym(Y)
ord(x) — 29, ord(y)

It follows from the commutativity of this diagram that

Ord(f)(tx) = Ord(f)(ax(sx)) = ay(Sym(f)(sx)) = ay(sy) = ty .

This calculation tells us that the map Ord(f) carries the distinguished ele-
ment £y of Ord(X) to the distinguished element #, of Ord(Y).

However, such a choice of distinguished elements (ty)xcon() cannot ex-
ist: If X is a finite set with at least two elements, then there exists a bijec-
tion f of X to itself that swaps these two elements. It then follows for every
element < of Ord(X) that Ord(f)(<) is distinct from <. Therefore, Ord(f)
cannot carry ty to fy.

)
For a finite set X of cardinality n, both Ord(X) and Sym(X) have n! elements.

Conclusion

For every finite set X, the two sets Sym(X) and Ord(X) have the same car-
dinality, and are therefore isomorphic as objects of Set. This means that the
two functors Sym and Ord are pointwise isomorphic. However, we have seen
above that there exists no natural transformation from Sym to Ord, and there-
fore in particular no natural isomorphism from Sym to Ord.
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Exercise 1.3.32

(@)

There exists by assumption a functor G from & to & such that
GeF=1y, FoG=l1g4.
The isomorphism F - G = 1 entails that
F(G(B)) =B

for every object B of 9. This shows that the functor F is essentially surjective.
To show that F is full and faithful let A and A’ be two objects of &/. Let

OK:GOF=1'Q{

be a natural isomorphism. The square diagram

GF(A) —"P ., GR(a)
ap | |aA/
A ! A

commutes for every morphism f from A to A’ in &/. We thus have

&y o GF(f) e a3 = f

for every such morphism f. In other words, the composite

(A, A") r B(F(A),F(A")) < A (GF(A),GF(A"))
apro(=)oay! (1.2)
A(A, A)
is the identity map. The first step of this composite, i.e., the map
(A, A") —> B(F(A), F(A")),

therefore is injective. This shows that the functor F is faithful.
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1.3 Natural transformations

Let us now show that the functor G is full. We have seen that the compos-
ite (1.2) is the identity map for any two objects A and A’ of &/. The last step
of this composite, i.e., the conjugation map a,, o (—) > a}', is bijective, whence
we find that the map

B(F(A), F(A")) —— o (GF(A), GF(A"))

is surjective. This tells us that the functor G is full when restricted to the
image on F. But we need to show that the map

B(B,B) —— d(G(B),G(B))

is surjective for any two objects B and B’ of 93, and not just for those objects
that lie in the image of F.

Thankfully, we already know that the functor F is essentially surjective. So
every object of & lies in the image of F up to isomorphism. For the given
two objects B and B’ of 9 there hence exist two objects A and A’ of &/ for
which there exists isomorphisms

g: F(A)— B, g': FA)—DB.

The square diagram

B(F(A), F(A")) s B(B,B)

G G

G(g")o(—-)G(g)™"

B(GF(A),GF(A")) %B(G(B),G(B"))
commutes by the functoriality of G. The two horizontal maps in this diagram
are bijections because both g and g’ are isomorphisms. We have seen above
that the vertical map on the left-hand side is surjective. It follows that the ver-
tical map on the right-hand side is again surjective, which shows the desired
fullness.

We have thus shown that the functor G is full. By swapping the roles of F
and G, we find that F is full.

We have altogether shown that equivalences are faithful, full, and essen-
tially surjective.
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(b)

Let F be a functor from &/ to 9 that is faithful, full, and essentially surjective.
There exists for every object B of & an object G(B) of & for which there
exists an isomorphism

&g : FG(B) — B.

For every morphism g : B — B’ in 3, the conjugate
-1
€ 8 °¢p

is a morphism from FG(B) to FG(B’)). It follows that there exists a unique
morphism G(g) from G(B) to G(B’) such that

FG(g) = ¢5' e goep

because the functor F is both full (showing the existence of G(g)) and faithful
(showing the uniqueness of G(g)).
The assignment G is a functor from 9% to &:

« For every object B of %, we have the equalities
e5' o lgoep =5 5= lpgm = F(lgm) -

This shows that the morphism 15 satisfies the defining property of the
morphism G(1p), so that

G(ls) = 1G(B) .

« For any two composable morphisms
g : B N B/ , g/ : B/ — BII
in 9, we have the equalities

epr o8 ogoep=Ep o8 oby oy ° gLy
= F(G(g")) - F(G(g))
= F(G(g’) - G(g)).

This shows that the composite G(g’) - G(g) satisfies the defining property
of the morphism G(g’ - g), so that

G(g > g)=G(g")>G(g).
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1.3 Natural transformations

This shows that the assignment G is indeed a functor.

The family € = (¢3)con() is (by construction) a natural isomorphism from
the functor FG to the functor 14. In the following, we will construct a natural
isomorphism « from GF to 1.

We have for every object A of &/ the morphism

in A. It follows that there exists a unique morphism
a,: GF(A) — A

in o such that e, = F(a,), because the functor F is both full (showing
the existence of a,) and faithful (showing the uniqueness of «,). The mor-
phism @, is an isomorphism because the functor F is full and faithful and
therefore reflects isomorphisms by the following lemma.

Lemma 1.B. Let & and & be two categories and let F be a functor from &/
to A that is both full and faithful. Let f be a morphism in & such that F(f)

is an isomorphism. Then f is an isomorphism.

Proof. Let A be the domain of the morphism f, and let A’ be its codomain.
We have in % the morphism F(f)~! from F(A’) to F(A). There exists a mor-
phism f’ from A’ to A with

F(f)=F(f)™"

because the functor F is full. We find for the morphism f o f from A to A
that

F(f o ) =F(f") e F(f) = F(f)" e F(f) = 1pay = F(1a) -

It follows that f” o f = 1, because the functor F is faithful. We find in the
same way that also f o f* = 1,,. We have thus shown that the morphism f is
an isomorphism with inverse given by f”. |

The resulting family & = (a4)acob(y) iS @ natural isomorphism from GF
to A. We still need to prove the naturality of @. To this end we need to check
that for every morphism

fi A— A
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in &/, the following square diagram commutes:

GF(A) —, GFa)
aAI IaA’
A ! A

It suffices to show that this diagram commutes after we apply the functor F
to it, because F is faithful. We hence need to show that the following square
diagram commutes:

FGF(f)

FGF(A) FGF(A)
EF(A) EF(A")
F(A) il F(A)

This desired commutativity follows from the naturality of e.
The existence of the natural isomorphisms

e: FG=1g4, a: GF=1,

shows that the two functors F and G form an equivalence between the cate-
gories &/ and . This entails that F is an equivalence of categories.

Exercise 1.3.33

The composition of morphisms in Mat is given by matrix multiplication.

We consider an auxiliary category % of “vector spaces together with bases”.
This category is defined as follows: The objects of % are pairs (V, B) consist-
ing of a finite-dimensional k-vector space V and a basis Bof V. For any two ob-
jects (V, B) and (W, C) of &, the respective set of morphism %((V, B), (W, C))
is simply the set of linear maps from V to W. The composition of morphisms
in & is the usual composition of linear maps.

We have a forgetful functor U from % to FDVect given by

U((V,B)=V and U(f):=f
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1.3 Natural transformations

on objects and morphisms respectively. The functor U is full, faithful and
surjective, and hence an equivalence of categories.

We also have a functor F from 9 to Mat as follows: For every object (V, B)
of A, the action of F on (V, B) is given by

F((V,B)) := dim(V).

For every morphism
f : (V5 B) - (W5 C)

in B, we choose F(f) as the matrix that represents the linear map f with
respect to the bases B and C of V and W. The functor F is full, faithful and
surjective, and is therefore an equivalence of categories.

The category & is both equivalent to FDVect and to Mat. It follows (from
the upcoming Exercise 1.3.34) that FDVect and Mat are also equivalent.

An essential inverse F’ of the functor F can explicitly be constructed on ob-
jectsby F’(n) = (k" (e, ..., e,)) for every natural number n, and on morphisms
by F’(A)(x) = Ax for every matrix A and column vector x (of suitable sizes).

An essential inverse U’ of the functor U together with a natural isomor-
phism from U’ o U to lgpye amounts to choosing a basis for every finite-
dimensional k-vector space.

The composite U - F’ is an equivalence of categories from Mat to FDVectk.
It assigns to each natural number n the vector space k", and regards every
matrix of size m x n as a linear map from k" to k™ via matrix-vector multipli-
cation.

We might regard the functor U - F’ as a “canonical” functor from Mat
to FDVectk. The functor F o U’, on the other hand, is not “canonical” since it
depends on choosing bases.

Exercise 1.3.34

Every category is equivalent — even isomorphic — to itself via its identity
functor. This shows that equivalence of categories is reflexive.
Two categories &/ and 9 are equivalent if and only if there exist functors

F: oA —AB, F:B—d

such that F/ o F = 1, and F o F’ = 14. This condition is symmetric in &/
and 9%, whence equivalence of categories is symmetric.
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Let &/, # and € be three categories such that & is equivalent to 9% and %
is equivalent to €. This means that there exist functors

F:roAd %, F: B—>Ad, G:AB—H>C, G:6—3AB
such that
FoF=1,, FoF =1lg, G:G=lg, GG =lg.
It follows that
(GoF)o(FoG)=GoFoF oG =Golg oG =GoG =1g
and similarly
(FFoG)o(GoF)=F oG eGoF=F olgoeF=FoF=1,.

This shows that the functor G - F is again an equivalence of categories, with
essential inverse given by F’ - G’. We have thus shown that equivalence of
categories is transitive.
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Chapter 2
Adjoints

2.1 Definition and examples

Exercise 2.1.12
Adjoint functors

+ Let k be a field and let V be a k-vector space. The two functors
(=) ®, . V: Vecty — Vect, and Homy(V,-): Vect, — Vect,

are adjoint, with (—) ®, V being left adjoint to Homy (V,—). (This is an
example in the vain of Example 2.1.16.)

+ Let more generally R and S be two rings and let M be an R-S-bimodule. The
two functors

(—)®g M : Mod-R — Mod-S and Homy(M,-): Mod-S — Mod-R

are adjoint, with (—) ®; M being left adjoint to Homg(M, —).

« For every category / let U(</) be its underlying graph, and for every func-
tor F from a category & to a category 9% let U(F) be its induced homo-
morphism of graphs from U(&/) to U(9). This assignment U is a functor
from Cat to Graph, the category of graphs.’

For every graph T let P(T) be the following category: The objects of P(T')
are the vertices of I'. For any two vertices x and y of T', the morphisms

!By a graph we mean a directed graph, possibly with parallel edges as well as loops. We
also impose no finiteness conditions on the graphs under consideration.
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Chapter 2z Adjoints

from x to y in P(I') are precisely the paths from x to y inI".> The composition
of morphisms of P(I') is the composition of paths in I* The category P(T")
is the path category of T.

Every homomorphism of graphs f from I' to I induces a functor P(f)
from P(T') to P(I"), given on objects by P(f)(x) = f(x) for every vertex x
of T, and on morphisms by

P(I(Gx a5 0, y)) = (G, flan, oo, ), f(7))

for every path (x, @y, ..., @,, y) inT. We thus arrive at a functor P from Graph
to Cat.

The functors P and U are adjoint, with P being left adjoint to U. (We may
regard U as a forgetful functor, and P(T') as the “free category on I".)

Initial objects
+ The empty category is initial in CAT.
+ Let R be a ring. The zero module is initial in R-Mod.

« The initial objects in the category of pointed sets are precisely the one-
element pointed sets.

+ Let P be a partially ordered set and let & be the corresponding category.
An initial object of & is the same as a least element of P.

Terminal objects

+ Let R be a ring. The zero module is terminal in R-Mod.

« Let P be a partially ordered set and let & be its corresponding category. A
terminal object of & is the same as a greatest element of P.

« The terminal objects in Top are precisely those topological spaces that con-
sist of only a single point.

’By a path from x to y in T we mean a tuple p = (x,,...,q,,y) of the following
form: «y, ..., @, are edges in I such that «; starts in x, the end vertex of ¢; is the start
vertex of @, foralli=1,...,n— 1, and @, ends in y. The vertex x is the start vertex of p,
the vertex y is the end vertex of p, and the number 7 is the length of p. This entails in
particular that there exists for every vertex x of I' a unique path of length 0 from x to x
in T, given by the tuple (x, x). We emphasize that for any two distinct vertices x and y
of T their associated paths of length 0 are again distinct.

3The composite g o p of two paths p = (x,0,...,@,,y) and ¢ = (Y, Xyiy, .- » Uy, 2) is the
path (x, ay, ..o, Gy Qg oon s Ay 2).
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Exercise 2.1.13

Let & and & be two discrete categories with underlying classes of objects A
and B.
We consider first two functors

F: oA — B, G:RB—>A
such that F is left adjoint to G. We may regard these two functors as functions
f+A—B, g:B— A.
For every element a of A, we have
A (a, g(f(a))) = d(a,GF(a)) = B(F(a),F(a)) # D.

This means that g(f(a)) = a because the category < is discrete. We find in
the same way that f(g(b)) = b for every element b of B. The two functions f
and g are therefore mutually inverse bijections.

Suppose on the other hand that

f:A—B, g:B— A

are two mutually inverse bijections. We may regard these functions as mutu-
ally inverse isomorphisms of categories

F: oA — B, G: B—dA.
We then have
B (F(a),b) = B(F(a), F(G(D))) = d(a,G(D))

for every element a of A and every element b of B. This bijection is natural
in both a and b because the only morphisms in &/ and in 9 are the identity
morphisms. This shows that the functors F and G are adjoint, with F being
left adjoint to G.

We have thus shown that an adjunction between two discrete categories of
and & is the same as a pair of mutually inverse bijections between their un-
derlying classes of objects.
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Chapter 2z Adjoints

Exercise 2.1.14

Let o and 9 be two categories and let
F:d —>3AB, G:RB—>d

be two functors.
Suppose first that the two naturality equations (2.2) and (2.3) are satisfied.
For all morphisms in &/ of the form

G(g)
A a6 -2 6,

we then have the chain of equalities

( At em) 22 G(B’))
(

LN PN G(B))

(A’ BELENYG:) PN G(B’))

(F(A LN SN B’) (by (2.2))

( (a2 a LG(B)) LB')

= (Fa) % F(a) 25 B B). (by (2.3))

This shows that the given naturality equation holds.
Suppose now conversely that the given naturality equation holds. Then

(F(A) f,p-L B’) (F(A) FA) 25 -1, B')

= (Pt 2 ) S 5 1)
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2.1 Definition and examples

:(A 14 A g B Glg) B’)
= (a5 8- ),

which shows that the naturality equation (2.2). We find similarly that

(A' LALG(B)) - (A’ ANy ENeY:

15m)

G(B))

G(1p)

:(A’ ANy ENeY: G(B))

= (P W peay L B, B)

= (Fa) 0, ) B),

which shows the naturality equation (2.3).

Exercise 2.1.15

We have for every object B of & the bijections
HB(F(I),B) = d(I,G(B)) = {*}.

This means that there exists for every object B of % a unique morphism
from F(I) to B in 93. The object F(I) is therefore initial in 9.
Let T be a terminal object of %8. We have for every object A of & the
bijections
(A, G(T)) = B(F(A),T) = {+}.
This means that there exists for every object A of &/ a unique morphism
from A to G(T) in &/. The object G(T) is therefore terminal in <.

Exercise 2.1.16

(b)

We observe that the functor category [G, Vect, ] is isomorphic to the module
category k[G]-Mod.
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Suppose that H is another group and let ¢ be a homomorphism of groups
from H to G. We may regard ¢ as a functor from H to G. We get an induced
functor

¢* : |G,Vecty]| — [H, Vecty]

that is given by pre-composition with ¢. The homomorphism of groups ¢
also induces a homomorphism of k-algebras

klo] : k[G] — Kk[H].

Under the isomorphism of [G, Vect, | with k[G]-Mod and the isomorphism
of [H, Vect; | with k[H]-Mod, the above functor ¢* corresponds to the re-
striction functor

Res’, : k[G]-Mod — k[H]-Mod

induced by k[¢]. This restriction functor admits both a left adjoint and a right
adjoint. A left adjoint is given by

Indg = K[G] @z () : k[H]-Mod — k[G]-Mod
and a right adjoint is given by
Coindg = Homy;;y(K[G], -) : k[H]-Mod — K[G]-Mod.

We may identify the category Vect, with k[1]-Mod (where 1 denotes the
trivial group). We then find from the above discussion that the unique homo-
morphisms of groups from 1 to G induces adjoint functors

FAUAHC,
given by the forgetful functor
U : k[G]-Mod — Vect,_,
the extension of scalars
F := Kk[G] ®; (—) : Vect, — Kk[G]-Mod,

and
C := Hom (k[G],—) : Vect, — Kk[G]-Mod.
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2.1 Definition and examples

Similarly, we can consider the unique homomorphism of groups from G
to 1. This homomorphism induces adjunctions

CHATHI.

The functor
T : Vect, — Kk[G]-Mod

regards a vector space as a trivial k[G]-module (i.e., as a trivial representation
of G); the functor

I : k[G]-Mod — Vect;,

can be described as
I = Homyg(k, —) = (-)°,

assigning to each k[G]-module its linear subspace of invariants; the functor

C: k[G]-Mod — Vect;,

can be described as
C=k&ys () =(-)s,

assigning to each k[G]-module M its linear quotient of coinvariants, i.e.,

CM)y=M;=M/im—gm| geGme M),.

(@

We can proceed as in part (b) of this exercise. For this, we think about the
functor category |G, Set] as the category of G-sets, which we shall denote
by G-Set. We also think about Set as 1-Set, where 1 denotes the trivial group.

Let H be another group and let ¢ be a homomorphism of groups from H
to G. We regard ¢ as a functor from H to G and get an induced functor

¢* : |G,Set] — [H, Set] .
This functor corresponds to the restriction functor

Resg : G-Set — H-Set.
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This restriction functor admits both a left adjoint and a right adjoint. A left
adjoint is given by

Indg := G xy (—): H-Set — G-Set,*
and a right adjoint is given by
Coind} := Homy(G,—).: H-Set — G-Set.
The unique homomorphism of groups from 1 to G induces adjoint functors
FHAUHC,

where
U: G-Set — Set

is the forgetful functor. A left adjoint is given by the functor
F:=Gx(-): Set — G-Set,
and a right adjoint is given by the functor
C := Map(G,—) : Set — G-Set.

(We can also describe F and C as F(X) = [],; X and C(X) = [, X. The
action of G on these sets is then given by permutation of the summands, re-
spectively factors.)
The unique homomorphism of groups from G to 1 does similarly induce
adjoint functors
O4THI.

The functor
T : Set — G-Set

regard each set as trivial G-sets; its right adjoint

I: G-Set — Set

4For any H-set X, the G-set G xy X is given by the set (G x X)/~ where ~ is the equiv-
alence relation generated by (gh, x) ~ (g, hx), and the action of G on G xy X is given
by g’ - [(g.%)] = [(g'g. 0]
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2.1 Definition and examples

can be described as
I= HomG(L _) = (_)G s

assigning to each G-set its subset of invariants; the right adjoint
O: G-Set — Set

can be described as
O0=1x;(-)=()/G,

assigning to each G-set its set of orbits.

Exercise 2.1.17

The category O(X) of open subsets of X admits a unique initial object, namely
the empty subset @, as well as a unique terminal object, namely the entire
space X. Instead of O(X) we will consider an arbitrary category & that ad-
mits an initial object I(</) and a terminal object T(&/), and which satisfies
the following additional properties: there exist no morphism from T(</) to
any non-terminal object of &/, and there exists dually no morphism from any
non-initial object of & to I().5

The category Set also admits a unique initial object, namely the empty set @,
as well as terminal objects, namely the one-element sets. Instead of Set we
will consider an arbitrary category 98 that admit an initial object I(%) and a
terminal object T(A).

The functor A

We start off with the functor
A : % —> ['Qfop, %]

that assigns to each object B of % the constant functor at B. To each mor-
phism

g: B— B
in A it assigns the natural transformation A(g) from A(B) to A(B’) given by
the component

ANgla=g

5We use the notations T(&/) and I(</) instead of the more appropriate T, and I, for better
readability.

49
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for every object A of &/. The assignment A is indeed functorial:
« We have for every object B of % the equalities
A(113)A =1z = 1A(B)(A) = (1A(B))A
for every object A of &/, and therefore the equality
A(lB) = 1A(B)~
« We have for every two composable morphisms
g:B—B, g:B —B
in & the equalities
A > 8)a=8 °8=N2(g)a>Ag)a=(A(g) > A®))4

for every object A of &, and therefore the equality
A(g" > 8) = A(g") ° A(g).

The functor T

Let F be a contravariant functor from & to 98. A natural transformation f
from A(B) to F is a family (84) scob(oy of morphisms f, from A(B)(A) to F(A)
such that for every morphism

f: A— A
in ¢, the resulting diagram

A(B)(A") —2— F(A)

1B| |F(f)

A(B)(A) F(A)

Ba
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in $ commutes. By using the definition of A, this diagram can equivalently
be expressed in the following triangular form:

F(A")

B F(f)

F(A)

We may consider for the object A’ the terminal object T(&/), and consequently
for the morphism f the unique morphism from A to T(&/). We then find from
the commutativity of the above triangular diagram that the natural transfor-
mation f is uniquely determined by its component at T(&/), i.e., by the mor-
phism

Bry: B—> F(T(A)).

In other words, the map
() [, BI(AB), F) — BB,FIT(A))), p+ Py (21)

is injective. Let us show that it is also surjective.

Let g be an arbitrary morphism in & from Bto F(T(&/)). For every object A
of &/ let t, be the unique morphisms from A to the terminal object T(&/), and
let B, be the resulting morphisms in 9% given by

F
Ba: B— F(I() —5 F(A).
The resulting tuple S = (B,4) scon(w) is a natural transformation from A(B)
to F. Indeed, given any morphisms

fi A— A
in &/, we have the commutative diagram

T(d)

X

f

A A’
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in &/ because the object T(&f) is terminal in &/. We conclude that the follow-
ing diagram in & is again commutative:

B
Ba & Bu
F(T())
i

F(A) i F(A)
The commutativity of the outer diagram
B
N
F(A) il F(A)

shows the claimed naturality of .
We note that t) = 17(y), and that therefore

Brery = Fltrr) © & = F(ly) © 8 = Lpr(ury ° & = & -

We have therefore shown the surjectivity of (2.1), and thus altogether the
bijectivity of (2.1).

Motivated by this bijection, we choose I as the evaluation functor at T(/)
¢ (We talk about evaluation at T(&/) because we view [P, %] as the cate-
gory of contravariant functors from & to %. If we regard [P, FB] as the
category of covariant functor from &/°P to &, then I is the evaluation functor
at I(&/°P).) We can then rewrite (2.1) as the bijection

(=) : [P, BI(A(B), F) — B(B,I(F)), pr— Pru)- (2.2)

8If we consider for & and & the categories 9(X) and Set, then I'(F) is given by F(X). This
means that the functor I' assigns to each presheaf its global sections. The chosen letter T
is a reference to these global sections.
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It remains to check that this bijection is natural, since this will then show that
the functor I' is right adjoint to the functor A.

We first check the naturality of (2.2) in the object B of %. For this, we have
to check that for every morphism

g: B— B

in A the following diagram commutes:

O

[P, BI(A(B), F) %(B,I(F))

A(g)" g
[, BIAB). F) — 2 B(B.T(F))

This diagram indeed commutes, because we have for every element f of the
bottom-left corner the chain of equalities

A () =p-Ag)
= (B A1)
= Brary ° Mrar)
= Pry° 8
=g
= g'(B).
The bijection ﬁ is also natural in F. To prove this, we need to check that

for every morphism
y: F=F

in [o/°P, ] the following diagram commutes:

[/, B)(A(B), F) —— B(B,T(F))

Ve I(y).

[, BYA(B). F') — 2 B(B.I(F)
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This diagram commutes because for every element f of the top-left corner
we have the equalities

LB =voB=° B = Yren * Prey = T@) o B =T¥).(B).

We have thus altogether constructed a functor T from [&/°?, F] to & that
is right adjoint to the previous functor A.

The functor V

Let us first try to motivate the definition of V.

Let F be a contravariant functor from & to &, and let B be an object of 9.
To construct the desired right adjoint functor V of ' we need to “extend” this
object B to a contravariant functor V(B) from &/ to 9. This needs to be done
in such a way that natural transformations from F to V(B) are “the same” as
morphisms in % from I'(F) = F(T(«)) to B.

In other words, we need to extend morphisms from F(T(&/)) to B into nat-
ural transformations from F to a suitable functor V(B).

For any such a natural transformation f, its component fr ) is a morphism
from F(T(&f)) to V(B)(T()). We would therefore like to choose V(B)(T(&f))
as B, in the hope of making the map

[dop, ‘%](Fs V(B)) - ‘%(F(F)’ B) > ﬁ > ﬂT(.QV)

a bijection. To ensure this bijectivity, we then want all other components
of f to be “trivial” in a suitable sense. We will be able to achieve this by
choosing V(B)(A) as the terminal object of 9% whenever A is (essentially)
distinct from T().

Motivated by the above discussion, we set

B if A is terminal in <,

V(B)(A) = T(%B) otherwise,

for every object A of /.7 To define the action of V(B) on morphisms, we
consider an arbitrary morphism

fi A— A
in o/. We define V(B)(f) by case distinction.

If we consider for &/ and 9 the categories O(X) and Set respectively, then V(B)(X) = B,
and V(B)(U) = {«} for every proper open subset U of X.
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Case 1. If A is terminal in &, then it follows from the existence of the mor-
phism f that the object A’ is again terminal in & (by assumption
on /) whence we can choose the morphism V(B)(f) as 1.

Case 2. If A is not terminal in &/, then we have V(B)(A) = T(%). We then
let V(B)(f) be the unique morphism from V(B)(A’) to T(%).

Let us show that this assignment V(B) is a contravariant functor from &
to 98. For this, we need to check that V(B) is compatible with identities and
with composition of morphisms.

« Let A be on object of &/. To compute the action of V(B) on the morphism 1,
we have two cases to consider.

Case 1. If A is terminal in &, then V(B)(A) is defined as B and V(B)(1,) is
defined as 15, whence V(B)(14) = 1y)a)-

Case 2. If A is not terminal in &/, then the morphisms V(B)(1,) is defined
as the unique morphism from V(B)(A) to T(%). But V(B)(A) is de-
fined as T(2), so that V(B)(1,) is the unique morphism from T(A)
to T(%). This morphism is precisely 17(g), and thus 1yg)4).

We have in either case that V(B)(1,) = 1ygya)-
+ Let
ftA— A, f:A —A
be two composable morphisms in &/. To compute the action of V(B) on the

composite f’ o f we have two cases to consider.

Case 1. Suppose that A is terminal in &. It then follows from the existence
of the morphisms f and f’ that the objects A” and A” are again

terminal in & (by assumption on the category &). It then further
follows that the morphisms V(B)(f), V(B)(f") and V(B)(f” o f) are
all three given by 15. Therefore,

V(B)(f) e V(B)(f) = 1p° 15 = 15 = V(B)(f"  f).

Case 2. Suppose that the object A is not terminal in &/. The object V(B)(A)
is then given by the terminal object T(2). It follows that the two
morphisms V(B)(f’ f) and V(B)(f)V(B)(f”) are equal, since they
both go from V(B)(A”) to T(A).

We have in either case that V(B)(f’ o f) = V(B)(f) - V(B)(f").
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Chapter 2z Adjoints

With this, we have shown that the assignment V(B) is indeed a contravariant
functor from & to 9.
We will now explain how the functor V(B) depends itself functorially on B.
For this, let
g: B— B

be a morphism in 9. We define a transformation V(g) = (V(g)a)coner)
from V(B) to V(B’) via the components

g if A is terminal in <,

v =
(&)a 1) otherwise.

This transformation is natural. To see this, we consider a morphism
f: A— A

in o/, and we need to show that the square diagram

v(B)(A) — 2L, y(B)(A)
V(Q)ar V(9)a (2.3)
vB)A) — D, y(B)(A)

commutes. We have two cases to consider.

Case 1. Suppose that the object A is terminal in /. It then follows from the
existence of the morphism f that the object A’ is also terminal in &
(by assumption on the category &). The square diagram (2.3) can
then be simplified as follows:

This diagram commutes.

Case 2. Suppose that the object A is not terminal in &. The object V(B’)(A)
is then given by the terminal object T(%). It follows that the dia-
gram (2.3) commutes because there exists precisely one morphism

from V(B)(A’) to T(%).
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We find in both cases that the diagram (2.3) commutes. This shows that V(g)
is indeed a natural transformation from V(B) to V(B’).

Let us now show that the assignment V is functorial. To this end, we need
to check that V is compatible with identity morphisms and with composition
of morphisms.

« For every object B of 9% we have the equalities

1 if A is terminal in <,
V(1p)4 = .
17w otherwise,
lypya if Ais terminal in o,
B Iy otherwise,
= Luma)
= (1y)a

for every object A of &/, and therefore the equality
V(1p) = 1y -
« For every two composable morphisms
g:B— B, g :B —B
in $ we have the equalities

(V(g") > V(g)a
= V(g )a°V(ga
B ({ g if A is terminal in ) (Z g if A is terminal in &, )

17w otherwise, 17y otherwise,

g’ og if Aisterminal in ,
1r) otherwise,

=V(g °8)a

for every object A of &/, and therefore the equality

V(g)oV(g)=V(g °g).
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This shows the functoriality of V.

We will now show that the functor V is right adjoint to the functor I'. Let F
be a contravariant functor from &/ to 9% and let B be an object of 9. A natural
transformation f from F to V(B) has as its component at T(&/) a morphism
from the object F(T(&/)) to the object V(B)(T(&/)). These objects are given
by F(T(&f)) = T'(F) and V(B)(T(&/)) = B respectively. We have therefore a
well-defined map

(=) [4, BI(F,V(B)) — BI(F),B), fr— Prea- (2.4)

We will show in the following that this map is bijective, and natural in both F
and in B.

To show that the map (2.4) is injective let S be a natural transformation
from F to V(B). We need to show that f is uniquely determined by its com-
ponent S, which we shall denote by g. We show by case distinction that
for every object A of &/, the morphism S, from F(A) to V(B)(A) is uniquely
determined by g.

Case 1. Suppose the object A is non-terminal in o/. The object V(B)(A) is
then given by the terminal object T(9%). There exists precisely one
morphism from F(A) to T(Z), whence f, must be this morphism.

Case 2. Suppose that the object A is terminal in o/. The object V(B)(A) is
then given by B. Both A and T(&/) are terminal objects in &/, whence
the unique morphism h from T(</) to A is an isomorphism. It follows
from the naturality of f that the square diagram

Ba

F(A) V(B)(A)
F(h)l |V(B)(h)
F(T (o)) —22 9(B)(T(<t))

commutes. This diagram simplifies as follows:

F(A) — P, B
F(h)l |1 B
F(T()) —=2— B
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We find that the morphism S, is given by the composite g o F(h). It
is therefore uniquely determined by g.

We have thus shown that the map (2.4) is injective.

To show that is it surjective, let g be a morphism from I'(F) to B, i.e., a
morphism from F(T(&/)) to B. We need to construct a natural transforma-
tion B from F to V(B) with fr,) = g. We define the components f, via case
distinction:

Case 1. If A is a non-terminal object of o/, then V(B)(A) is the terminal
object T(#). We then let f, be the unique morphism from F(A)
to V(B)(A).

Case 2. If Ais terminal in &, then there exists a unique morphism h from the
object T(&/) to A (and this morphism is an isomorphism since T(</)
is also terminal in /). We then let §, be the composite g o F(h).
(We note that in the case of A = T(&f), we have h = 17(a), there-
fore F(h) = 1pq(uy), and thus fr,) = g F(h) = g.)

To prove the naturality of f let
fi A— A

be an arbitrary morphism in &. We need to show that the square diagram

F(A) it F(A)
Bar Ba
v(B)(A) — 2, y(B)(A)

commutes. We do so by case distinction.

Case 1. Suppose that the object A is non-terminal in o/. The object V(B)(A)
is then given by the terminal object T(2). It follows that the above

square diagram commutes because there exists precisely one mor-
phism from F(A’) to T(%).

Case 2. Suppose that the object A is terminal in &/. It then follows from the
existence of the morphism f that the object A’ is again terminal in A
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(by assumption on ). There exist unique morphisms h and h’ of the
forms

h: T(A)— A, h:T(A)— A.

The two morphisms h and h’ are isomorphisms and fit into the fol-
lowing commutative diagram:

T(A)
/ \ (25)
A ! A

We can now consider the following diagram:

F(T(<A))

F(h") F(h)
g

F(f)

F(A") F(A)

(2.6)

Bar V(B)T()) Pa

V(B)() V(B)(h)

V(B)(A") v(B)(f)

V(B)(A)

The two triangular sides of this diagram commute because the dia-
gram (2.5) commutes. The background part of this diagram is given

by
F(A') ) F(T(s)) il F(A)
Bar 3 Ba
V(B)(A) — Y, y(B)(T(a)) — Y y(B)(A)
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and can be simplified as follows:

F(h') F(h)

F(A") F(I(d)) ——— F(A)

g°F(h’)| |g lg"F(h)

B s B s B

This simplified diagram commutes. We have thus seen that all non-
frontal sides of the diagram (2.6) commute. It follows that its front
side also commutes because

V(B)(h) o B e F(f) = g e F(h) ° F(f)
=g F(h)
=V(B)(W') ° Ba
= V(B)(h) - V(B)(f) * Bu

with V(B)(h) = 1 being an isomorphism.

We have thus proven the naturality of the transformation f, which in turn
shows the surjectivity of the map (2.4).
To show that the map (2.4) is natural in F, we consider a natural transfor-
mation
a: F=F

between two contravariant functors F and F’ from &f to 3. We need to show
that the diagram

[o/°P, B|(F,V(B)) ——2— B(I(F), B)

ar I(a)”

[/, BY(F', V(B)) — =2 B(T(F’), B)

commutes. For this, we observe for every element S of the bottom-left corner
of this diagram the equalities

a(B)=Poa=(B°Drw) = Pren ® e = @) Bry) = @) (B).
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To show that the map (2.4) is natural in B, we consider an arbitrary mor-
phism
g: B— B
in . We need to show that the diagram

[o/°, B)(F,V(B)) ——— B(I(F),B)

v(g)* 8«

=)

[</°P, B1(F,V(B)) B(I(F),B)

commutes. For this, we observe for every element « of the top-left corner of
this diagram the equalities

8(@) = goa = V(1) ° oy = (V(g) e Moy = V(g) e = V(g).(a) .
We have altogether constructed a functor V from % to [P, %] that is
right adjoint to T'.
The functors IT and A
We have now seen that for suitable categories & and 3, the diagonal functor
Ayg: B— AP, RB]
admits a right adjoint
Tyo: [40,B] — B,
which in turn admits a right adjoint
Vyg: B— AP, B].
To construct the functors IT and A we make the following observation.
Proposition 2.A. Let & and % be two categories and let
F:d —>RB, G:RB—>d
be two functors. We may regard F and G as functors
F: %P — BP, G : BP— J%.
Then, F is left adjoint to G if and only if F’ is right adjoint to G’.
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Proof. Suppose that F is left adjoint to G. This means that we have a bijection
Dyp: B(F(A),B) — (A G(B))

for every object A of &/ and every object B of &, such that these bijections
are “natural” in the following sense: for all morphisms

ftA— A, g:B—F

in & and 9B respectively, the following diagram commutes:

B(F(A"), B) —22 of(A’,G(B))

&°(-)F(f) G(g)(=)-f
B(F(A), B) —2, B(A,G(B))
We may regard the bijections ®, 5 as bijections
Dpop gop + BP(BP, F'(A®)) — A P(G'(B®), A®P).

The above commutative diagram can be rewritten as follows:

(D,O A' O]
BP(B®, F'((A)P)) — %, of°p(G'(B®), (A")°P)

F'(fP)o(=)og™® foPe(=)G"(g°F)

(I)(B/)op’ AOP

BP((B)P, F'(A)) BP(G((B)F), A®P)
The commutativity of this diagram tells us that the bijections ®po 4o are again
natural. The existence of such natural bijections shows that the functor F’ is
right adjoint to the functor G’.

Suppose conversely that F” is right adjoint to G’. This means that G’ is left
adjoint to F’. It follows for the functors

F” . of opop B °Pop , G B opop of °PopP

that F” is left adjoint to G”. Under the equalities of &/°P°? and B PP with o
and % respectively, the functors F” and G” correspond to the functors F
and G respectively. Therefore, F is left adjoint to G. |
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We have the chain of adjunctions
Agon ggor = Tagon,ggon = V. ogon g
between the two categories %P and [/ PP, B°P]. Under the isomorphism
[/ PP, FBP| = [P, FB|P

from Exercise 1.3.27, we have thus a chain of adjunctions between the two cat-
egories B and [P, B|P. According to Proposition 2.A, we get an induced
chain of adjunctions

v;yop,e%mp _| r;yop!ggop _| A;jopﬁ%op

between & and [P, AB]. Let us derive explicit descriptions of these three
functors:

+ Let us abbreviate the functor Ao o by A.

Let B be an object of %. The functor A assigns to the object B’ constant
functor at B°?. The functor A’ therefore assigns to the object B°?°P the con-
stant functor at B°P°P. Equivalently, it assigns to the object B the constant
functor at B.

Let g: B — B’ be a morphism in 9. The functor A assigns to the mor-
phism g°f the natural transformation A(g°) from the contravariant func-
tor A(B°P) to the contravariant functor A((B’)°?) whose components are
given by

A(g™P)aor =
for every object A of &/.* The functor A’ therefore assigns to the mor-
phism g°°? the natural transformation A’(g°"°?) whose components are
gives by
A(gPP) gopor = gPP

for every object A of &/. Equivalently,

ANgla=¢g

for every object A of .
We find from these above descriptions that the functor A" = Al o
coincides with the diagonal functor A .

8The functors A(B°) and A((B’)°P) are objects of the functor category [/°P°P, B°P]. We
view this functor category as the category of contravariant functors from &/°P to JB°P.
We are therefore indexing the components of A(g°P) by the objects of &/°P, and not by
the objects of o/ °P°P,
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+ Let us abbreviate the functor I'jyep op as I

The functor T, going from the category [/ °P°P, B°P] to the category FB°,
is the evaluation functor at T(&/°P) if we regard [ o/ °P°P, Z8°P| as the category
of contravariant functors from &/°P to B°. As a functor from [P, B |°P
to B°P, T is thus given by evaluation at T(&/°P).

The functor I" is thus again given by evaluation at T(</?) if we view the
category [9/°P, %] as the category of covariant functors from &/°P to A. If
we view [/°P, FB| as the category of contravariant functors from & to %
instead, then I is therefore given by evaluation at I(<f).

+ Let us abbreviate the functor Vo g by V. This functor goes from the
category B to the functor category [&/°P°P, B°P|. We view this functor
category as the category of contravariant functors from &/°° to BP.

Let B be an object of &B. The contravariant functor V(B°) from &P
to JB°P is given on objects by

B°? if A°P is terminal in &/°P,

T(9%°P) otherwise,

for every object A of &/. When we regard V(B?) as a contravariant functor

from o to A, then it is given by

Y(BP)(A) B if A is initial in &,
~ I(%) otherwise,

for every object A of of. The functor V’'(B) from & to 9B is therefore given

by

V(BT)(A®) = {

7(B)(A) = B if A is initial in </,
~ |I(%) otherwise,

for every object A of .
Let g: B — B’ be a morphism in 9. The natural transformation V(g°?)
from the functor V((B’)°P) to the functor V(B) is given by the components

. g’ if A is terminal in /P,
V(g™) aw =

for every object A of of. If we regard V((B')°) and V(B°?) as functors
from o to A instead, then V(g°) corresponds to the natural transforma-
tion a from V(B°?) to V((B’)°?) with components

zg if A is initial in o,
aA:

1y otherwise,

I7(goe) otherwise,
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for every object A of /. The natural transformation V’(g) from V’(B)
to V/(B’) is therefore given by the components
V(g), = g if Ais i.nitial ind,
1) otherwise,
for every object A of .
We have thus derived explicit constructions for the functors A and II:
« The functor II is the evaluation functor at the initial object of &/.°

« Let B be an object of &%. The contravariant functor A(B) from &/ to & is
given by on objects by
AB)(A) = B if A is initial in &,
~ I(%) otherwise,
for every object A of &/,'° and on morphisms by
1 if A is initial in &,
AB)(f) =1 " .
1) otherwise,
for every morphism f in &. For every morphism g: B — B’ in 3, the
natural transformation A(g) from A(B) to A(B’) is given by the components
g if A is initial in </,
Ag)a =

1) otherwise,

for every object A of .

2.2 Adjunctions via units and counits

Exercise 2.2.10

Suppose first that condition (a) is satisfied. The two relations a < g(f(a))
and f(g(b)) < b from condition (b) are then equivalent to the true rela-
tions f(a) < f(a) and g(b) < g(b) respectively. We hence find that condi-
tion (b) follows from condition (a).

9If we consider for o/ and 9 the categories O(X) and Set respectively, then IT is given by
the evaluation functor at @.

1°If we choose for of and & the categories O(X) and Set respectively, then the functor A(B)
is given on objects by A(B)(®) = B and A(B)(U) = @ for every non-empty open subset U
of X.
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If on the other hand condition (b) is satisfied, then it follows that

fla)<b = g(f(a) < glb) = a< gb)

and

a<gb) = fla) < f(gl) = fla)<b

for any two elements a and b of A and B respectively. We hence find that
condition (a) follows from condition (b).

Exercise 2.2.11

(@)

We denote the subcategories Fix(GF) and Fix(FG) of &/ and % by &/’ and &’
respectively.

We start off by showing that the functor F restrict to a functor from &/’
to 9B’. Let A be an object of &’. The morphisms 7, from A to GF(A) is an
isomorphism, whence its image under F is again an isomorphism, this time
from F(A) to FGF(A). We know from the triangle identities that

Lra) = €ra) © F(n,).

It follows that the morphism ¢4, is an isomorphism as both 154y and F(r,)
are isomorphisms. This tells us that object F(A) is contained in %’. We
therefore find that the functor F restricts to a functor F’ from &’ to %’. (We
don’t need to worry about the action of F on morphisms in &/’ because %’ is
a full subcategory of %)

We find in the same way (by using the other triangle identity) that the
functor G restricts to functor G’ from %’ to o".

The natural transformation 1 from 1, to GF restricts to a natural trans-
formation from 1, to G'F’, and the natural transformation ¢ from FG to 14
restricts to a natural transformation ¢’ from F'G’ to 14,. We observe that the
subcategories /" and %’ of &/ and A are chosen precisely in such a way that
all components of " and ¢” are isomorphisms. The natural transformations 7’
and ¢’ are therefore natural isomorphisms.

We have now overall the two categories &/” and A’, the two functors

F:od —RB, G: B —A,
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and the two natural isomorphisms
n:ly, =GF, ¢:FG =lg.

We have, in other words, an equivalence of categories (F’,G’,1’, ¢”) between
the two categories &/” and 9%".

(b)

Example 2.1.3, (a) Given any set S, the unit map 75 from S to UF(S) is not
surjective because UF(S) contains the zero vector, which does not lie in the
image of ng. We therefore find that the subcategory Fix(UF) of Set is empty.

It follows that the category Fix(FU) is also empty, since it is equivalent
to Fix(UF).

Example 2.1.3, (b) In the same way as in the previous example, we find
that both Fix(UF) and Fix(FU) are empty.

Example 2.1.3, (c) The composite functor UF assigns to each group G its
abelianization G*. The unit morphism 7 is the canonical homomorphism
of groups from G to G**. This homomorphism is an isomorphism if and only
if the group G is abelian. We hence find that the Fix(UF) is Ab, i.e., the full
subcategory of Grp whose objects are abelian groups.

We find similarly that the subcategory Fix(FU) of Ab is all of Ab.

The functor U restricts to the identity functor of Ab, while the restriction
of the functor F to an endofunctor of Ab assigns to each abelian group A its
abelianization A®.

Example 2.1.3, (d), the functors F and U The counit morphism ¢; is an
isomorphism for every group G, whence the category Fix(FU) is all of Grp.

Given a monoid M, the unit morphism r,, from M to UF(M) can only be
an isomorphism if M was already a group to begin with. Conversely, if M
is a group, then n,, will be an isomorphism. We hence find that the subcate-
gory Fix(UF) of Mon is Grp.

The functor U restricts to the identity functor of Grp, whereas the restric-
tion of the functor F will typically change the underlying set of a group, and
is therefore not the identity functor.
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Example 2.1.3, (d), the functors U and R The composite RU as the iden-
tity functor, and the unit 7 is the identity natural transformation. The cate-
gory Fix(RU) is therefore all of Grp.

The composite UR assigns to each monoid its submonoid M™ of units, and
the counit morphism ¢, is for every monoid M given by the inclusion from M~
into M; this inclusion is an isomorphism if and only if every element of M is
invertible, i.e., if and only if the monoid M was already a group to begin with.
The subcategory Fix(UR) of Mon is therefore given by Grp.

Both U and R restrict to the identity functors of Grp, and the restrictions
of  and ¢ are the identity natural transformation of this identity functor.

Example 2.1.5, the functors D and U The composite DU assigns to each
topological space X the discrete topological space with the same underlying
set as X. The unit morphism ny is the identity map from this discrete space
to X. It is an isomorphism if and only if the space X is discrete, whence the
full subcategory Fix(DU) of Top consists precisely of the discrete topological
spaces.

The composite UD is the identity functor, and the counit ¢ of the adjunction
is the identity natural transformation. The subcategory Fix(UD) of Set is
therefore all of Set.

The restriction of 7 is the identity natural transformation of the identity
functor of the category of discrete topological spaces.

Example 2.1.5, the functors U and I The composite IU assigns to each
topological space X the indiscrete topological space with the same underly-
ing set as X, and the counit morphism ¢y is the identity map from X to this
indiscrete space. This map is an isomorphism if and only if the space X is
indiscrete, whence the full subcategory Fix(IU) of Top consists precisely of
the indiscrete topological spaces.

The composite U1 is the identity functor, and the unit n of the adjunction is
the identity natural transformation. The subcategory Fix(UT) of Set is there-
fore all of Set.

The restriction of ¢ is the identity natural transformation of the identity
functor of the category of indiscrete topological spaces.
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Example 2.1.6 We denote the given functors by
F:=(=)xB, G:=(-)8.

The composite GF is given on objects by

GF(A) = (A x B)?
for every set A, and the unit natural transformation 7 is given by

na: A— (AxB)’, ar—[br (aD)]

for every set A. The composite FG, on the other hand, is given on objects by

FG(A) = AB x B,

for every set A, and the counit natural transformation ¢ is given by the eval-
uation map
ear APxA— A, (f,0)— f(b)

for every set A. We distinguish in the following between three cases.

Case 1. Suppose that the set B is empty.

The set GF(A) is then a singleton for every set A, whence the
map 7, is an isomorphism if and only if the set A is a singleton. The
full subcategory Fix(GF) of Set consists therefore of all the singleton
sets. The restriction 7" of the unit 5 has for every singleton set A
as its component 7, the unique map from the singleton set A to the
singleton set (A x B).

The set FG(C) is empty, whence the counit map & is an isomor-
phism if and only if the set C is empty. The subcategory Fix(FG)
of Set therefore consists of a single object, namely the empty set.

The composite FG restricts to the identity functor on Fix(FG), and
the counit ¢ to the identity natural transformation of this identity
functor.

Case 2. Suppose that the set B is a singleton. Both 1 and ¢ are natural isomor-
phisms, whence both Fix(GF) and Fix(FG) are all of Set.

Case 3. Suppose that the set B consists of at least two distinct elements.
The unit map 1, is an isomorphism if and only if the set A is empty.
The subcategory Fix(GF) of Set therefore consists of only a single
object, namely the empty set.
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The counit map & is an isomorphism if and only if the set C is
empty. The subcategory Fix(FG) of Set therefore consists of only a
single object, namely the empty set.

The restrictions of F and G are the identity functors on the full
subcategory of Set whose single object is the empty set, and both n
and ¢ restrict to the identity natural transformation of this identity
functor.

Exercise 2.2.12

(@)

It follows from the first formula in Lemma 2.2.4 and the naturality of the unitz
that

F(f) =GF(f)ena=na = f
for every morphism f: A — A’ in &/. We can therefore express the action
of the functor F on such a morphism f as

F(f)=na-f.

It follows that the functor F is faithful or full if and only if for every two
objects A and A’ of &/ the map

(a). = A(AA) — A (A GF(A))

is injective, respectively surjective. By putting both of these observations to-
gether we find that F is full and faithful if and only if the above map (7,.), is
bijective for any two objects A and A’ of &. This is equivalent to each mor-
phism 7, being an isomorphism by the upcoming Lemma 2.B, and therefore
equivalent to 1 being a natural isomorphism.

Lemma 2.B. Let &/ be a category and let f be a morphism in &/ of the form
frA— A
The following conditions on the morphism f are equivalent:

i.  fisan isomorphism.

ii. The map f,: (A", A) - (A", A’) is bijective for every object A”
of .
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iii. The map f*: J(A’,A”) — (A, A”) is bijective for every object A”
of .

Proof. It suffices to prove the equivalence of the conditions i and ii. The equiv-
alence of the conditions i and iii then follows by duality.

Suppose first that the morphism f is an isomorphism. The morphisms f
and f~' are mutually inverse, whence the two induced maps

fi: d(A",A) — d(A",A'), (f D). : AA”",A) — (A", A)

are again mutually inverse. This shows that the map f, is bijective. Thus, ii
follows from i.
Suppose conversely that ii holds. By choosing A” as A’, we see that there
exists a morphism g from A’ to A with 1, = f,(g). This means that
fog=1u.

We claim that also g = f = 1,. To prove this, we note that both g f and 1,
are morphisms from A to A such that

f(gef)=fegeof=1pcof=f=f1= f(14).

It follows from the injectivity of f, (for the case A” = A) thatindeed gof = 1,.
[

We find dually the following: The functor G is faithful, respectively full, if
and only if for every two objects B and B’ of % the map

(e5)" : B(B,B') — B(FG(B), B

is injective, respectively surjective. Therefore, G is full and faithful if and
only if the above map (e3)* is bijective for any two objects B and B’ of 8. By
Lemma 2.B this is equivalent to ¢ being a natural isomorphism.

Remark 2.C. We have actually shown the following stronger results for the
left adjoint F, the right adjoint G, the unit 5, and the counit ¢.

1. F is faithful if and only if 7 is a monomorphism in each component.
2. G is faithful if and only if ¢ is an epimorphism in each component.
3. Fis full if and only if 7 is a split epimorphism in each component.

4. G is full if and only if ¢ is a split monomorphism in each component.

These results can also be found in [Macg8, IV.3, Theorem 1].
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(b)

Example 2.1.3, (a) The right adjoint functor U is not full. The given ad-
junction is therefore not a reflection.

Example 2.1.3, (b) The right adjoint functor U is not full. The given ad-
junction is therefore not a reflection.

Example 2.1.3, (c) The right adjoint functor U is full and faithful. The
given adjunction is therefore a reflection.

Example 2.1.3, (d), the functors F and U The right adjoint functor U is
full and faithful. The given adjunction is therefore a reflection.

Example 2.1.3, (d), the functorsU and R The counit ¢ of the given adjunc-
tion has for every monoid M as its component ¢, the inclusion map from M*
(the group of units of M) to M. This map is always injective, but only surjec-
tive if M is a group. The adjunction is therefore not a reflection.

Example 2.1.5, the functors D and U The right adjoint functor U is not
tull. The given adjunction is therefore not a reflection.

Example 2.1.5, the functors U and I The right adjoint functor I is full
and faithful. The given the adjunction is therefore a reflection.

Example 2.1.6 The right adjoint functor (—)® is not faithful if B is empty,
and it is not full if the set B contains at least two distinct elements. It is full
and faithful if and only if the set B is a singleton, in which case both the
left adjoint functor (—) x B and the right adjoint functor (—)? are essentially
inverse equivalences of categories.

Exercise 2.2.13

(@)

The induced map f, : P(K) — (L) that assigns to each subset of K its
image under f is order-preserving, and so can be seen as a functor. The
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functor f, is left adjoint to the functor f* because
f(S)CT < f(s) €T for every element s of S < S C f(T)

for every subset S of K and every subset T of L.
To figure out the right adjoint f, of f* we observe that it needs to satisfy

te fU) = {BCfU) = fOCU

for every subset U of K and every element ¢ of K. We therefore set

L) ={tel| ff®OCU}

for every subset U of L. This defines a map f, from %P(K) to (L) that is
order-preserving, and can therefore be regarded as a functor. We have

T C f.(U) < te€ f,(U) for every element ¢ of T
< f1(¢) CU for every element t of T
= f(T)CU

for every subset T of K and every subset U of L. Therefore, f, is right adjoint

to f*.

(b)
The projection map p from X x Y to X induces a functor
P PX) — P(X xY).

Logically, the action of p* can be expressed as

P S)x,y) = (x,y) € p*(S)
= (x,y) € p'(S)
= plx,y)€S

<~ x€8S

S(x).
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We have seen explicit constructions of the left adjoint functor p, of p* and the
right adjoint functor p, of p* in the previous part of this exercise. The action
of the left adjoint functor p, can be expressed as

p(R)(x) = x € p(R)
< there exists an element y of Y with (x,y) € R
< there exists an element y of Y with R(x, y)
< 3yeY : R(x,y).

The action of the right adjoint functor p, can be expressed as

Ps(R)(x) = x € p(R)
= p(x)CR
< (x,y) € R for every element y of Y
< R(x,y) for every element y of Y
< VyeY :R(x,y).

For two subsets S and T of a finite product X; x --- x X, we have the chain
of equivalences

SCT
= [(x,...,%,) €S = (x1,...,x,) € T forall (x,...,x,) € X; x -+ x X]

= [S(x},...,x,) = T(xq,...,x,) forall (x,...,x,) € X; x -+ x X ]
= [S = T].

The unit 7 and counit ¢ of the adjunction p, - p* are natural transformations

N 1oy = P Per €1 PP = 1y,

and can therefore be regarded as certain logical implications. The compos-
ite p*p, can be computed as

P (p.(R)(x,y) = p.(R)(x) < [3y" : R(x,y)],

whence the unit 7 of the adjunction f, - f* can be interpreted as the impli-
cation

R = @3y : R(= ).
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The composite p, p* can be computed as

p(p"O)(x) = [y : p"(O)(x. )] = [y : SK)I,

whence the counit ¢ of the adjunction f* + f, can be interpreted as the impli-
cation
[Ay : §] = S.

We can similarly regard the unit " and counit ¢’ of the adjunction p* H p,
as logical implications. The composite p,p* can be computed as

PP (SN = [¥yeY : p(S)xy)] — [¥yeY : S,
whence the unit " can be interpreted as the implication
S = [vyeY :S].
The composite p”*p, can be computed as

P(p(R)(x,y) = p(R)(x) « [vy' €Y : R(x,y)],
whence the counit ¢’ can be interpreted as the implication

[Vy €Y : R(-,y)] = R.

Exercise 2.2.14

Let & be a category.

1. Let o and & be two categories and let F be a functor from &/ to %B. We
make the following observations:

+ Let K be a functor from 3B to §'. The composite KF is a functor from &
to §.

e Let K and L be two functors from &% to & and let a be a natural transfor-
mation from K to L. We then have the induced natural transformation aF
from KF to LF.

« The above assignments define a functor F* from [, S| to [/, S]. Let
us check the functoriality of F*:

"This implication makes sense because the statement S does not depend on the variable y.
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2.2 Adjunctions via units and counits

o For every functor K from 9% to & we have the equalities

Fr(1i)a = (1IxgF) 4 = (ireay = xpay = (Axp)a = Upao)as

for every object A of &/, and therefore the equality of natural transfor-
mations

F*(lK) == 1F*(K) .
o Let K, L and M be functors from % to & and let

a: K=L, p:L=>M
be two natural transformations. We have the chain of equalities

(F*(B) e F(a)a = F'(Pla° F(a)a
= (BF)p° (aF),
= Pra) © )
= (ﬁ ° Of)F(A)
=((Bea)F)a
=F'(Boa),

for every object A of &/, and therefore the equality of natural transfor-
mations

F(f) o F(a) =F(foa).
We have thus constructed an induced functor F* from [%, 8] to [, §].
2. Let o/, 9 and € be three categories, and let

F:od — B, G: B —>F
be composable functors. We then have the equality of functors
(GoF)" = F* = G".

Let us check this claimed equality in more detail:

« Let K be a functor from € to &. Then

(GoF)(K)=KoGoF=G*K) o F = F(G*(K)) = (F* « G*)(K) .
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+ Let K and L be two functors from € to & and let
a: K=1L
be a natural transformation. We have the chain of equalities

(GoF) ()4 = (a(G e F)),
= HGoF)(A)
= OG(F(a))
= (aG)ra)
= ((aG)F)4
= (G (@)F)4
= F*(G*(a))4
= (F* o G*)(Of)A

for every object A of &/, and therefore the equality of natural transfor-
mations
(GoF)'(a) =(F 2 G")(a).
Let o/ and 9% be two categories and let F and G be two functors from &
to A, and let a be a natural transformation from F to G. For every ob-
ject K of the functor category [%, '], i.e., functor from A to &, we get an
induced natural transformation Ka from KF to KG. This induced natural
transformation is a morphism from F*(K) to G*(K) in the functor cate-
gory [, S]. By setting
(a")k = Ka

for every object K of [, §'|, we therefore arrive at an induced transfor-
mation «” from F* to G".

The transformation o™ is again natural. To check this, let

p: K—L

be a morphism in [%, §]. This means that K and L are functors from 9%
to & and that f is a natural transformation from K to L. We need to check
that the diagram

(@)x | | (@)
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commutes. This diagram can be simplified as follows:

KF — L, IF

KG —° 16

This diagram indeed commutes because, by the interchange law for hori-
zontal and vertical composition, both La o fF and G o K« are given by the
horizontal composition f * a. Indeed, we have the equalities

Loo fF=p*a)e(fx1p) = e f)*(aolp) = Pf*a
and
BGoKa=(fx1g)e(Ig*a)=(Beolx)*x(lgea)=f*a.

We have thus extended the construction (—)* to natural transformations.

4. The induced natural transformation a” depends covariantly on «.’* Let us
check this claim:

« Let F be a functor from o to . We have for every object K of [%, 8]
the chain of equalities

((1F)*)K =Klp =1k = 1F*(K) = (1F*)K s

and therefore the equality of natural transformations (1;)* = 1p..
« Let now F, G and H be three functors from & to &, and let

a: F=G, p:G=H
be two composable natural transformations. Then
((Boa))k =K(pea)=(Kp)e(Ka) = (f)x (@) = (B, > a)x
for every object K of [, /], and therefore

(Beay = a".

2QOur notation of a* is pretty bad in that regard, since it seems to suggest that a* depends
contravariantly on a.
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5.

Let o/, 9 and € be three categories. Let
FG:d —>AB, H: B—>FC

be functors, and let
a: F=G

be a natural transformation.

We have two ways of obtaining from a and H an induced natural trans-
formation from the functor (HF)* = F*H"* to the functor (HG)* = G*H".
On the one hand, we can form the natural transformation Ha from HF
to HG, which then induces the natural transformation (Ha)* from (HF)*
to (HG)*. On the other hand, we can form the induced natural transforma-
tion o” from F* to G*, and then consider the resulting natural transforma-
tion a"H* from F*H" to G"H".

These natural transformations turn out to be the same, i.e., we have the
equality of natural transformations

(Ha)* = a*H*.
Indeed, we have for every object K of [¢, & the chain of equalities
(Ha)" ) = K(Ha) = (KHDa = (s = (@) = (@ H)y
and therefore overall the equality (Ha)* = a"H".

We are now well-prepared to prove the statement at hand. We consider an

adjunction between two categories & and % given by two functors

F: A — B, G: B—>A

and two natural transformations

n:1,=GF, ¢: FG=1g4

that serve as the unit and counit of the adjunction respectively. (The functor F
is left adjoint to the functor G.) We know that these data satisfy the triangle
identities, i.e., that the following two diagrams commute:
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2.3 Adjunctions via initial objects

We have seen in above discussions that the functors F and G induce functors
F': [#B,S8] —|d,8], G:|d,S5]—[AB,S].

We have also seen that the natural transformations n and ¢ induce natural
transformations

n: (1) = (GF)", ¢ : (FG)" = (1g)".

By rewriting the domain and codomain of both n* and ¢, we see that these
natural transformations are of the forms

" ligs = FG", &:GF = ligg.
We can dualize the diagrams (2.7) to get the commutative diagrams

(Fn) (nG)*

F* (FGF)* G (GFG)*
SF)" - (2.8)
N I( P N |<c>
F* G
These diagrams can be simplified as follows:
% ' F" % Y T * Gy * Tk Y
FF— F*G’'F G —> G'F'G
lF*S* lE*G* (2.9)
1p= 16+
F* G

The commutativity of these diagrams tells us that the natural transforma-
tions n* and ¢* serve as the unit and counit of an adjunction between the
categories ¢/, 8| and [AB, §'|, with F* right adjoint to G*.

2.3 Adjunctions via initial objects

Exercise 2.3.8

Let G and H be two groups, and let & and # be the corresponding one-object
categories. We make the following observations:
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« Afunctor from & to # is the same as a homomorphism of groups from G
to H.

« Given two functors F and F’ from & to #, every natural transformation
from F to F’ is already a natural isomorphism since every morphism in #
is an isomorphism.

Such a natural isomorphism from F to F’ consists of a single com-
ponent, which is an element h of H with hFh™" = F’. This means in
particular that there exists a natural transformation between the func-
tors F and F’ if and only if F and F’ are conjugated as homomorphisms
of groups.

Suppose now that (L, R,7,¢) is an adjunction between the categories &
and # . This adjunction consists of two functors

L. —>H, R:H—FE,
and two natural transformations
n: 1y = RL, ¢: LR=1y4

that serve as the unit and the counit of the adjunction respectively. The func-
tors L and R correspond to homomorphisms of groups

l:G—>H, r: H—G.

Both 17 and ¢ are actually natural isomorphisms because all morphisms in &
and all morphisms in # are isomorphisms. It follows from Exercise 2.2.11
that both L and R are equivalences of categories. This entails that these func-
tors are fully faithful, which means that [ and r are bijective, and therefore
isomorphisms of groups.

The natural transformation 7 consists of only a single component, which
is an element g of G. That 7 is a natural transformation from 1 to the com-
posite RL means that the diagram

’

g
*g T Fg

B e

g g
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2.3 Adjunctions via initial objects

commutes for every element g’ of G. In other words, we have

(rel)(g)=gg'g™"

for every element g’ of G, so that the composite rel is the inner automorphism
of G given by conjugation with g.

We find similarly that the natural transformation ¢ consists of only a single
component, which an element h of H, and that the composite [ o r is the inner
automorphism of H given by conjugation with A™".

That the natural transformations 7 and ¢ define an adjunction between the
functors L and R is equivalent to the triangle identities, i.e., to the commuta-
tivity of the following two diagrams:

L —" L IRL R—"™ , RLR

NN

By evaluating these diagrams at the single objects of the categories ¥ and 7,
they can equivalently be expressed as follows:

I(g) g
X —— > Fy *g ———— Fg
\ Ih \ Ir(h)
* *g

The commutativity of these diagrams is equivalent two the two conditions

h=1(g)", g=r(W)".

We find overall that an adjunction between two groups G and H, when
regarded as one-object categories, consists of two isomorphisms of groups

l:G—H, r: H—G,

and elements g and h of G and H respectively, subject to the following con-
ditions: the composite r o [ is given by conjugation with g, the composite r |
is given by composition with A~!, and the two elements g and h are related

viah=1(g)" and g = r(h)™".
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Exercise 2.3.9
The dual statement reads as follows:

Let o and 3B be two categories, and let F be a functor from &
to &B. Then F has a right adjoint if and only if for every object B
of A, the category F = B has a terminal object.

To prove, the statement, we regard F as a functor F’ from &/°P to B°P. A
functor from & to  is right adjoint to F if and only if, as a functor from 93
to /°P, it is left adjoint to F’. (See Proposition 2.A (page 62).) It follows that
the functor F admits a right adjoint if and only if the functor F” admits a left
adjoint.

According to Corollary 2.3.7, this is the case if and only if for every object B
of &, the category B’ = F’ admits an initial object. The category B = F’
is isomorphic to the category (F = B)°. Therefore, the category B®* = F’
admits an initial object if and only if the category F = B admits a terminal
object.

This shows the claim that the functor F admits a right adjoint if and only
if for every object B of &, the category F = B admits a terminal object.

Exercise 2.3.10
For every object A of & and every object B of &, let &, 5 be the composite

(ep)x
(A, G(B)) — FB(F(A), FG(B) —— B(F(A), B).
The functor F is full and faithful and the morphism ¢ is an isomorphism. The
map @, 5 is therefore a composite of two bijections, and thus again a bijection.
We show in the following that the bijection @, 5 is natural in both A and B.
For the naturality of A, we note that for every morphism

f: A— A
in &/, we have the following diagram:

(e8)

(A, G(B)) F B(F(A),FG(B)) B(F(A), B)

f FCP) F(f)”

(A, G(B)) —F— B(F(A"), FG(B)) — 2, B(F(A’), B)
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2.3 Adjunctions via initial objects

The left part of this diagram commutes by the functoriality of F. The right side
also commutes. It follows that the entire diagram commutes, which entails
that the following, outer diagram commutes:

A(A,G(B) — =2, B(F(A), B)
fr F(f)*

A(A',G(B)) —22, B(F(A’), B)

This proves the desired naturality.
For the naturality in B, we note that for every morphism

g: B— B

in %, we have the following diagram:

(A, G(B)) —F— B(F(A), FG(B)) —*_, B(F(A), B)

G(g)s FG(g), g

A(A,G(B)) —E— B(F(A), FG(B)) — 2, B(F(A), B)

The left side of this diagram commutes by the functoriality of F. The right side
commutes by the naturality of ¢. It follows that the entire diagram commutes,
which entails that the following outer diagram commutes:

(A, G(B)) —22, B(F(A),B)

G(g)« e
A(A,G(B)) —2*_, B(F(A), B)

This shows the desired naturality.

We have thus constructed an adjunction between the two functors F and G,
with F left-adjoint to G. (We have constructed this adjunction in precisely
such a way that ¢ is its counit; we could have also constructed an adjunction
for which 7 is its unit.)

35



Chapter 2z Adjoints

Exercise 2.3.11

There exists by assumption two elements g, and a, of U(A) that are distinct.
Let S be some set and let s; and s, be any two distinct elements of S. We
consider the set-theoretic map

f:S—U(A)

given by f(s,) := a,, and f(s) := a, for every element s of S with s # a,. This
function corresponds to a morphism f from F(S) to A, and the function f can
be retrieved from the morphism f via

f=U(f)ens.
It follows from the chain of relations

UPns(s) = f(s1) = a, # a, = £(s,) = U(F)(ns(s))

that also 54(s;) # n5(s,). We have thus shown that the map 7 is injective.

There exists plenty of groups whose underlying set consists of at least two
elements. It follows from the above discussion that for every set S, the canon-
ical map from S into the free group of S is injective.

Exercise 2.3.12
Equivalence of categories between Par and Set,

In the following, we are sometimes presented with the following situation: we
are given a partially defined function (S, f), a subset T of S, and we wish to
consider the restriction of (S, f) to T. The proper notation for this restriction

is (S3f|T)- ( | )
T, flr).

For better readability, we sometimes denote this restriction as
(T, f)

instead. This shan’t lead to confusion, since the domain T is still part of the
notation.
We define a functor F from Par to Set, as follows.
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2.3 Adjunctions via initial objects

« For every set X, let F(X) be the pointed set that arises from X by adjoining
a base point x,. (More explicitly: let x, be an element not contained in X,
and then let F(X) be the pointed set (X v {x,},x,). From a set-theoretic
perspective, this element x;, may be chosen to be the set X itself, since no
set can be an element of itself.)

« Let (S, f) be a partially defined function from a set X to asetY. Let F((S, f))
be the pointed map from F(X) to F(Y) given by

F((S, ) : x — f(x) ifxes,

Yo otherwise."3

These assignments define a functor from Par to Set,:

« Let X be a set. The identity morphism of X in the category Par is the
pair (X, 1y), where 1y denotes the identity map on the set X. The induced
map F((X, 1y)) sends every element of X to itself, and also the basepoint x,
to itself. In other words, the map F((X,1y)) is the identity map on the
set F(X). In formula, F((X, 1x)) = 1.

« Let X,Y and Z be three sets, and let
S fH:X—Y, (Tg9:Y—Z

be two partially defined functions. The composite F((T, g)) o F((S, f)) is
given on elements of X as follows:

o The basepoint x, is mapped to the basepoint y, by F((S, f)), and then
further to the basepoint z, by F((T, g)).

o Let x be an element of X not contained in S. The element x is first mapped
to the basepoint y, by F((S, f)), and then further mapped to the base-
point z, by F((T, g)).

o Let x be an element of X that is contained in the domain S of f, but not in
the preimage f~'(T). This element x is first mapped to the point f(x)inY
by F((S, f)). The element f(x) lies outside T, whence it is then further
mapped to the base point z, by F((T, g)).

30ne might think about the newly added base point y, of Y as the value “undefined”. The
map F((S, f)) is then an extension of the partially defined function (S, f) to a map

X u{undefined} — Y u {undefined}

that maps all input values outside S to undefined.
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o Let x be an element of X that is not only contained in S, but also in the
preimage f~!(T). This element x is first mapped to the point f(x) in T
by F((S, f)), and then further mapped to the point g(f(x)) by F((T, g)).

We find overall that the composite F((T, g))  F((S, f)) coincides with the
induced map F((T, g) - (S, f)).**

The functor G from Set, to Par, which will serve as an essential inverse
to F, is easier to construct:

« Given a pointed set (X, x,), its image under G is given by the set X \ {x,}.

« Given a pointed map
f : (Xs xO) - (Y’ )/0),

its image under G is given by the restriction of f to the set X \ g '(3,),
i.e., the partially defined function (X \ f~!(y,), f). The domain X \ f~'(y,)
is a subset of X \ {x,} because the basepoint x; is contained in the preim-

age f~'(%)-
This assignment G is indeed a functor from Set, to Par:

« Let (X, x;) be a pointed set. Its identity morphism in the category Set, is
simply the identity map of the set X, i.e.,

Iixx) = 1x-
The resulting map G(1(y ) is the restriction of 1y to the domain
XN 1¢(x) = X N {x,}.
Therefore,

G(1(x ) = (XN} 1x) = (XN {50} Txg) = Lo -

o Let
fr Xox) =), g Y.n) — (2, %)

be two composable maps of pointed sets. We have the equality of sets

(g° N7'(=) = (g7 (=),

4The composite (T, g) © (S, f) is the partially defined function (f~(T), g > f).
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and therefore the equality of partially defined functions

G(g) > G(f) = (Y N g (2, &) = (X N\ f~'()s f)
=(f'YNg ' (=)).g° f)
=T ON g =) g0 f)
=(X\(g° (=) g°f)
=G(g- f).

In the following, we will show that the two functors F and G form an equiv-
alence of categories between Par and Set,. We do so by constructing natural
isomorphisms

a: lp, = GF, p: 15, = FG.

We observe first that GF = 1p,,. This allows us to choose « as the identity
natural transformation.

To construct the natural isomorphism f, let (X, x,) be a pointed set. The
pointed set FG((X, x,)) is given by

(X N\ {x} v {xgh, x))

with x; ¢ X \{x,}. In other words: we first remove the base point x, of X, and
then add a new basepoint x; in its place. (We can, however, not ensure that
the newly added base point x is set-theoretically equal to the previous base
point x,. This is why the composite FG won’t be the identity functor of Set,,
but will only be isomorphic to it.) The map

ﬂ(X,xo) D (X, %) — (XN {xp}u{xg), %)
given by
xy  if x = x,,

X — )
x  otherwise,

is therefore an isomorphism of pointed sets from (X, x,) to FG((X, x;)).
Let us show the naturality of . For this, let

frX,x) — ),

be a pointed map. The domain and codomain GF( f) are given by

GF((X,x)) = X\ {xbuixgt,  GF((Y, %)) =Yy N {w}u{y}
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respectively. The pointed map GF(f) is given by

% if x = x,

GF =

(HEx) { f(x) otherwise,
for every element x of GF((X, x,)) = X, \ {x,} u {x{}. The diagram
(X, %) : (Y, %)
ﬁ<x,x<)>| |ﬂ<y,yo)
GF(f)
GF((X, %)) — L GF((Y, )

therefore commutes, showing the naturality of /.
We have overall constructed a natural isomorphism f from 15, to GF.

Description of Set, as a coslice category

We can describe the category Set, as the coslice category 1/Set, where 1 := {x}
is an one-element set.

« An object of the category 1/Set is a pair (X, &) consisting of a set X and a
map & from 1 to X. This map £ amounts to picking out an element x, of X,
namely the element &(x).

+ A morphism
[ (X8 —.v)

in Set, is a set-theoretic map f from X to Y that makes the diagram

f
commute. The commutativity of this diagram can be expressed in terms of

the points x, := £(*) and y, := v(*) as the equality
fGo) =y

That means that a morphism from (X, &) to (Y,v) is the same as a pointed
map from (X, x;) to (Y, y,).

Y
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2.3 Adjunctions via initial objects

+ The composition of morphisms is Set, is the usual composition of functions,
and the same goes for the coslice category 1/Set.

We can see from these observations that the two categories Set, and 1/Set
are isomorphic.
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Interlude on sets

3.1 Constructions with sets

Exercise 3.1.1
Left adjoint

For any two sets A and B, leti, and jz denote the inclusion maps from A and B
to A + B respectively.
There exists for every pair (f, g) of maps

f:A— A, g:B—F
a unique induced map
f+g: A+B— A"+ B,

such that
(f+geia=f and (f+@°js=g
We have for every two sets A and B the equality

Iy+1g=14p,

'If one thinks about the sum A + B as the disjoint union of the sets A and B, then the
function f + g is given for every element x of A + B by

flx) ifxeA,

(f+8)t0) = gx) ifxeB.
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and for all maps of the form
f:A_)A,, fI:AI_)AII’ g:B_>B,, g’:B,_)B”,
the equality
(f+8)(f+e=(ff+(g-g).
This means that we have a functor
S: Set x Set —> Set
that is given by

S(A,B):==A+B and S(f,g)=f+g

for every object (A, B) of Set x Set and every morphism ( f, g) of Set x Set.
We have for every three sets A, B and C a bijection

Set(A + B,C) — Set(A, C) x Set(B,C),

given by
hr— (heighejp).

The codomain of this bijection can be rewritten as

Set(A, C) x Set(B, C) = (Set x Set)((A, B), (C,C))
= (Set x Set)((A, B), A(0)),

and its domain as
Set(S(A, B),C).

We have thus constructed a bijection
Set(S(A, B),C) —> (Set x Set)((A, B), A(C)).

It can be checked that this bijection is natural in both (A, B) and C. The
functor S is therefore left adjoint to the diagonal functor A.
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Right adjoint
Every pair (f, g) of maps
f:A— A, g:B—F
induces a map
fxg: AxB— A" x P

given by
(f x &)(a,b) = (f(a), g(b))

for every element (a,b) of A x B. We have for every two sets A and B the
equality
1y x1p =143,

and for any maps of the form
f:A_)A’, f,:A,—)A”, g:B_>B,, g’:B,_)B”,

the equality
(f'xg)e(fxg)=(ff)x(g-g.

This means that we have a functor
P : Set x Set —> Set

that is given by
P(A,B):==AxB, P(f,g)=fxg

for every object (A, B) of Set x Set and every morphism ( f, g) of Set x Set.
We have for every three sets A, B and C a bijection

Set(A, B) x Set(A,C),—> Set(A, Bx C)

given by

(f. &) — lar— (f(a), g(@)]
for every element (f, g) of Set(A, B) x Set(A, C). The domain of this bijection
can be rewritten as

Set(A, B) x Set(A, C) = (Set x Set)((A, A), (B,C))
= (Set x Set)(A(A), (B,0)),
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and its codomain as
Set(A, P(B,C)).
We have thus constructed a bijection
(Set x Set)(A(A), (B,C)) — Set(A, P(B,C)).

It can be checked that this bijection is natural in both A and (B,C). The
functor P is therefore right adjoint to the diagonal functor A.

Exercise 3.1.2

An object of € is a triple (X, x,, f) consisting of a set X, an element x, of X,
and a function f from X to X. Given two such objects (X, x,, f) and (Y, y,, £),
a morphism from (X, x,, f) to (Y, 3, g) in € is a set-theoretic map ¢ from X
to Y that satisfies the condition

(%) = ¥

and that makes the square diagram

X
1
Y
commute. The composition of two such morphisms is the usual composition
of functions.

f

_—

<

—
<

g
_—

~

3.2 Small and large categories

Exercise 3.2.12

(a)

We replace the power set (A) by an arbitrary complete lattice P, i.e., by a
partially ordered set in which every subset admits a supremum.
Let R be the set of all elements of P that are increased by 0, i.e.,

R:={reP|r<o)}.
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Chapter 3 Interlude on sets

We observe that the set R is closed under the action of 8. Indeed, let r be
any element of R. It follows from the inequality r < 6(r) that 6(r) < 6(6(r))
because the map 0 is order-preserving. This inequality 6(r) < 0(0(r)) tells us
that the element 6(r) is again contained in the set R.

Let s be the supremum of R. We show in the following that s is a fixed point
of 6. That is, we need to show that 6(s) = s. We will do so by showing that
both s < 6(s) and 6(s) < s.

We observe that the second inequality follows from the first. Indeed, sup-
pose for a moment that s < 6(s). This inequality tells us that the supremum s
is itself again contained in the set R. It then follows that 6(s) is also contained
in R, because R is closed under 6. But s is the supremum of R, so thatr < s
for every element r of R. We may choose r as 6(s), and thus find that 6(s) <'s.

We are left to show the inequality s < 0(s). We note that

sup 0(X) < 0(sup X)

for every subset X of P because the map 0 is order-preserving. By choosing
for X the set R, we find that

s=supR =supr < supf(r) = sup6(R) < 0(sup R) = 0(s),

reRr reR

where we used once again that the map 0 is order-preserving and that the
set R is closed under the action of 6.

(b)
We are tasked to show that there exists a subset S of A with
g(B\ f(S)) = A\S.

By taking the complements of both side of this equality, we can express the
equality equivalently as

S=ANg(B\ f(9)).
We hence need to show that the map

0: PA) — P(A), S+— ANg(B\ f(9))
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3.2 Small and large categories

admits a fixed point. According to part (a) of this exercise, it suffices to show
that 6 is order-preserving. To this end, we note that 0 is the composite of the
four maps

S— f(S), Tr— B\T, U+ gU), V— A\V.

The first and third of these maps are order-preserving, and the second and
fourth are order-reversing. It follows that 6 is order-preserving, as desired.

(©

Let A and B be two sets with |A| < |B| and |B| < |A|. By definition, this means
that there exist injective functions

f:A— B and g: B— A.
There exists by the previous part of this exercise a subset S of A with

gB\ f(5)) = A\S. (3.1)

Let T be the image of S under f, i.e,, let T := f(S). The injection f restricts
to a bijection between the sets S and T, and formula (3.1) tells us that the
injection g restricts to a bijection between B\ T and A \ S. By combining
these two bijections, we arrive at a bijection between the sets A and B.

The existence of such a bijection shows that A and B have the same cardi-
nality.

Exercise 3.2.13

(@

We denote the given subset of A by S. Suppose that there exists an element a
of Awith S = f(a). We may wonder if the element a is contained in the set S.
By the definition of S, we have the equivalence

aeS <= a¢ f(a).
By the choice of a, we have the equivalence

a¢ fla) < a¢s.

97



Chapter 3 Interlude on sets

By combining both of these equivalences, we arrive at the contradiction
a€S <= a¢s.

We hence find that the desired element a cannot exist. Therefore, f cannot
be surjective.

(b)

We know that |A| < |2(A)| because there exists an injective function from A
to P(A), giving by the mapping a — {a}.

But we have seen in part (a) of this exercise that there exists no surjective
function from A to 2(A). This entails that there exists no bijection between A
and P(A), so that |A| = |P(A)|.

By combining both of these observations, we find that |A| < |2(A)|.

Exercise 3.2.14

(@)

Let (A));; be a family of objects of &/, where I is some index set. We are tasked
with finding an object A of & that is isomorphic to none of the objects A;.

It suffices to find an object A of & for which the set U(A) is non-isomorphic
to each of sets U(4;), since the functor U preserves isomorphisms. We can
ensure these non-isomorphisms by making the set U(A) have strictly larger
cardinality than each of the sets U(4;). To ensure that U(A) has strictly larger
cardinality than U(4;) for every index i at the same time, we will choose the
object A so that U(A) has strictly larger cardinality than the set ) ,,; U(4;).”
To summarize our discussion: we need to find an object A of & such that

<|U(A)I.

> UA)

i€l

The functor U is part of an adjunction (F,U, n, €) between the categories &f
and Set (by assumption). We know from Exercise 2.3.11 that under the given
assumptions, the map

np: P—> UF(P)

*Here we use that I is a set, to ensure that the sum ., A; exists.
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3.2 Small and large categories
is injective for every set P. We have therefore the inequality
Pl < [UF(P)|

for every set P. If we choose the set P to be of strictly larger cardinality than
the set ) ,.; U(4)) (e.g., its power set), then it follows for the object A := F(P)

of & that
> UA)

i€l

<|PI<S|UF(P)| = [UCA)].

We have thus found the desired object A.

Let us summarize our findings: given a set P of strictly larger cardinal-
ity than the sum ), U(A,), we have for the object A := F(P) the chain of
inequalities

i€l

UApI < <|PI<|UF(P)| = [U(A)]

> UA)

i€l

for every index j. These inequalities show that each set U(4;) is non-iso-
morphic to the set U(A), whence each object A; is non-isomorphic to the
object A.

(b)

Suppose that the category o is essentially small. This means that there ex-
ists a small category 9% equivalent to &/. Such an equivalence between &/
and 9 induces a bijection between the class of isomorphism classes of ob-
jects of o and the class of isomorphism classes of objects of &. (In other
words, a bijection between the quotient classes &/ /= and % /=.) It follows
that the category 9 again satisfies the assumption of part (a) of this exer-
cise. But the category 9 is small, whence the family of objects (B)pcop(g) is
indexed by a set. This family contains all objects of &, contradicting part (a)
of this exercise.

(©)

We have for each of the given categories a forgetful functor to Set, which then
admits a left adjoint:
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Chapter 3 Interlude on sets

+ The forgetful functor from Set to Set is the identity functor of Set, whose
left adjoint is again the identity functor.

« For the algebraic categories Vect;, Grp, Ab, and Ring, the respective left
adjoint functors assigns to any set X the respective free algebraic structures
on X.

« For the forgetful functor from Top to Set, its left adjoint assigns to each
set X the discrete topological space whose underlying set is X.

Each of categories Set, Vect, Grp, Ab, Ring and Top contains an object
whose underlying set consists of at least two distinct elements. These cate-
gories hence satisfy the assumption of part (a) of this exercise. It follows from
part (b) of this exercise that these categories are not essentially small.

Exercise 3.2.15

(@)

We can use the strategy developed in Exercise 2.3.14 to see that the cate-
gory Mon is not essentially small. It is therefore also not small. It is, how-
ever, locally small, since it admits a faithful functor to the locally small cate-
gory Set.

(b)

The given category is small because its collection of morphisms is the under-
lying set of Z. This entails that the given category is both essentially small
and locally small.

(c)

The given category is locally small because there exists at most one morphism
between any two objects of its objects. Its class of objects is the underlying set
of Z, and therefore a set. It follows that this category is small, and therefore
also essentially small.

(d)

We can regard every set as a discrete category. This allows us to regard Set
as a full subcategory of Cat. Two sets are isomorphic if and only if they
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3.2 Small and large categories

are isomorphic as discrete categories. The inclusion from Set and Cat does
therefore induce an injection

Set/= — Cat/=.

It follows that if Cat were to be essentially small, then Set would also be
essentially small. But we know from Exercise 3.2.14 that this is not the case.

We therefore find that Cat is not essentially small, and hence also not small.

The category Cat is, however, locally small. To see this, let &/ and 9% be
two objects of Cat. This means that both & and & are small categories. Ev-
ery functor from & to 9 is uniquely determined by its action on the mor-
phisms of &/, whence the class Cat(</, &) can be identified with a subset of
the set Mor(% )M ) 3 This entails that Cat(<f, %) is again a set.

(e)

There exists for every family of cardinals (k;),; a cardinal A that is distinct to
each k;. (One may take for A the cardinal associated to the power set of the
sum Y, k. This cardinal is then of strictly larger cardinality than each «;.)
The collection of all cardinals is therefore a proper class, and not a set. It fol-
lows that the given category is not locally small. It is therefore not essentially
small, and hence also not small.

Exercise 3.2.16
The functor D

We can regard every set A as a discrete category, which we then denote
by D(A). Every set-theoretic function

f+:A—B
can then be regarded as a functor D(f) from D(A) to D(B). We arrive in

this way at a functor D from Set to Cat. This functor is left adjoint to the
functor O.

3We denote here for every category 98 the class of morphisms in € by Mor(%).
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The functor I

We can similarly regard every set A is an indiscrete category, which we will
then denote by I(A). The objects of I(A) are the elements of A, and there
exists for any two elements a and a” of A precisely one morphism from a to a’
in I(A). The composition of morphisms in I(A) is defined in the only possible
way.* Every set-theoretic function

f:A— B

can be uniquely extended to a functor I(f) from I(A) to I(B). We arrive in
this way at a functor I from Set to Cat. This functor is right adjoint to the
given functor O.

The functor C

Every category & has an underlying undirected graph, which in turn has
connected components. We will call these the connected components of .
The class of connected components of &/ will be denoted by C(<).

If the category & is small, then its collections of objects is a set, whence
its collection of connected components is a set. Every functor

F: o — R

maps the connected components of & into connected components of %, and
therefore induces a map

C(F): C(A) — C(AB).

We arrive in this way at a functor C from Cat to Set. This functor is left adjoint
to the previous functor D.

3.3 Historical remarks

Exercise 3.3.1

I asked myself. I could not state any axiomatization of sets, and my principles
for working with sets can be described as naive set theory.

4The category I(A) may also be constructed by endowing the set A with the preorder <
with a < a’ for every two elements a and a’ of A, and then regard the preordered set (A, <)
as a category.
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Representables

4.1 Definitions and examples

Exercise 4.1.26

« We can assign to each topological space X its set of path-components 1,(X),
resulting in a functor
7, : hTop — Set.

This functor is represented by the one-point topological space.

« We have a functor (—)* that assigns to each ring its group of units, i.e., its
multiplicative group of invertible elements. When this functor is composed
with the forgetful functor from Grp to Set, it becomes representable by the
ring of integral Laurent series Z[t,t'].

« Let G be a group. To every G-set X we can assign its set X of fixed points,
i.e., the set

X% ={x € X | g-x = x for every element g of G}.

Every homomorphism of G-sets restricts to a map between fixed points,
whence the construction (=) results in a functor from G-Set to Set. This
functor is represented by the one-point G-set.

Exercise 4.1.27

Let « be a natural isomorphism from H, to H,,. This means that we have for
every object B a bijection

ag: A(B,A) — A (B,A"),
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Chapter 4 Representables

such that these bijections are compatible in the following sense: for every
morphism
g: B— B

in A, the following square diagram commutes:

AB,A) —2 5 d(B,A)
g l |g* (4- 1)
A(B,A) —= 5 (B,A)

Under the bijection
a,: d(AA) — d(AA),

the identity morphism of A has an image in &/(A, A”), which we will denote
by ¢. Similarly, under the bijection

ay: YA, A) — d(AA),

the identity morphism of A’ has a unique preimage in &/(A’, A), which we
will denote by . We have thus found two morphisms

p: A— A, Y: A — A.

We will show in the following that these two morphisms are mutually inverse
isomorphisms.

We can consider the commutative diagram (4.1) in the special cases of ¢
and ¢ in place of g. This gives us the following two commutative diagrams:

A(AA) —2 5 (A, A) d(AA) —2 5 (A A)
N
d(AA) —2 5 (A A) AA,A) —2 s (A, A)

We get from the commutativity of the left-hand diagram that

oy op) =an(@ W) =0 (@s(¥) = 0" (14) =14 0@ =0 =ay(1,),
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and therefore

Yep=1,
by the injectivity of .. We also get from the commutativity of the right-hand
diagram that

oty =9 (@) = ¥ (as(14) = ap () =14 .

These calculations show that the two morphisms ¢ and ¢ are indeed mutually
inverse isomorphisms.

The existence of the isomorphisms ¢ and i shows that the two objects A
and A’ are isomorphic.

Exercise 4.1.28
For every group G, the set U,(G) may more tactically be expressed at
Up(G)={geGlgf =1}

We see from this alternative description of U, that every homomorphism of
groups
p: G—H

restricts to a map from U,(G) to U,(H). We denote this restriction by U,(¢).
This action on morphisms gives us the desired functor U, from Grp to Set.

Let G be a group. By the homomorphism theorem, a homomorphism of
groups ¢ from Z/pZ to G corresponds one-to-one to a homomorphism of
groups ¢ from Z to G with pZ C ker(¢), via the formula

Y([n]) = o(n) forallne Z.

We already know that homomorphisms from Z to G correspond to elements
of G, with the homomorphism ¢ corresponding to the element ¢(1) of G. The
condition pZ C ker(y) is then equivalent to the condition p € ker(p), and
thus equivalent to the condition ¢(1)? = 1. This means altogether that we
have a bijection

o+ Grp(Z/pZ,G) — U,(G), ¢ — y([1D).

Let us now show that the bijection « is natural in G. For this, we need to
show that for every homomorphism of groups

p: G—H
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the following diagram commutes:

Grp(Z/pZ,G) —=— Grp(Z/pZ, H)

aG g

U,
Up ©) (@)

U,(H)

To this end, we have the chain of equalities

a1 (9.(V)) = an(@ > ¥)
=(p-y)[1D
= o(y([1]))
= p(as(¥))
= Uy (o)1)

for every element ¢ of Grp(Z/pZ,G).

We have overall constructed a natural isomorphism « from the represented
functor Grp(Z/pZ,-) to the functor U,. The existence of such an isomor-
phism shows that the two functors are isomorphic.

Exercise 4.1.29

Let R be a ring. We know from algebra that there exists for every element r
of R a unique homomorphism of rings ¢ from Z[x] to R with ¢(x) = r." This
means that the map

ég + Ring(Z[x],R) — R, ¢ +— ¢(x)

is bijective. We claim that the bijection ¢ is natural in R.
To prove this naturality, we need to show that for every homomorphism
of rings
f:R— S,

"This homomorphism ¢ maps any polynomial ), a,x" in Z[x] to the element Y., a,r" of R.
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the square diagram

Ring(Z[x],R) —%— R

N

&

Ring(Z[x],S) ——— S

commutes. To this end, we have for every element ¢ of Ring(Z[x], R) the
chain of equalities

fler(@)) = f(@(x)) = (f > §)(x) = &x(f » ) = &x(f.(9)).

This shows that the bijections e, where R ranges through the class of rings,
assemble into a natural isomorphism ¢ from the functor Ring(Z[x], —) to the
forgetful functor from CRing to Set.

Exercise 4.1.30

We denote the elements of the Sierpinski space S by 0 and 1, so that the sin-
gleton {1} is open in S.
Let X be a topological space. We know that we have a bijection
{set-theoretic maps from X to S} — {subsets of X},
x — x (D).

A map y from X to S is continuous if and only if for every open subset of S,
its preimage under y is an open subset of X. The preimages y (@) = @
and y~'(S) = X are open in X independent of the choice of topology on X.

Therefore, y is continuous if and only if the preimage y (1) is open in X. We
thus find that the above bijection restricts to a bijection

{continous maps from X to S} — {open subsets of X},

x— x'(1).
In other words, we have for every topological space X a bijection

ax : Top(X,8) — 0(X), x— x'(D.
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Let us check that the bijection ay is natural in X. For this, let
f: X—Y
be a continuous map between topological spaces. We need to check that the

following diagram commutes:

Top(X,S) — % L 9X)

f*[ [O(f)

Top(Y,$) —— O(Y)
To this end, we have for every element y of Top(Y, S) the chain of equalities

ax(f* () = ax(x » f)
=N
=)
= [ a&y(0)
= 0(Nay(x))-

The bijections ay, where X ranges through the class of topological spaces,
therefore assemble into a natural isomorphism @ from Top(—, X) to O.

The existence of such a natural isomorphism shows that the functor O is
represented by the Sierpinski space S.

Exercise 4.1.31

Let 2 be the category with two objects, denoted as 0 and 1, and precisely one
non-identity morphism, which we denote by i, and which goes from 0 to 1.?
This category may be depicted as follows:

0 — 1

Let of be an arbitrary category. There exists for every morphism

f: A— A

*In other words, the category 2 corresponds to the partially ordered set {0, 1} with 0 < 1.
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in o/ a unique functor F from 2 to &/ with F(i) = f. This functor is given by
F(0)=A, FQ)=A’, FQ,=1,, FQ,)=1,, F@=7f.
If o is small, then we have therefore a bijection of sets
ey ¢ Cat(2,d) — M(f), Fr—> F().

Let us check that this bijection is natural in &. For this, we need to check
that for every functor

G: A — RB

between small categories & and % the following square diagram commutes:

Cat(2, o) —2L— M()

G. l lM (®)

Cat(2, B) —Z—— M(%)

To this end, we have for every element F of Cat(2, &), the chain of equalities

M(G)(e4(F)) = G(e4(F))
= G(F()
= (G- F)(i)
=¢4(G<F)
= e5(G.(F)).

We have thus found that the bijections ¢, where & ranges through the
class of small categories, assemble into a natural isomorphism ¢ from the func-
tor Cat(2, —) to the functor M. The existence of such a natural isomorphism
shows that the functor M is represented by the category 2.

Exercise 4.1.32

We know from Exercise 2.1.14 that an adjunction between F and G (with F
left adjoint to G) can be characterized as a choice of bijection

®,5: A(AG(B) — B(F(A),B), f+—f
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where A and B range through the objects of &/ and 9 respectively, subject to
the following condition: for all morphisms

p: A—A, q: B—PB

in &/ and A respectively, we have the identity

(A' At a2 G(B’))

- (F(A,) 9 Ray RN B’).

This identity can equivalently be expressed as the commutativity of the fol-
lowing square diagram:

A(A,G(B) —2, B(F(A), B)

G(@)o(—)ep go(=)°F(p)

D g

A(A',G(B")) FB(F(A’),B")

We can now rewrite this commutative diagram in terms of the two func-

tors o/ (—, G(-)) and B(F(—), —) as follows:

(= G(-))(A,B) — 2, B(F(-),~)(A, B)

A (=GN BF)-)pD)

Dy gy

(=, G(-)(A", B)

B(F(-),—)A",B)

That this diagram commutes for any two morphisms p and q as above means
precisely that the family ®, 3, where (A, B) ranges through the objects of the
category & x 9, is a natural transformation from &/(—, G(-)) to B(F(-), —).

We find overall that an adjunction between F and G, with F left adjoint
to G, may equivalently be expressed as a natural isomorphism of functors
from o/ (—, G(-)) to B(F(—),—). This entails that F is left adjoint to G if and
only if such a natural isomorphism exists, i.e., if and only if the two func-
tors &/ (—,G(-)) and 9B(F(—), —) are naturally isomorphic.
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4.2 The Yoneda lemma

4.2 The Yoneda lemma

Exercise 4.2.2

Let & be a locally small category and let X be a functor from & to Set. The
map
[, Set](HA, X) — X(4), ar— a,(1,)

is a bijection, which is natural in both A and X.

Exercise 4.2.3

We denote the unique object of M by *. For every functor F from M°? to Set,
we denote by X(F) the resulting right M-set.?

(@)

Let H be the unique represented functor from M to Set. This functor is
simply M(—, x) because * is the unique object of M.
The underlying set of X(H) is given by the set

H(x) = M(x,%x) =M.

For every element m of M, the action of m on X is given by the map H(m),
whence
x-m=H(m)(x) =m*(x) = xm

for every element x of X(H).
This shows overall that X(H) is the right regular M-set.

(b)

We denote the forgetful functor from the category of right M-sets to the cat-
egory Set by U.

For every M-set Y and every element y of U(Y), there exists a unique ho-
momorphism of right M-sets f, from M to Y with f,(1) = y. This homomor-
phism is more explicitly given by

f,(m) = ym

3In other words, we denote by X the isomorphism of categories from the functor cate-
gory [M°P, Set] to the category of right M-sets.
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for every element m of M. The map
{homomorphisms of right M-sets M —» Y} — U(Y), g+ g(1)

is therefore a bijection.

(©)

Let F be functor from M to Set. We have on the one hand the bijection

natural transformations N homomorphisms of right M-sets
H—F X(H) - X(F) ’

ar—a,.
We have on the other hand the bijection

homomorphisms of right M-sets
{ X(H) - X(F) } — F).

g+— g(1),
because X(H) is the right regular M-set and because
U(X(F)) = F(»).
By combining both of these bijections, we end up with the bijection
[M°P,Set](H,F) — F(x), a— a, (1)) =a.(1,).

The naturality of this bijection can be checked as in the general proof of
the Yoneda lemma. Alternatively, one can check that all the above bijections
were natural to begin with, and then conclude that the final bijection is also
natural.

4.3 Consequences of the Yoneda lemma

Exercise 4.3.15

(@)

If f is an isomorphism in & then J(f) is an isomorphism in & because func-
tors preserve isomorphisms.
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Suppose on the other hand that J(f) is an isomorphism in . The mor-
phism f is of the form
f: A— A
for objects A and A’ of /. It follows that the isomorphism J( f) is of the form
J(f): JA) — J(A).
There exists by assumption a morphism
g J(A) — JA)
with both
J(f)eg = Lyan and g ° J(f) = Lycay-
There exists a morphism
ffi A— A
in of with g’ = J(f") because the functor J is full. We find that
JU e =T J() =g J(f) = 1y = J(1a),

and therefore f’- f = 1, because the functor J is faithful. We find in the same
way that also feo f* = 1,,. This shows that the morphism f is an isomorphism.

(b)
There exists a unique morphism
f: A— A
in o with J(f) = g because the functor J is full (showing the existence
of f) and faithful (showing the uniqueness of f). We find from part (a) of

this exercise that the morphism f is an isomorphism because J(f) = g is an
isomorphism.

(c)

If the objects A and A’ are isomorphic, then so are the objects J(A) and J(A’)
by the functoriality of J.

Suppose on the other hand that the two objects J(A) and J(A’) are isomor-
phic. This means that there exists an isomorphism g between J(A) and J(A’).
It follows from part (b) of this exercise that the isomorphism g stems from an
isomorphism f between A and A’. The existence of f entails that the ob-
jects A and A’ are isomorphic.
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Exercise 4.3.16

(@)

Let
fi A— A

be a morphism in &/. The induces natural transformation
for Hy=Hy,

satisfies
(foaQ) =fe1=f.

Therefore, the morphism f can be retrieved from its induced natural trans-
formation f,. This tells us that the functor H, is faithful.

(b)
Let A and A’ be two objects of &/, and let
a: Hy=H,

be a natural transformation. Let f be the image of the identity morphism 1,
under the map a,, i.e., under the map

A(A,A) = Hy(A) —— H,.(A) = (A, A).

We note that f is a morphism from A to A’ in <.
The naturality of « tells us that we have for every morphism

g: B— B
in &/ the following commutative square diagram:

Ha(g)

HA(B) H,(B)
Ha(B) —9, H,.(B)
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4.3 Consequences of the Yoneda lemma
This diagram may equivalently be written out as follows:

A(B,A) —5 (B A)

apr | |aB
%

dB,A) —= (B, A)

Let now Bbe any object of &/ and let g be an element of the set H,(B). In light
of the equality H,(B) = &/(B, A), this means that g is a morphism from B to A.
We have therefore the following commutative diagram:

(A, A) — ., J(B,A)

A(A,A) —E— (B, A)

The commutativity of this diagram tells us that

ap(g) = ap(g"(14)) = g7 (as(14)) = g"(f) = fo g = f.(g)-
This shows that the map
ag : Ha(B) — Hu(B)

is given by f..

We have shown that the natural transformations « and f, from H, to H,
coincide in each component, whence they are equal. This shows that each
natural transformation from H, to H,, stems from a morphism from A to A’.
In other words, the functor H, is full.

(©)

Suppose that there exists an object A of &/ and an element u of X(A) such
that the provided universal property holds:

For every object B of o/ and every element x of X(B), there exists a
unique morphism f from B to A in & such that x = X(f)(u).
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Chapter 4 Representables

This universal property states that for every object B of &, the map
ap: d(B,A) — X(B), fr— X(f)w)
is bijective. These bijections are natural. Indeed, let
g: B— B

be a morphism in &/. The resulting diagram

(B, A) —5 , J(B,A)

x(B) —X¥__, x(B)

commutes, because we have for every element f of its top-left corner the
chain of equalities

ap(§"(f)) = ap(f ° &)
= X(f° g)w)
= (X(g) - X(fNw)
= X(@X(HHw)
= X(g)(ap (w)).

We have thus constructed a natural isomorphism « the functor H, to the
functor X, showing that these functors are isomorphic.

Exercise 4.3.17

Let o/ be a discrete category. We begin by describing the presheaf category
of &/, which we shall denote by .

« A presheaf on &/ amounts to a family of sets, indexed by the objects of /.

« Let X and Y be two presheaves on &, and let (X,), and (Y,), be the corre-
sponding families of sets. A natural transformation « from X to Y is simply
a family (a,) 4 consisting of a function @, from X, to Y, for every object A

of &.
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4.3 Consequences of the Yoneda lemma

We have provided explicit descriptions of the objects of o and the mor-
phisms between these objects. We see from these explicit descriptions that o
is isomorphic to the product category [ ] scop(.s) Set. Moreover, under this iso-
morphism, the evaluation functor at A corresponds to the projection onto
the A-th coordinate.

We now investigate represented presheaves on & and the Yoneda embed-

ding.

+ For every object A of &, the resulting represented presheaf H, is corre-
sponds to the family of sets (Hy ), for which each set H,, with A" = A is
empty and the set H, is only a singleton. In other words,

o= {x} for A’ = A,
Y 7)o  otherwise .

« It follows for every other presheaf X on &/, that

( I1 Set)(<HA,)A,, (X(A))

A’eOb()

cSj’\(I_IAa X)

1N

= [] set(H,.x(A))

A’eOb(H)

= Set(H,, X(A)x ] Set(H,.X(A)

A’eOb(H)
A'#A

= Set({x}, X(A) x [] Set(2.X(4))
A’eOb(H) ={4}
A #£A -

= Set({*}, X(A))
= X(A).

This gives us Yoneda’s lemma for <.

« We see that for any two distinct objects A and A’ of &/, there exist no natu-
ral transformations between the associated presheaves H, and H,,, just as
there exist no morphisms between A and A’.

If however A = A’, then there exists precise one natural transforma-
tion from H, to H,,, namely the identity natural transformation. Similarly,

117



Chapter 4 Representables

there exists precisely one morphism from A to A’ in &/, namely the iden-
tity morphism. We see from these observations that the Yoneda embedding
of o into & is full and faithful.

« We see from the above explicit description of represented presheaves that
Hy=zH, & A=A &< A=z A

for any two objects A and A’ of .

Exercise 4.3.18

(@)

We first show that the functor J o (—) is faithful if the original functor J is
faithful. Afterwards, we show that J o (—) is full and faithful if the original
functor J is full and faithful.

Suppose first the functor J is faithful, and let « and a’ be two parallel mor-
phisms in [A, €] that have the same image under J - (—). In other words, «
and a’ are two natural transformations of the form

a,a': G=H

for two functors G and H from & to €, and we have Ja = Ja’. This means
that for every object B of &, we have the equalities

J(ap) = (Ja)g = (Ja')p = J(ap).

It follows that az = o for every object B of & because the functor J is faithful.
Therefore, « = @’. This shows that the induced functor Jo(—) is again faithful.

Suppose now that the functor J is both full and faithful. Let G and H be
two objects of [%, ¥, ie., functors from % to €, and let § be a natural
transformation from the resulting functor JG to the resulting functor JH. We
claim that there exists a natural transformation « from G to H with f = Ja.
(This natural transformation is then unique since J is faithful, as seen above.)

For every object B of &, the component f; is a morphism from JG(B)
to JH(B). There hence exists a unique morphism o from G(B) to H(B)
with fz = J(ag) because the functor J is full and faithful. These morphisms a;,
where B ranges through the objects of %, assemble into a transformation «
from G to H.

118



4.3 Consequences of the Yoneda lemma

We need to show that the transformation « is natural. We hence need to
show that for every morphism

g: B— B
in A the following diagram commutes:

G(g)

G(B) G(B)
H(B) —&, H(B)

By applying the functor J to this diagram, we get the following diagram:

JeB) —22, j6(m)
ﬂB| [ﬁy
JH(g)

JH(B) ——— JH(B)

We know that this second diagram commutes by the naturality of f. It follows
that the first diagram also commutes because the functor J is faithful. More
explicitly, the commutativity of the second diagram tells us that

J(aw 2 G(g)) = J(ag) ° JG(g)
= Py 2 JG(g)
= JH(g) * B
= JH(g)  J(ap)
= J(H(g) > ap),

from which it follows that
Qapr ° G(g) = H(g) ° g

because ] is faithful.
We have overall shows that the functor J o (—) is again full and faithful.
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(b)
The induced functor J o (=) from [ 98, €] to [ B, D] is again full and faithful,

whence the assertion follows from Lemma 4.3.8.

(c)
We have the natural isomorphism
A (—,G(-) = BF(),—-) =d(-,G'(-))
of functors from </°P? x A to Set. Let
H: o — [, Set]

denote the contravariant Yoneda embedding of &f. This functor H is full and
faithful, and we might rephrase the natural isomorphism

A(=,G(=)=d(-G ()

as the isomorphism
HeG=H-G'.

It follows from part (b) of this exercise that G = G’ because the Yoneda
embedding H is full and faithful.
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Chapter 5
Limits

5.1 Limits: definition and examples

Exercise 5.1.33

Instead of the direct sum X; @ X, we are going use the product X, x X,. Let
P Xy x Xy — X, pyr Xy x Xy — X
be the canonical projection maps. Let Y be another vector space. We know

that the two maps p; and p, induce a bijection

{functions Y — X; x X,} — {functions Y — X} x {functions Y — X,},
fr—(pefipe ).
(By a “function” we mean a set-theoretic map between the respective underly-
ing sets.) Thanks to the above bijection, it now suffices to show the following
statement: a map f from Y to X; x X is linear if and only if both its compos-
ites p, o f and p,  f are linear.

Suppose first that the map f is linear. We observe that the projection
maps p; and p, are both linear. It follows that the composites p, o f and p, > f
are again linear.

Suppose conversely that both p, o f and p, o f are linear. To show that the
map f is linear, we need to check that it is both additive and homogeneous.

« We have for every two elements y and y’ of Y the chain of equalities
p(f+y ) =i Hy+y)
= (0> W)+ (B> NG
= p(f) + p(f())
=p(f + )
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Chapter 5 Limits

for both i = 1 and i = 2. This means that the two elements f(y + y’)
and f(y) + f(y’) coincide in both components, and are therefore equal. In
other words, we find that

fy+y)=f)+ fQy).

We have thus shown that the map f is additive.

« That f is homogeneous can be shown in the same way. (More explicitly,
let y be a vector of Y and let A be a scalar. We can conclude fori = 1,2
from the linearity of the maps p; o f and p; that p,(f(1y)) = p(Af(y)).
Therefore, f(Ax) = Af(y).)

Exercise 5.1.34

If (E,i) is an equalizer of f and g, then the given square diagram is not nec-
essarily a pullback diagram. To see this, we consider in the category Set the
map 1, and the map

s: Z—7Z, x+— —x.

The equalizer of the two maps 1, and s is given by the set {0} together with
the inclusion map i from {0} to Z. But the diagram

{0} —— 2z
Z Z.

is not a pullback diagram. To see this, we observe that the diagram
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commutes, but that adding the unique morphism from Z to {0} destroys this
commutativity.
Suppose conversely that the diagram

E %'

X
f

is a pullback diagram. We claim that (E, i) is an equalizer of f and g. Indeed,
we have f oi = g oi by the commutativity of the diagram. Let A be an object
of & and let j be a morphism from A to X with foj = goj. Then there exists
by the universal property of the pullback a unique morphism A from A to E
with bothioh = jandioh = j, i.e., withio h = j. This shows that (E,i) is
indeed an equalizer of f and g.

Exercise 5.1.35

We denote the ambient category by &, and objects and morphisms in the
given diagram as follows:

E ! F d Y
w—1 ,x_¢% .7

We have the following chain of equivalences:

the left-hand square is a pullback

( for every object A of & and all morphisms
r: A->Wands: A— Fwith for=kes,
there exists a unique morphism p from A to E
\ withiep=randjop=s

( for every object A of & and all morphisms
r: A-WwW,t: A»>Xandu: A->Y

— { withgoet=houand for=t, (5.1)
there exists a unique morphism p from A to E

\ withiep=randkejep=tandlejop=u
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( for every object A of & and all morphisms
r: A->Wandu: A->Ywithge for=hou,

] there exists a unique morphism p from A to E (52)
| withiep=randkejep=forandlejop=u
( for every object A of & and all morphisms
r: A->Wandu: A->Ywithge for=hou,
= (5-3)

there exists a unique morphism p from A to E
\ withiop=rand feiep=foerandlejop=u

( for every object A of & and all morphisms

r: A->Wandu: A—->Ywithge for=hou,
there exists a unique morphism p from A to E

\ withiep=randlejep=u

< the outer rectangle is a pullback.

We use for the equivalence (5.1), that the right-hand square is a pullback:
instead of running through all morphisms s: A — F we can run through
all pairs of morphismst: A - X andu: A — Y with got = hou. These
morphisms s, t and u are then related viat = kosandu =1-s.

For the equivalence (5.2) we eliminate the explicit mention of the mor-
phism ¢, since it needs to be given by f o r. For the equivalence (5.3) we
use the commutativity of the left-hand square to replace k o j by f i in the
last of the four lines.

Exercise 5.1.36

(@)

For every object I of I, let f; be the composite p; o h, and thus also the com-
posite p; o h’. We have for every morphism

u:I—17]
in I the equalities
D)o fi=DU)epch=p;oh=f;.

This means that the object A together with the family of morphisms (f;)conm
is a cone for the diagram D. It follows from the universal property of the
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limit L that there exists a unique morphism f from A to L with p; - f = f; for
every object I of I. Both h and h’ satisfy this defining property of f, whence
we must have f = hand f = h’. Therefore, h = h’".

(b)

Let now I be the discrete two-object category. Limits of shape I are just prod-
ucts. A morphism from A = 1 to another set X is the same as an element
of X. We arrive therefore at the following result:

Let D, and D, be two sets, and let
p1: DyxDy— Dy, py,: DyxD, — D,

denote the canonical projections. Two elements x and y of the prod-
uct Dy x D, are equal if and only if

pi(x) = pi(y) and  p(x) = p(¥).

In other words, two elements of D, x D, are equal if and only if they
are equal in both coordinates.

Exercise 5.1.37

The set in question is given by

L= {oq)l e [[ o ‘ D(u)(x) = x; for every

120h(D morphismu: I — Jinl

For every object I of Ilet p; be the projection onto the I-th component from L
to D(I). The elements of L are chosen precisely in such a way that L together
with the family of maps (p;); is a cone over the diagram D. It remains to show
that the cone (L, (p;);) is universal.

To this end, let (A, (f;);) be another cone over D. We need to show that
there exists a unique map f from A to L satisfying the condition p; - f = f;
for every object I of I.

We start by showing the uniqueness of the map f. Given an element a of A,
the element f(a) needs to satisfy the equalities

pi(f(@) = (pr° f)@) = fi(a)
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for every object I of I. This shows that the components of f(a) are uniquely
determined by the functions f;, whence the value f(a) is uniquely determined.
This means overall, that the map f is unique.

We now show the existence of the desired map f. We start with the map

fiA— J] DO. a— (fi@).

IeOb(I)

For every element a of A, we have the chain of equalities
D@)(pi(f(@))) = D) f(@) = fy(a) = p;(f(a))

for every morphism u : I — J in I. This tells us that the image of the map f
is contained in the subset L of [ [;.q,q D(I). We can therefore corestrict the

mapftoamap
f:A—1L.

The auxiliary map f satisfies the condition pr; o f = f; for every object I of I,
whence the map f satisfies p; o f = f; for every object I of L.

Exercise 5.1.38

(@)

Let A be an object of .
By definition, the object L together with the morphism p is an equalizer
for the two morphisms s and t. We have therefore the bijection

,QY(A,L)—>zg€.Qf(A, H D(I)) SOg:tOg}, (5.4)
IeOb(I)
fropef.
To better understand the right-hand side of this bijection, we use the bijection
.Qi(A, I D(I)) — [] @by, (5:5)
1eOb(I) 1eOb(I)

g+ (pr;° g);.
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How does the right-hand side of (5.4) look like under this bijection? To an-
swer this question, we need to reformulate the condition se g =t g in terms
of the components of g.

To this end, let g be a morphism from A to [ [;.qy,qy D(I). For every object I
of I'let g; be the respective component of g, i.e.,

8§ =PpPr;°g.

The two morphisms s o g and t - g both go from the object A to the prod-
uct [],. ;. xin1 D(K). These two morphisms hence coincide if and only if
they coincide in each component, i.e., if and only if

pr,eseg=pr,oteg (56)
for every morphism u in I. The morphisms s and ¢ are defined via the formulae
pr,es=D(u)epr; and pr,et=prg

for every morphism u : J — K in L. It follows that (5.6) can be rewritten as
D(w)eprjeg=prg°g,
and therefore as
D(u) - g; = gk
for every morphismu: J - Kin L
We find from our discussion that se g =t g if and only if D(u)° g; = gi for

every morphism u: J — K in I. In other words: the bijection (5.5) restricts
to a bijection between the right-hand side of (5.4) and

morphismu: J - Kinl

g(gal e [] <A D)

IeOb(I)

D(u) - g; = g for every ;

By combining these bijections, we arrive at the bijection

D(u) - g; = g for every
morphismu: J - Kinl

>

I1€0b(I)

A(A,L) — {<g1)1 e [] #A D)

gr—(prrepeog)=(pregr-

This bijection encapsulates that the object L together with the given family
of morphisms (p;); is indeed a limit for the given diagram D.
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(b)

That o/ admits both binary products and a terminal object means precisely
that o/ admits all finite products. We can therefore form for every finite cat-

egory I the products
[] b and [] bpw.

IeOb(1) u: J>Kinl

The general construction of limits from part (a) of this exercise can therefore
be used without change.

Exercise 5.1.39

Let &/ be a category that admits both pullbacks and a terminal object. We
denote this terminal object by =*.

We observe that o/ admits binary products, since for any two objects X
and Y of A, a product of X and Y is the same as a pullback of the following
diagram:

X

Yy —— > =«

It follows that &/ admits all finite products, since it admits binary products
and a terminal object.

Next, we will show that the category &/ admits equalizers. To this end, we
make the following observation:

Proposition 5.A. Let &/ be a category admitting binary products, and let
f,g: X—Y

be two parallel morphisms in /. An object E of & together with a morphism i
from E to X is an equalizer of f and g if and only if the following diagram is
a pullback diagram:

d X

E
i[ |<1x,g>
X

X xY
) %
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Proof. We have the following chain of equivalences:

the above diagram is a pushout diagram

( for every object A of &/ and all morphisms
- r,s: A— Xwith(ly, f)er=(1x,8)¢s,
there exists a unique morphismh: A — E
| withr=iochands=i-h
( for every object A of &/ and all morphisms
r,s: A— Xwith(r,for)=(s,ges),
<~ A
there exists a unique morphismh: A — E
| withr=iochands=ioh
( for every object A of &/ and all morphisms
r,s: A—> Xwithr=sand for=gos,
— 3 . . .
there exists a unique morphismh: A — E
| withr=ichands=i-h
( for every object A of &/ and every morphism
t: A—> Xwith fet=got,
> 3
there exists a unique morphismh: A — E
L witht =ioh

< E together with i is an equalizer for f and g,

This proves the assertion. i

It follows from the above proposition that the category &/ admits equal-
izers, since it admits both binary products and pullbacks. We have overall
seen that &/ admits finite products and equalizers. It follows from Proposi-
tion 5.1.26, part (b) that &/ admits all finite limits.

Exercise 5.1.40

We denote objects of Monic(A) as pairs (X, m) consisting of an object X of &/
and a morphism m from X to A. We denote the class of subobjects of A
by Sub(A).
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(@)

Every subset A’ of A results in an object of Monic(A), namely (A’,i) where i
denotes the inclusion map from A’ to A’. Conversely, we can consider for
every object (X, m) of Monic(A) the image of the map m, which is a subset
of A’. We have thus found a surjective map

I: Ob(Monic(A)) — P(A),

assigning to each object (X, m) of Monic(A) the image of the map m. We shall
check in the following that the map I descends to a bijection between Sub(A)
and P(A). More explicitly, we need to show that two objects of Monic(A)
are isomorphic if and only if they have the same image under I.
Let us first show that isomorphic objects of Monic(A) have the same image
under I. A morphism
frO6m) — (Xm)

in Monic(A) amounts to the following commutative diagram:

X d X’
A

It follows from the commutativity of this diagram that the image of m is con-
tained in the image of m’, so that I((X,m)) C I((X’,m")). If we view the par-
tially ordered set 2P(A) as a category, then this means that the assignment [
extends to a functor from Monic(A) to P(A). This entails that isomorphic
objects of Monic(A) have the same image under I.

Let us now conversely show that objects of Monic(A) are isomorphic if
they have the same image under I.

Let (X,m) and (X’,m’) be two objects of Monic(A) that have the same
image under I. This means that the two maps m and m’ have the same image

in A. Let i be the inclusion map from A’ to A. Both m and m’ factor through i,
in the sense that there exist maps

n: X—A, n: X—A

with m = ienand m" = i.n’. The maps n and n’ are injective because m
and m’ are injective, but they are also surjective by choice of A’. These maps
are hence bijective, and thus invertible.
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Let f be the composite (n’)™! o n, which is a map from X to X’. We have
the following commutative diagram:

The commutativity of the outer part of this diagram tells us that f is a mor-
phism from (X, m) to (X’,m’) in Monic(A). The map f is bijective since it
is a composite of two bijections. In other words, f is an isomorphism in Set.
Let us observe that f is therefore also an isomorphism in Monic(A).

Proposition 5.B. Let &/ be a category and let A be an object of &/. Let (X, m)
and (X’,m") be two objects of Monic(A) and let f be a morphism from (X, m)
to (X’,m’). Suppose that f is an isomorphism in & with inverse f.

1. The inverse f~! is a morphism from (X’,m’) to (X, m) in Monic(A).

2. The two morphisms f and f~' are mutually inverse in Monic(A).

3. The morphism f is also an isomorphism in Monic(A).

Proof. That f is a morphism from (X, m) to (X’, m’) tells us that the following

diagram commutes:
X ! X’
A

1. The commutativity of the above diagram gives us the equality m = m’ o f.
Rearranging this equality leads to m o f~! = m’, which tells us that f~! is
a morphism from (X’,m’) to (X, m).

2. We have in & the identities

fefl=1, flef=1x. (5.7)
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The composition of morphisms in Monic(A) is given by the composition
of morphisms in &, and we have 1y = 1(x,,) and 1y, = 1y ). We can
therefore express the identities (5.7) in & as the identities

fef =1my, fleof=1xm

in Monic(A). This tells us that the morphisms f and f' are also mutually
inverse in Monic(A).

3. This is a direct consequence of part 2. |

We have seen that the morphism f from (X,m) to (X’,m’) is an isomor-
phism in &/, and therefore also a morphism in Monic(A). The existence of
this isomorphism shows that the objects (X, m) and (X’,m’) are isomorphic.

(b)

Subobjects in Grp are subgroups, subobjects in Ring are subrings and sub-
objects in Vect; are linear subspaces. (This can be proven with the same
argumentation as for Set in part (a) of this exercise.)

(©)

We know that the monomorphisms in Top are precisely those continuous
maps that are injective. A subobject of a topological space X in the categorical
sense is therefore a subset Y of X together with a topology on Y for which
the inclusion map from Y to X is continuous. In other words, the topology
on Y needs to be coarser than the subspace topology induced from X.

We find in particular that X typically admits more subobjects than just its
subspaces.

Exercise 5.1.41
We denote the ambient category by &/. We find that
the given diagram is a pullback diagram

for every object A of &/ and

all morphisms r,s: A > X with for = fos,
there exists a unique morphismt¢: A - X
withr=1,ctands=1,¢t
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for every object A of &/ and

all morphisms r,s: A - X with for= fos,
there exists a unique morphismt¢: A — X
withr =tands =t

for every object A of & and
< 4 all morphismsr,s: A — X with for= fos,
we haver = s

< f is a monomorphism.

Exercise 5.1.42
We need to show that for every two parallel morphisms
r,s: Y — X’
in o withm’ or =m’ o5, we have r = s. We find that
mo flor=fom or=fom os=mo f os
by the commutativity of the given diagram. It follows that
frer=fros

because the morphism m is monic. We know from the universal property of
the pullback that any morphism ¢ from Y to X’ is uniquely determined by its
pair of composites m’ o t and f’ - t. We have seen that bothm’ ocr = m’ o s
and f'or = f’ o5, so we conclude that r =s.

5.2 Colimits: definition and examples

Exercise 5.2.21

We denote the ambient category by /.

Proposition 5.C. Let & be a category, let
s,t: A— B

be two parallel morphisms in & and let (E, i) be an equalizer of s and ¢. Then i
is a monomorphism.
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Proof. It follows from Exercise 5.1.36, part (a) that a morphism f in &/ with
codomain A is uniquely determined by its composite i o f. |

If s = ¢, then X together with the morphism 1y is an equalizer of s and ¢,
which shows in particular that an equalizer of s and t exists. We also have for
every equalizer (E,i) of s and ¢ the chain of equivalences

i is an isomorphism
= i,: d(—,E) — (-, X) is a natural isomorphism

— for every object A of ,
the map i, : A(A,E) - (A, X) is bijective

( for every object A of o, (5.8)
the map i, : A(A, E) - (A, X) is surjective >

( for every object A of & and

every morphism f: A — X,

there exists a morphism g: A — E
( with f =iog

for every object A of &/ and
< 4 every morphism f: A — X, (5.9)
we havese f =to f

<~ s=t.

For the equivalence (5.8) we use that the equalizer i is a monomorphism. For
the equivalence (5.9) we use that, according to the universal property of the
equalizer i, a morphism f factors throughiif and only if so f =t f.

This shows the statement about equalizers. The statement about coequal-
izers follows from the following chain of equivalences:

s=ting
— s =tPin ofP
s°? and t°? admit an equalizer in &/°P,
which is furthermore an isomorphism

s and t admit a coequalizer in &,
which is furthermore an isomorphism
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Exercise 5.2.22

(a)

The coequalizer of f and 1y is given by the quotient set X /~, where ~ is the
equivalence relation on X generated by

x ~ f(x) for every x € X.

This equivalence relation can also be described more explicitly as follows:
two elements x and y of X are equivalent with respect to ~ if and only if
they are contained in the same f-orbit, i.e., if and only if there exist natural
exponents n and m with

1) = f"(y).

Alternatively, let I" be the following directed graph: the vertices of I" are the
elements of X, and there exists an edge from x to y in'ifand only if y = f(x).
Two elements of X are equivalent with respect to ~ if and only if they lie in the
same undirected connected component of I'. The set X/~ can be identified
with the set of undirected connected components of I

We want to give special attention to the case that f is bijective: in this case,
the elements of X that are equivalent to a specific element x are precisely
those of the form f"(x) withn € Z.

(b)
Let X be a topological space and let
f: X—X

be a continuous map. To construct the coequalizer of f we take the con-
struction from part (a) of this exercise and endow the quotient X/~ with the
quotient topology induced from X.

For X = $! we may consider the rotation map

f . Sl Sl , x eanax

for some irrational number «. For every element of X, its orbit under f is
a countable, dense subset of $'. The quotient space X/~ is therefore an un-
countable, indiscrete topological space.
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Exercise 5.2.23

(@)

The inclusion homomorphism i from IN to Z is not surjective because the
element —1 of Z is not contained in its image.

Let M be a monoid and let f be a homomorphism of monoids from (Z, +, 0)
to M. Every natural number n is invertible in (Z, +, 0), with its inverse given
by the non-positive integer —n. It follows that the value f(n) is invertible
in M, with inverse given by f(—n). The value f(—n) as therefore uniquely
determined by the value f(n).

This shows that the homomorphism f is uniquely determined by its com-
posite f oi. This in turn shows that i is an epimorphism in the category of
monoids.

(b)

The inclusion homomorphism i from Z to Q is not surjective because the
element 1/2 of Q is not contained in its image.

Let R be a ring and let f be a homomorphism of rings from Q to R. Every
non-zero element n of Z is invertible in Q, whence the element f(n) is invert-
ible in R. Every element x of Q is of the form x = p/q for some integers p
and q with g non-zero. It follows for the element x that

fx) = f(g) = g = f(P) @

This shows that the homomorphism f is uniquely determined by the val-
ues f(n) withn € Z, and is therefore uniquely determined by its composite foi.
This shows that i is an epimorphism.

Exercise 5.2.24
(a)
Recall 5.D. For every map of the form
e: A— X,
the equivalence relation ~ on A induced by e is given by

a~a < ela)=-ela) foralla,a’ € A.
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We denote the class of quotient objects of A by Quot(A), and the set of
equivalence relations on A by Equiv(A). We denote the objects of Epic(A)
as pairs (X, e), consisting of an object X and an epimorphism e from A to X.
Given such an object, we refer to the equivalence relation induces by e on A
as the equivalence relation induced by (X, e).

We have a map

E: Ob(Epic(A)) — Equiv(A)

that assigns to each object (X, e) of Epic(A) the equivalence relation induced
by e. We shall show in the following that the map E descends to a bijection
from Quot(A) to Equiv(A). For this, we need to show that the map E is sur-
jective, and that two objects of Epic(A) induce the same equivalence relation
on A if and only if they are isomorphic.

We can consider for every equivalence relation ~ on A the quotient set A/~
and the canonical quotient map p from A to A/~. The map p is surjective,
whence (A/~, p) is an object of Epic(A). This object induces the equivalence
relation ~, and is therefore a preimage for ~ with respect to E. This shows
that the map F is surjective.

Let us now show that isomorphic objects of Epic(A) have the same image
under E.

Let (X,e) and (X’,¢’) be two objects in Epic(A), and suppose that there
exists a morphism f from (X, e) to (X’,e’) in Epic(A). This means that f is a
map from X to X’ that makes the following diagram commute:

A
X f X’

It follows for any two elements a and a’ of A, that

e(a) =e(a’) = f(e(a)) = fle(a)) = €'(a) =€'(a).

This means that the equivalence relation induced by e implies the equivalence
relation induced by e’.

If (X,e) and (X’,€") are isomorphic, then there exist morphisms between
them in both directions. It then follows that both e and e’ induce the same
equivalence relation on A.
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Let us now show that objects of Epic(A) that induce the same equivalence
relation are already isomorphic. To do so, let (X, e) be an object of Epic(A)
and let ~ be the equivalence relation induced by (X, e). Let furthermore p be
the canonical quotient map from A to A/~. We show in the following that

(X,e) = (A/~,p).

This then entails that the object (X, e) is determined by the equivalence rela-
tion ~ up to isomorphism.

That (X, e) is an object of Epic(A) means that X is a set and e is an epimor-
phism from A to X. More specifically, e is an epimorphism in Set, and thus a
surjective map. It follows that the map e factors through a bijection

f:A/l~— X, la]l—e(a).

This induced bijection makes the diagram

A
SN
A~ ! X

commute, which tells us that f is a morphism from (A/~, p_) to (X, e) in the
category Epic(A).
We make the following observation:

Proposition 5.E. Let & be a category and let A be an object of /. Let (X, e)
and (X’,e’) be two objects of Epic(A) and let f be a morphism from (X, e)
to (X’,€’). Suppose that f is an isomorphism in & with inverse .

1. The inverse f~! is a morphism from (X’,m’) to (X, m) in Epic(A).

2. The two morphisms f and f~! are mutually inverse in Epic(A).

3. The morphism f is also an isomorphism in Epic(A).
Proof. The given proposition is the dual of Proposition 5.B (page 131). |

It follows from the above proposition that the morphism f from (A/~, p)
to (X, e) is an isomorphism. The two objects (A/~, p) and (X, e) are therefore
isomorphic.
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(b)

Given a group G and object (X,e) of Epic(G), the kernel of e is a normal
subgroup of G. We can adapt the argumentation from part (a) of this exercise
to show that this assignment yields a bijection between Quot(G) and the set
of normal subgroups of G.

Exercise 5.2.25

(a)
We denote the ambient category by /.

split monomorphism = regular monomorphism

Let
m: A— B

be a split monomorphism in &/. This means that there exists a morphism
e: B— A

such thateom =1,.
We note that the morphism m is a monomorphism: for every object X of of
and any two parallel morphisms

fg: X—A
withme f = meo g, we have
f=eomof=eomog=g.
We show now that m is an equalizer of the two morphisms
meoe,lg: B— B.
We have the equalities
(mee)om=moeeom=mol,=m=1gem,

which shows that the diagram

A—"™ ,B———— B
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is a fork. To see that this fork is universal, let X be an object of &/ and let f
be a morphism from X to B such that

(m°€)°f:13°f-

This means that mo e~ f = f. It follows for the composite f’ := e~ f, which
is a morphism from X to A, that

mof/:moeof:f-
This shows that the morphism f factors through m. We have already shown
that m is a monomorphism, whence this factorization is unique.
regular monomorphism = monomorphism

Let (E, i) be an equalizer of two parallel morphisms
s;t: X —Y

in &/. Let A be an object of & and let
fg: A—E

be two morphisms withie f =i. g. We denote this common composite by r.
We have
S°r=soi°f=t°i°g=t°r,

whence there exists by the universal property of the equalizer (E, i) a unique
morphism h from A to E with r = i o h. Both f and g satisty the role of A,
whence h = f and h = g by the uniqueness of h, and thus f = g.

(b)

The inclusion homomorphism m from 27 to Z is injective, and therefore a
monomorphism in Ab. But it is not a split monomorphism in Ab. There
would otherwise exist a homomorphism e from Z to 2Z with e e m = 1,,.
This would entail for the element x := e(1) that

2x = 2e(1) = e(2) = e(m(2)) = 2.

But no element x of 2Z has this property.
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Let now
m: A— B

be an arbitrary monomorphism in Ab. Let B’ be the image of m and let p be
the canonical quotient map from B to B/B’. The morphism m is the equalizer
of p and the zero homomorphism. It is therefore a regular monomorphism.

(©)

Let
s;t: X —Y

be two parallel morphisms in Top and let (E, i) be an equalizer of r and s. We
already know that i is a monomorphism, and therefore injective. We show in
the following that E carries the subspace topology induced from X. To prove
this, we show that for every topological space A and every map f from A
to E, the map f is continuous if and only if the composite i » f is continuous.

We know that the map i is continuous (since it is a morphism in Top), so
if f is continuous, then so is the composite i o f.

Suppose conversely that the composite i- f is continuous. Let us abbreviate
this composite by g. The map g is a morphism in Top that satisfies

Sog:S°i°f:t°i°f:t°g.
It follows from the universal property of the equalizer (E,i) that there exists

a unique continuous map f’ from A to E with g = i f’. The two maps f
and f’ satisfy the equalities

ief=g=isf,
and we already know that i is a monomorphism. It follows that f = f’, which
tells us in particular that the map f is continuous, since f’ is continuous.

We have not characterized monomorphisms and regular monomorphisms
in Top. A morphism in Top is a monomorphism if and only if it is injective.
A monomorphism is regular if and only if the topology of its domain is the
subspace topology induces from its codomain.

We can regard any set X either as an indiscrete topological space I(X) or
as a discrete topological space D(X). The identity map from I(X) to D(X)
is bijective, therefore injective, and thus a monomorphism. But it is not a

regular monomorphism as long as X contains at least two distinct elements,
because I(X) does not carry the subspace topology induced from D(X).
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Exercise 5.2.26

Dualizing part (a) of Exercise 5.2.25 gives us the implications

split epimorphism = regular epimorphism = epimorphism.

(@

An isomorphism is both a split monomorphism and a split epimorphism, and
therefore both a monomorphism and a regular epimorphism.
Suppose now conversely that a morphism

f+:A—B

is both a monomorphism and a regular epimorphism. There exist by assump-
tion two parallel morphisms

s;t: C— A

such that f is the coequalizer of s and t. This entails that f es = fot. It
follows that s = t because f is a monomorphism. It further follows from
Exercise 5.2.21 that f is an isomorphism.

(b)

We are only left to show the implication
epimorphism == split epimorphism,

which is provided by the axiom of choice.

(©)

If a category & satisfies the axiom of choice, then every morphism in & that
is both a monomorphism and an epimorphism is already an isomorphism: it
is both a monomorphism and a split epimorphism, therefore both a monomor-
phism and a regular epimorphism, and therefore an isomorphism by part (a)
of this exercise.

Therefore, if Top were to satisfy the axiom of choice, then every bijective
continuous map would already be a homeomorphism. But we know that this
is not the case. We thus see that Top does not satisty the axiom of choice.
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The homomorphism of groups
p:Z—7Z/27Z, x> |[x]

is an epimorphism in Grp that does not admit a right-inverse. It is therefore
an epimorphism, but not a split epimorphism. The existence of this example
shows that Grp does not satisfy the axiom of choice.

Exercise 5.2.27

We consider pullbacks, pushouts, and composition.

Monomorphisms, pullbacks

We have seen in Exercise 5.1.42 that the class of monomorphisms is stable
under pullbacks.

Monomorphisms, pushouts

The class of monomorphisms is not necessarily stable under pushouts.

To construct a counterexample we consider the category CRing of com-
mutative rings. The coproduct of two commutative rings R and S in CRing is
their tensor product R ® S, the canonical homomorphism from R and S into
their coproduct are given by the mappingsr — r®1 and s = 1®s. The initial
object of CRing is given by the ring of integers, Z. The following diagram is
therefore a pushout diagram:

Z
S

We may consider for R and S the two rings Q and Z /2. We have

- S R

—>R®ZS

Q®z(Z/2)=0,
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and therefore the following pushout diagram:

0Q
0
The inclusion homomorphism from Z to Q is injective, and therefore a mono-

morphism. But the homomorphism from Z /2 to 0 is not injective, and there-
fore not a monomorphism.

7 ——

z/2 —

Monomorphisms, composition

The class of monomorphisms is closed under composition. To see this, let
m: A—B, m': B—C
be two composable monomorphisms in some category &. Let
fg: X—A

be two morphisms & withm’eme f = m’emeg. Thenme f = meg because m’ is
amonomorphism, and thus f = g because m is a monomorphism. This shows
that m’ - m is again a monomorphism.

Regular monomorphisms, pullbacks

The class of regular monomorphisms is closed under pullbacks.
Let (E, i) be an equalizer of two morphisms

s,t: A— B

is some category 9. Suppose that i is part of a pullback diagram of the fol-

lowing form:

EF %5 L,F

A’ A
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Let s” and t’ be the composites

We may extend the above diagram as follows:

E—% LF

AI

We claim that (E’,i’) is an equalizer of s’ and t’.
To prove this, let

h: C— A

be a morphism in & with s” e h =t < h. We need to show that there exists a
unique morphism k from C to E’ with h = i’ - k. We already know that i’ is
again a monomorphism, so it only remains to show the existence of k.

We have by assumption the equalities

S°f°h:S,°h:t,°h:t°f°h.

It follows from the universal property of the equalizer (E, i) that there exists
a unique morphism k’ from C to E with

iok’=foh.

It further follows from the universal property of the pullback (E’, g,i’) that
there exist a unique morphism

k: C— F

with both g e k = k” and i’ - k = h. This proves the desired existence of k.
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The above argument results in the following diagram:

C K

=
|c,q
tm

=
—
-

AI

f
\5

Regular monomorphisms, pushouts

t

S I E— N

According to [MSE13a], the class of regular monomorphisms is not necessar-
ily closed under pushouts.

Regular monomorphisms, composition

According to [AHSo06, Exercise 7]], the class of regular monomorphisms is
not necessarily closed under composition.

Split monomorphisms, pullbacks

The class of split monomorphisms is not necessarily closed under pullbacks.

To see this, we consider the category Set. We observe that monomorphism
in Set are split-monomorphisms, except for those whose domain is empty, but
codomain is non-empty. Let X be a set and let A and B be two subsets of X.
Then the diagram

AnB B
A X

is a pullback diagram, where each morphism is the respective inclusion map.
If A and B are non-empty and disjoint, then it follows that the inclusion map
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from A to X is a split monomorphism, but the inclusion map from AnB =@
to B is not.

Split monomorphisms, pushouts

The class of split monomorphisms is closed under pushouts.
To see this, let
m: A— B

be a split monomorphism, and suppose that

A—T1 L w
B—°% LB

is a pushout diagram. There exists by assumption a morphism
e: B— A
with e e m = 1,. The two morphisms
1yt AA— A", fee: B— A
satisfy

(feeyom=foeom=foly=f=1yf.

By the universal property of the pushout, there hence exists a unique mor-
phism e’ from B’ to A’ with bothe’ em’ =1, ande’ > g = f o e. This shows
that the morphism m’ is again a split monomorphism.

Split monomorphisms, composition

The class of split monomorphisms is closed under composition.
Let
m: A—B, m: B—C

be two composable split monomorphisms. There exist by assumption mor-
phisms
e: B— A, ¢:C—B
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witheem =1, and e’ e m’ = 1;. It follows that
(ece’)o(m om)=ece om om=eoclgom=eom=1y4.

This shows that the composite m’ - m is again a split monomorphism.

Epimorphisms, pullbacks

We have seen that the class of monomorphisms is not necessarily closed under
pushouts. It follows by duality that the class of epimorphisms is not neces-
sarily closed under pullbacks.

Let us also give an explicit example: given a topological space X and two
subspaces A and B of X, we have the following pullback diagram, in which
the arrows are the respective inclusion maps:

A
X

An
B
The same holds true if we don’t consider the entire category Top, but instead

only the full subcategory of Hausdorff spaces. In this category, we have there-
fore the following pullback diagram:

B

-

Q@ ——0

|

R\Q — >R

The inclusion map Q — R is an epimorphisms in this category, whereas the
inclusion map @ — R\ Q is not.

Epimorphisms, pushouts

We have seen that the class of monomorphisms is closed under pullbacks. It
follows by duality that the class of epimorphisms is closed under pushouts.
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Epimorphisms, composition

We have seen that the class of monomorphisms is closed under composition.
It follows by duality that the class of epimorphisms is again closed under
composition.

Regular epimorphisms, pullbacks

We have seen that the class of regular monomorphisms in not necessarily
closed under pushouts. It follows by duality that the class of regular epimor-
phisms is not necessarily closed under pullbacks.

Regular epimorphisms, pushouts

We have seen that the class of regular monomorphisms is closed under pull-
backs. It follows by duality that the class of regular epimorphisms is closed
under pushouts.

Regular epimorphisms, composition

We have seen that the class of regular monomorphisms is not necessarily
closed under composition. It follows by duality that the class of regular epi-
morphisms is not necessarily closed under composition.

Split epimorphisms, pullbacks

We have seen that the class of split monomorphisms is closed under pushouts.
It follows by duality that the class of split epimorphisms is closed under pull-
back.

Split epimorphisms, pushouts

We have seen that the class of split monomorphisms is not necessarily closed
under pullbacks. It follows by duality that the class of split monomorphisms
is not necessarily closed under pushouts.
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Split epimorphisms, composition
We have seen that the class of split monomorphisms is closed under compo-

sition. It follows by duality that the class of split epimorphisms is also closed
under composition.

5.3 Interactions between functors and limits

Exercise 5.3.8

We denote the desired functor by P. We need no define the action of P on
morphism and then check the functoriality of this action.

Let

(f,8): (X,Y) — (X.Y)

be a morphism in & x &. There exists by the universal property of the prod-
uct X’ x Y’ a unique morphism f x g from X xY to X’ x Y’ that makes the
following diagram commute:

XxY

y Y

|
|
|
i
X | fxg Y
|
|
|
|

¥
X' xY’ 8
X'y’ yr
pl/ &
’

We let P(f, g) be this morphism f x g.
We have for every object (X,Y) of & x & the following commutative dia-

X Y’
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gram:

XxY
X 1xx1ly Y
1x XxY 1y

XY XY

X Y

The commutativity of this diagram tells us that the morphism 1y, satisfies
the defining property of the morphism 1y x 1y, whence

Iy X1y = 1xy -

We have therefore the chain of equalities

P(1(xy)) = P(1x,1y) = 1x x 1y = 1x,y = lpxyy -

Let now

(f.8): XY) = X.Y), (f.g): (X,Y) — (X".Y")

be two composable morphisms in &/ x&/. We have the following commutative
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diagram:
XxY
X =g Y
f X' xY’ 8
XY’ XY’
1 K
X’ f'xg Y’
f’ X// YII X,, x Y/I X” Y// g,
JZ0 JZ
X/I Y//

By leaving out the middle part of this diagram, we get the following commu-
tative diagram:

XxY
X Y
(f'xg")e(fxg)
f’"‘f .. Xl/ e Y/l o g,"g
XY XY
1 \‘
X/I Y//

The commutativity of this diagram shows that the composite (f'xg")(fxg)
satisfies the defining property of (f' o f) x (g’ = g), whence

(f'>xg)e(fxg=(f°f)x(g-g).
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We have therefore the chain of equalities

P(f',8)oP(f,g)=(f"xg)e(fxg)
=(f e f)x(g -8
=P(f'-f.g°8)
=P((f".g)-(f.8).

We have thus constructed a functor P from &/ x &/ to &, given by on objects
by P(X,Y) = X xY and on morphisms by P(f,g) = f x g.
Exercise 5.3.9
For every object A of &, the map

axy: A(AXxY) — d(A X)x d(AY),
hi— (p1" o h, py" o h)

is a bijection by the universal property of the product X xY. We need to show
that this bijection is natural in A, X and Y.
For every morphism
frA—A

in &/, the resulting diagram
A(A,XxY) — 2 (A, X)x d(A,Y)
F Fxf
A(A, X xY) —220 (A, X) x A(A,Y)
commutes, because

(f* % f)axy () = (f x f)pi" o h, p2 o h)
=(f (" o h), (B2 e h))
=" ehe fo pt ohe f)
=y xy(he f)
= ”A',X,Y(f “(h))
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for every element h of /(A, X xY). This shows the naturality of the transfor-
mation (7, xy) 4 xy in A.

The naturality in both X and Y is equivalent to the naturality in (X,Y). Let
therefore

(f,8): (X,Y) — (X".Y")

be a morphism in & x 9. The resulting diagram

AA,XxY) —22 5 (A, X) x A(A,Y)
(fxg)« fixgs

A(A,X xY') —2X7 (A, X)) x d(AY)
commutes, because

(f. x g)maxy(m) = (f, x g )P o h, p3* o h)
=(fopi oh gop oh)
=P o (fxgoh p3 o (fxg)oh)
= ”A,X',Y'((f x g)oh)
= ”A,X',Y'((f X g)*(h))

for every element h of &/ (A, X xY). This shows the naturality of (7, xy)xy
in (X,Y), and thus in both X and Y.

Exercise 5.3.10

Let & and & be two categories and let F be a functor from /. Let I be a small
category and let D be a diagram of shape Iin &/. For every cone C = (A, (p;);)
of the diagram D, we denote the resulting cone (F(A), (F(p;));) of the dia-
gram F o D by F(C).

Suppose now that the functor F creates limits. We need to show that the
functor F also reflects limits. For this, let C be a cone on D such that F(C) is
a limit cone on F - D. We need to show that C is a limit cone on D.

There exists by assumption a unique cone L on D with F(L) = F(C), and
this cone L is a limit cone on D. We have L = C by the uniqueness of L,
whence C is a limit cone on D.
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Exercise 5.3.11

(@)

Let I be a small category and let D be a diagram of shape I in Grp. For every
object J of I let pr; be the projection from the product [ [;copq) U(D(I)) onto
its J-th factor U(D(]J)).

An explicit description for the limit of U » D is given by the set

L= {(xf)l e [T v

IeOb(I)

xg = D(u)(x;) for every
morphismu: J - KinlI\’

and for every object I of I the projections p; from L’ to U(D(I)) is given by
restrictions of the projections pr;. We need to show that there exists a unique
group structure on the set L’ that makes each projection p; into a homomor-
phism of groups from the resulting group L to the group D(I). We shall then
denote this homomorphism of groups by p; instead of p; (so that the map pyj is
the image of p; under the forgetful functor U). Afterwards, we need to show
that (L, (p;);) is a limit cone on the diagram D.

We first want to uniquely endow the set L” with a group structure — result-
ing in a group L - such that for each object I of I the projection map pj is
a homomorphism of groups — then denoted by p;, — from L to D(I). If such
a group structure exists, then we must have for every two elements x and y
of L with x = (x;); and (y;); the equalities

i y) = pi () pr(y) =% yr -

This means that the group structure of L needs to be given by

Gedr - = Oq - v)r (5-10)

This shows the uniqueness of the desired group structure.

To show that (5.10) results in a well-defined group structure on L’, we only
need to show that L’ is a subgroup of [ [;copqy D(I). In other words, we need
to show that L’ contain the identity element, and that for any two of its ele-
ments x and y, their product x - y is again contained in L’.

« The identity element of | [;.qy,qy D(I) is given by 1 := (1p;));. This element
satisfies for every morphism

u: ] —K
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of I the chain of equalities

D(u)(pr;(1)) = D(w)(1p(j) = Ipx) = prg(1),

and is therefore contained in L’.

« For every two elements x = (x;); and y = (y;); on L’, we have for every
morphism
u: J—K

of I the chain of equalities

D(u)(pr;(x - y)) = D(w)(pr,(x) - pr,(y))
= D(u)(x; - y;)
= D(u)(x) - D(u)(y;)
=Xk " Yk
= prg(x) - prg(y)
= prg(x-y).

This shows that the product x - y is again contained in L’.

We have now overall shown that there exists a unique group structure on
the set L’ — making it into a group L - such that for every object I of I, the
projection map p; from L’ to U(D(I)) is a homomorphism of groups from L
to D(I) — which we shall denote by p,.

Next, we want to show that (L, (p;);) is a cone on D. To this end, we need
to show that

D(u) ° p; = px

for every morphism
u: ] —K

in L. It suffices to show that
UD(w) ° p;) = U(px)

because the forgetful functor U is faithful. We also recall that

U(D(w)) » pj = pk
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because (L', (p7);) is a (limit) cone on U » D. It follows that

U(Dw) > py) =U(Dw)) - U(p;) = U(DW)) » pj = pk = U(px),

as desired. We have thus shown that (L, (p;);) is a cone on the diagram D.

It remains to show that the cone (L, (p;);) is already a limit cone. To show
this, let (C,(q;);) be another cone on D. We need to show that there exists
a unique homomorphism of groups f from C to L with p; » f = g; for every
object I of L.

By applying the forgetful functor U to the cone (C, (q;);) of D, we arrive at
the cone (C’,(q7);) of U o D. (In other words, C’ = U(C) and ¢q; = U(q;) for
every object I of L) The cone (L, (p;);) is, by assumption, a limit cone on U~ D.
There hence exists a unique set-theoretic map f’ from C’ to L’ with

pief =q

for every object I of I. It suffices to show in the following that f” is already a
homomorphism of groups from C to L.

To show this, let x and y be two elements of C. We have for every object I
of I the chain of equalities

pi(f'(x-) =qi(x-y)
= qi(x) - q;()
= pi(f' () - pi(f'(»))
= pi(f'(x)- £ (),

and therefore altogether the equality
[y =) Q).

This shows that f’ is indeed a homomorphism of groups from C to L.

(b)

The same argumentation goes through for any kind of “category of algebras”.

Exercise 5.3.12

Let D be a diagram of shape I in &/.
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The induced diagram F - D in & is again of shape I, and therefore admits
a limit cone (L', (p;);). The functor F creates limits by assumption. There
hence exists a unique cone (L, (p;);) of D such that L’ = F(L) and p; = F(p;)
for every object I of I, and this cone (L, (p;);) is a limit cone on D. This shows
that the category & has limits of shape I.

To show that F preserves limits, we make the following observations.

« For every category & and every diagram D of shape I in &/, we can form
the category Cone(D) of cones over D.

o The objects of Cone(D) are cones over D.

o A morphism from a cone (C, (p;);) to a cone (C’,(p;);) in Cone(D) is a
morphism f from C to C’ in & such that p; - f = p; for every object I of I

o The composition of morphisms in Cone(D) is the composition of mor-
phisms in & .

o For every cone (C,(p;);) over D, its identity morphism in Cone(D) is
given by the identity morphism of C in <.

(We have thus a forgetful functor from Cone(D) to &/ that assigns to each
cone its vertex.)

+ A cone over a diagram D is a limit cone over D if and only if it is terminal
in Cone(D).

« Let o and & be two categories, let F be a functor from &/ to %, and let D
be a diagram of shape I in &/. The functor F induces a functor Cone(F)
from Cone(D) to Cone(F o D) as follows:

o For every cone (C,(p;);) over D, its image under the functor Cone(F) is
the cone (F(C), (F(p;));) over F o D.

o Let (C,(p;);) and (C’, (p1);) be two cones over D and let f be a morphism
from (C, (pp);) to (C’,(p;);).- The image of f under the functor Cone(F)

is F(f).

Let now C := (L, ( p1);) be alimit cone on the diagram D. We know that the
diagram C := (L, (p;);) is also a limit cone on D. It follows that the cones C
and C are both terminal in Cone(D), and therefore isomorphic in Cone(D).
The resulting cones Cone(F)(C) and Cone(F)(C) are therefore isomorphic
in Cone(F ¢ D). The cone Cone(F)(C) is given by (L', (p});), which is a limit
cone on F o D. Therefore, Cone(F)(C) is terminal in Cone(F - D). It follows
that Cone(F)(C) is also terminal in Cone(F » D), because it is isomorphic
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to Cone(F)(C). This means that the cone Cone(F)(C) = (F(L),(p,),) is a
limit cone for the diagram F - D.
This shows that the functor F preserves limits.

Exercise 5.3.13

(@)
Let S be an arbitrary set. We have for every set S the chain of isomorphisms
(of functors)

B(F(S), ) = Set(S,G(-)) = Set(S, ) G.

The functor G preserves epimorphisms by assumption, so it suffices to show
that the functor Set(S, —) preserves epimorphisms. But the axiom of choice
asserts that every epimorphism in Set is a split epimorphism, and every func-
tor preserves split epimorphisms.’

(b)

The epimorphisms in Ab are precisely those homomorphisms of groups that
are surjective. If P is a projective object of Ab, then it thus follows that for
every surjective homomorphism of abelian groups

f: A— B,

the induced map
f.: Ab(P, A) — Ab(P, B)

is again surjective.
We consider now the group P = Z /2 and the surjective homomorphism of
abelian groups
f:Z—7Z/2, x+—|[x].

The induced map

f.: Ab(Z/2,7Z) — AW(Z/2,Z/2)

"The assertion that Set(S, —) preserves epimorphisms for every set S, i.e., that every object
of Set is projective, is in fact equivalent to the axiom of choice.
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is not surjective because its domain contains only a single element (namely
the zero homomorphism) while its codomain contains two elements (the zero

homomorphism and the identity homomorphism).
This tells us that the abelian group Z/2 is not projective in Ab.

Remark 5.F. It is a well-know in algebra that in a module category R-Mod,
where R is some ring, the following conditions on an object P are equivalent:

i.  Pis projective in R-Mod.

ii. For every epimorphism of R-modules
p: A—B
and every homomorphism of R-modules
f: P— B,
there exists a lift of f along p. More explicitly, there exists a homomor-

phism of R-modules g from P to A with f = p - g, i.e., such that the
following diagram commutes:

iii. Every epimorphism of R-modules with codomain P splits.
iv. Every short exact sequence of R-modules that ends in P splits.
v.  Pis (isomorphic to) a direct summand of a free R-module.
Our above (counter)example is based on the observation that Z /2 cannot
be a direct summand of a free Z-module, since Z /2 is a non-trivial torsion

module but free Z-modules have only trivial torsion (because Z is an integral
domain).

160



5.3 Interactions between functors and limits

(©

More explicitly, an object I of a category & is injective if and only if the con-
travariant functor %(—, I) turns monomorphisms (in 9) into epimorphisms
(in Set). Even more explicitly: for every monomorphism

m: B— B

in %, every morphism
f:B—1

extends to a morphism g from B’ to I, in the sense that g’ e m = f, i.e., such
that the following diagram commutes:

I
T
I
I
I

/ :

A =z ’

Let us show that every object on Vect, is injective. For this, let W be
a k-vector space and let
m:U—V

be a monomorphism of k-vector spaces. This means that m is an injective
and k-linear map from U to V. Thanks to the axiom of choice, (or rather,
Zorn’s lemma,) there exists a linear subspace V' of V with

V=im(m)eV’.

It follows that there exists a linear map e from V to U with e e m = 1;; one
such map is given by
e(m(u)+v)=u

for all elements u and v' of U and V"’ respectively.
It follows for every linear map f from U to W that the composite g := f e
is a linear map from V to W with

g°m:f°e°m:f°lU:f-

We have thus proven that W is injective in Vect;,.
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Chapter 5 Limits

Let us now show that the abelian group Z is non-injective in Ab. To see this,
we let i be the inclusion map from 2Z to Z, and consider the homomorphism
of groups

f:2Z—7, Z, nl—>g.

There exists no homomorphism of groups g from Z to Z with g-i = f, i.e,
such that the diagram
Z.

T

/ &
|
X |

27, ! 27,

commutes. Indeed, if such a homomorphism g were to exist, then the ele-
ment x := g(1) of Z would need to satisfy the equations

2x = 2g(1) = g(2) = (D) = f@) =5 = 1.

But no element x of Z satisfies the equation 2x = 1.
We have thus shown that the abelian group Z is not injective in Ab.

Remark 5.G. Let R be a ring.

Baer’s criterion asserts that an R-module I is injective if and only if for
every ideal J of R, every homomorphism of R-modules from J to I extends
to a homomorphism of R-modules from R to I.

If R is a principal ideal domain, then this means that an R-module is injec-
tive if and only if it is divisible.

Our above (counter)example is based on the observation that Z is not di-
visible as a Z-module, since multiplication by 2 is not surjective.
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Adjoints, representables and
limits

6.1 Limits in terms of representables and
adjoints

Exercise 6.1.5

The category of diagrams of shape I in & - i.e., the functor category [I, &/] -
is isomorphic to the product category & x &. For every object A of &, the
object of &/ x of corresponding to the constant functor A(A) is the pair (A, A).
A cone on an object (A, B) of & x & is an object Q of &f together with two
morphisms
G Q— A, ¢:Q—B.
A limit cone is thus an object P of & together with two morphisms
p:P—A, p:P—B

such that for every other cone (Q, g, q,) as above, there exists a unique mor-
phism f from Q to P with p, o f = g, and p,° f = q,. In other words, (P, p,, p,)
is precisely a product of the two objects A and B.

Proposition 6.1.4 gives us the functoriality of the product (—) x (—) from
Exercise 5.3.8 It also tells us that this product functor

Ox(E): I xd — A
is right adjoint to the diagonal functor
Ao — dxd.
(We had already seen this for &/ = Set as part of Exercise 3.1.1.)
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Exercise 6.1.6

Let G be a group. We may identify the functor category [G, Set] with the cat-
egory of G-sets, which we shall denote by G-Set. We recall that an element x
of a G-set is called invariant if

g-x=x forevery g €G.

A G-set X is trivial if each element of G acts by the identity on X. In other
words, every element of X needs to be G-invariant.
For every G-set X we can consider its set of invariants

X% :={x € X | x is G-invariant}.

This is the largest subset of X on which G act trivially. We can dually consider
its set of coinvariants, denoted by X, which is the largest quotient of X on
which G act trivially. It can be constructed as the set

X5 ::X/N

where the equivalence relation ~ of X is generated by x ~ g-x with x € X
and g € G. The set X; can equivalently be described as the set of G-orbits
of X.

Let X be a G-set. When regarded as a diagram of shape G, a cone on X is
a set S together with a map

f:S—X

such that g - f(s) = f(s) for every element s of S. In other words, the image
of the map f must be contained in the set of invariants X,

It follows that the set X together with the inclusion map from X to X is
a limit cone on X. We find dually that the set X;; together with the quotient
map from X to X; is a colimit cocone on X.

The diagonal functor

A : Set — [G, Set]

corresponds to the functor
T: Set — G-Set

that regards any set as a trivial G-set. We get from Proposition 6.1.4 the ad-
junctions

(e AT ().
We have already encountered these adjunctions in (our solution to) Exer-
cise 2.1.16.
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6.2 Limits and colimits of presheaves

Exercise 6.2.20

(a)

It follows from Corollary 6.2.6 that the functor category [A, & also has pull-
backs. According to Lemma 5.1.32, the natural transformation « is a mono-
morphism in [A, &' if and only if the diagram

X —X . x
[ | (6.1)
X Y

is a pullback diagram in [A, §'].
It follows from Corollary 6.2.6 that if the above diagram is a pullback dia-
gram, then for every object A of A, the resulting diagram

X(A) —9, x(A)
1x(A)l laA (6.2)
X(A) ———— Y(4)

is a pullback diagram in &'. The converse is also true, by Theorem 6.2.5. There-
fore, the diagram (6.1) is a pullback diagram in [A, &'] if and only if for every
object A in A, the diagram (6.2) is a pullback diagram in &§.

We hence have by Lemma 5.1.32 the following chain of equivalences:

a is a natural transformation
< the diagram (6.1) is a pullback diagram in [A, §']
< the diagram (6.2) is a pullback diagram in & for every object A of A

< the morphism @, is a monomorphism in & for every object A of A.

Therefore, the natural transformation « is a monomorphism in [A, §'| if and
only if each of its components @, is a monomorphism in &§'.

We can similarly use the dual of Lemma 5.1.32 to show the following propo-
sition:
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Chapter 6 Adjoints, representables and limits

Let A be a small category and let § be a locally small category with
pushouts. The epimorphisms in [A, 8| are precisely those natural
transformations that are an epimorphism in each component.

(b)

The category Set admits both pullback and pushouts. The monomorphisms
in Set are precisely those maps that are injective, and the epimorphisms are
precisely those maps that are surjective.

It follows that the monomorphisms in [A, Set] are precisely those natural
transformations whose every component is injective. Similarly, the epimor-
phisms in [A, Set] are precisely those natural transformations whose every
component is surjective.

(c)
Monomorphisms

Suppose first that for every object A of A, the morphism @, is a monomor-
phism in §'. Let
BB :Z—X

be two morphisms in [A, §'] (i.e., natural transformations between the func-
tors Z and X) with @ o f = a > f’. This means that for every object A of A, we
have the chain of equalities

ayefa=(aep)a=(aefa=as° .

It follows for every object A of A that f, = S, because the morphism «a, is
a monomorphism. This shows that f = f’, which in turn shows that « is a
monomorphism in [A, §].

Suppose conversely that a is a monomorphism. We restrict ourselves to the
case that & = Set. We know from Yoneda’s lemma that for every object A
of A, the evaluation functor

ev, : [A,Set] — Set

isrepresentable by H,. But representable functors always preserve monomor-
phisms." It hence follows that the isomorphic functor ev, also preserves

'A morphism g : B’ — B” in a category 9 is a monomorphism if and only if the induced
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monomorphisms. Therefore, the component a, = ev,(«) is a monomorphism
in Set for every object A of A.

Epimorphisms

If each component of « is an epimorphism in &, then we can proceed in the
same way as above to see that « is an epimorphism in [A, &].

It remains to show that for an epimorphismin [A, Set], all of its components
are epimorphisms in Set. However, the author doesn’t know how to do this
without using part (a) of this exercise.

Remark 6.A. For more information on the missing part of the above solution,
we refer to [MSE22].

Exercise 6.2.21

(@)

Let a be an isomorphism from X + Y to H,. Let
it X=>X4+Y, j: Y=>X+Y

be natural transformations that realize X + Y as a coproduct of X and Y, and
let
f=aci: X=H,, y=acj:Y=H,.

We know that colimits in [</°P, Set] are computed pointwise. This tells us
that for every object A’ of &/, the two maps

iv: X(A) —> (X+Y)A), ju:YA)— (X+Y)A)

make the set (X + Y)(A’) into a coproduct of the two sets X(A’) and Y(A”).
We know that the coproduct of two sets is given by their disjoint union. The
set (X +Y)(A’) is therefore the disjoint union of the images of i, and j,, (and
both i,, and j,, are injective). The map @, is a bijection from (X + Y)(A”)

map g, : %B(B,B’) -» B(B,B”) is injective for every object B of &. (This is a direct
reformulation of the definition of a monomorphism.) The class of monomorphisms is
therefore chosen in precisely such a way that each functor Hy = Z(B, —) preserves
monomorphisms.
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to H,(A”), so it further follows that the set H,(A’) is the disjoint union of the
images of ay, e iy = Py and ay, © ju = Yur.

This entails that the set &/(A, A) = H,(A) is the disjoint union of the im-
ages of f,, and y,.. The element 1, of 9/(A, A) is therefore contained in
precisely on of these two images. We may assume that it is contained in the
image of f,.

We check in the following that the set Y(A’) is empty for every object A’
of /. We do so by showing the image of Y(A’) in H,(A”) under y, is empty.

Let x be a preimage of 1, in X(A) under f,. (This preimage is in fact
unique, since 4, = a4 °i, is a composite of two injective maps.) Let A’ be an
arbitrary object of &/ and let f be an element of H,(A”). This means that f
is a morphism from A’ to A. Then

f=14°f = f7(12) = Ha(H)(1a) = Ha(H(Ba(x)) = fa (X(H)(x))

by the naturality of . This shows that all of H,(A") is contained in the image
of B,.. But H,(A”) is the disjoint union of the images of §,, and y,,. We thus
find that the image of y,. is empty, and therefore that Y(A’) is empty.

(b)

Let X and Y be two representable presheaves on &/. This means that there
exists objects A and A’ of & with

X=H,, Y=H,.
This entails that the sets
X(A)=H,(A) =d(AA), YA)=H,uA)=dAA)

are non-empty because they contain the elements 1, and 1, respectively. It
follows from part (a) that the functor X + Y cannot be representable.

Exercise 6.2.22

Warning 6.B. For a covariant functor
X: o — Set,

its category of elements, denoted by E(X), is typically defined as follows.
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« The objects of E(X) are pairs (A, x) consisting of an object A of &/ and an
element x of X(A).

+ A morphism in E(X) from an object (A, x) to an object (A’, x”) is a mor-
phism f from A to A’ in & with X(f)(x) = x’.

A presheaf X on a category < is a contravariant functor from & to Set, and
thus a covariant functor from &/°? to Set. The above definition of “category
of elements” can therefore be applied to X. This results in the following defi-
nition of E(X).

« The objects of E(X) are pairs (A, x) consisting of an object A of &/ and an
element x of X(A).

« A morphism in E(X) from an object (A, x) to an object (A’, x’) is a mor-
phism f from A’ to A in o with X(f)(x) = x’.

This definition of E(X) does not agree with Definition 6.2.16: the two defini-
tions result in opposite categories.”
In the following, we will use Definition 6.2.16, as intended in the book.

In the following, let us refer to the objects of the category E(X) as the
elements of X. By Yoneda’s lemma, we have for every object A of & the
bijection

[P, Set](H,, X) — X(A), h+— hu(1,).
We get from this bijection an induced one-to-one correspondence between
elements of X and pairs (A, @) consisting of an object A of & and a natural
transformation « from H, to X. This correspondence is given by the mapping

(Aa) — (A, a,(1,)).

Let (A, x) and (A’, x") be two elements of X and let (A, @) and (A’, &’) be the
corresponding pairs as above. Every natural transformation from H,, to H,
is of the form H/ for a unique morphism f from A to A’ because the Yoneda
embedding is fully faithful. The resulting diagram

H o H
A A’
X

>The author is extremely annoyed by this inconsistency.
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commutes if and only if
a=a °Hy.

By Yoneda’s lemma, this equality of natural transformations is equivalent to
the equality of elements

ag(14) = (a’ «Hp)a(14)

The left-hand side of this equation is the element x, and the right-hand side
can be rewritten as

(a o Hf)A(lA) = (aj° (Hf)A)(lA)

= Of;x((Hf)A(lA))

= ajy(Hu (F)(14)) (6.3)
= X(f)an(14)) (6.4)
= X(NH).

We use for (6.3) the chain of equalities
(Hf)A(lA) = ﬂ(lA) =fely=f=1y°f= f*(lA/) = HA/(f)(lA')a

and (6.4) holds because « is a natural transformation from H,, to X. The
commutativity of the above diagram is therefore equivalent to the equality

x = X(H).

This equality expresses precisely that f is a morphism from (A, x) to (A’, x")
in E(X).
We have altogether an isomorphism

Y=X

where Y is the Yoneda embedding from & to [/°?, Set|, and where we use
(the dual of) the notation from Example 2.3.4.%

3More explicitly, we consider the comma category of the following situation:

1

jx

o —— [, Set]
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Exercise 6.2.23

The presheaf X is representable if and only if it admits a universal element.
Such a universal element is — by definition - a pair (A, x) consisting of an
object A of &/ and an element x of X(A) such that for every other object A’
of ¢ and every element x” of X(A’), there exists a unique morphism f from A’
to A in & with X(f)(x) = x’. But this means precisely that the pair (A, x) is
a terminal object in E(X).

Exercise 6.2.24

Remark 6.C. This exercise is a massive waste of time and the following solu-
tion is not proofread in the slightest.

We build up to the case of an arbitrary small category A by considering
first some special cases.

The category A is the one-object category 1

We consider first the special case that A is the one-object category 1, whose
unique object we denote by . The category [1°?, Set] is isomorphic to Set via
the evaluation functor at . A presheaf X on 1 corresponds under this iso-
morphism to the set S := X(x). This isomorphism between [1°?, Set] and Set
induces an isomorphism

[1°P, Set] /X = Set/S.

We want to describe the category Set/S as a category of presheaves a suitable
small category.

We consider first the case that S = {0, 1}. An object of Set/S is a pair (A, o)
consisting of a set A and a function o from A to S. We know that maps from A
to S can be identified with subsets of A, with the function o corresponding to
the preimage 0~ '(1). A morphism from (A, ) to (A’,0”) in Set/S is a map f
from A to A’ subject to the commutativity of the following diagram:
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The commutativity of this diagram can equivalently be expressed via the
sets 0 1(1) and (¢7)7'(1) as

[N W) =07'(D).

We hence find that the category Set/S is isomorphic to the following auxiliary
category &': Objects of § are pairs (A, A;) consisting of a set A and a subset A,
of A. A morphism from (A, A,) to (A", A]) in & is a map f from A to A’
with f71(A}) = A,.

We can generalize this description of Set/S to the case that S is an arbitrary
set. We find that Set/S is isomorphic to the following auxiliary category 9%:

« Objects of % are pairs (A, (A,),) consisting of a set A and a family (A,),
of subsets A, of A, indexed over the elements s of S, such that A is the
disjoint union of the sets A,.

« A morphism from (A, (4,),) to (A", (A}),) in % is amap f from A to A’
such that
A, = f1(A) for everys € S.

The set A is the disjoint union of the sets A; but at the same time also the
disjoint union of the sets f~'(A). Therefore,
A, = f1(A) foreverys€ S
= A, C f'(A) foreveryseS
— f(A,) C A foreveryseS.
This means that the morphisms from (A, (A;),) to (A’, (A%),) in % are

precisely those maps from A to A’ that restrict for every index s to a map
from A, to A..

We have a functor
F: P — Set’

that splits apart an object (A, (4,),) into its subsets A;. More explicitly, this
functor is given on every object (A, (A;),) of & by

F((A, (As)s)) = (A,);,

and on every morphism f from (A, (4,);,) to (A’, (A}),) by

F(f)=(f), with  fi=f

B,
A"
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We have also a functor i
G: Set’ — &

given by the disjoint union [ [ ,.;(—). More explicitly, this functor is given on
every object (A,), of Set’ by

6(can) = (L1464

seS

where A, is the image of A, in [ A, and it is given on morphisms by

G(() =11+

seS

These two functors F and G satisfy

GoF=1y5, FoG=lgy,

and thus form an equivalence between the two categories % and Set’.
Together with the isomorphism between Set/S and % we arrive at an
equivalence of categories
Set/S = Set’ .

We can furthermore identify Set’ with the functor category [S°?, Set] when
considering the set S as a discrete category. In this way, we arrive overall at
the chain of equivalences

[1°P,Set] /X = Set/S = P = Set® = [S°P, Set],

where the set S corresponds to the presheaf X via S = X(x).
Let F be the composite of the above equivalences. We can work out an
explicit description of F as follows.

1. An object of [1°P, Set]/X is a pair (Y, &) consisting of a presheaf Y on 1
and a natural transformation « from Y to X.

2. Under the isomorphism [1°P, Set] /X = Set/S, the pair (Y, @) now corre-
sponds to the pair (Y(*), ), consisting of the set Y(x) and the map «,
from Y(*) to X(*) = S.

3. Under the equivalence Set/S = A, this pair (Y(x),a,) further corre-
sponds to the pair (Y (%), (& '(5)),).
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4. Under the equivalence & =~ Set® we arrive at the object (@, '(s));.

5. Under the isomorphism Set® = [S°, Set] we arrive at the presheaf F(Y, c)
on S (where we view S as a discrete category).* It is given by

F(Y,a)(s) = a.'(s)

for every element s of S. (We don’t need to worry about the action
of F(Y,a) on morphisms of S because the category S is discrete.)

We can similarly figure out how F acts on morphisms. A morphism in the
category [1°P, Set] from (Y, ) to (Y’,@’) is a natural transformation f from Y
to Y’ with @’ - f = «, i.e., such that the following diagram commutes:

Y / Y’
X
The resulting natural transformation F(f) from F(Y,a) to F(Y’,a’) is given
by

F(B) = (E(B)y)s

where for every index s, the component F(f); is the restriction of the map S,
to a map from F(Y,a)(s) = a;'(s) to F(Y’,a’)(s) = (a])*(s).

The category A is discrete

We consider now instead of an arbitrary small category A a small category D
that is discrete. We may think about the category D as the disjoint union of
copies of 1, with one copy for each object of &. A presheaf X on D is then a
sum of presheaves X; on 1, given by X;(x) = X(d) for each object d of D. We
can see through the power of abstract nonsense that

[D°, Set]/X = [D, Set]/X

H 1, Set

deOb(D)

/X

4We image of (Y, @) under F ought to be denoted by F((Y, )), but we will use the abbreviated
notation F(Y, ) for better readability.
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I

( I [1,Set]) /(Xa

deOb(D)

I1 ([1, Set] /Xd)

deOb(D)

= T1 ([1°P, Set] /Xd)

deOb(D)

I

= [T [B)™.Set]

deOb(D)

=| TT ®o>. Set]

| deOb(D)

i op
={{ TJ Ba] . Set
| \deOb(D)

for some suitable small categories B;. We have seen above that the cate-
gories B, can be chosen as B; = X(d), viewed as discrete categories. The
desired small category B with

[D°P, Set]/ X = [B°P, Set]

should therefore be choosable as the set [ [;coppy X(d) viewed as a discrete
category.
Let us make this more explicit. We consider this set

B:= [] X(@

deOb(D)

as a discrete category. Let (Y,a) be an object of the category [D°P, Set]/X.
This means that Y is a presheaf on D and that « is a natural transformation
from Y to X:

a:Y=X.

We can define a presheaf F(Y, @) on B via

F(Y, @)(d, x) = a7 (x)
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for every element (d, x) of B.%
A morphism from (Y, ) to (Y’,a’) in [D°?, Set]/ X is a natural transforma-
tion f from Y to Y’ with a’ - = «a, i.e., such that the diagram

Y £ Y’
X

commutes. This means that we have the following commutative diagram for
every object d of D:

Y(d) Y'(d)

Ba

X(d)

The map f; therefore restrict for every element x of X(d) to a map between
fibres

F(Bax : ag'(x) — () 7' (x).

These maps, with the index (d, x) ranging through the set B, define a natural
transformation F(f) from F(Y, «) to F(Y’,a’). (We don’t need to worry about
the naturality of F(f) because the category B is discrete.)

Suppose on the other hand that we are given a presheaf Z of B. We then
construct a corresponding object G(B) of [D, Set]/X. This to-be-construc-
ted object G(Z) needs to be a pair (G,(Z), G,(Z)) consisting of a presheaf G,(Z)
on D and a natural transformation G,(Z) from G,(Z) to X.

The presheaf G, is constructed as

G(2)d) = [ ] z(d.x)

xeX(d)

for every object d of D. We don’t need to worry about the action of Gy(Z) on
morphisms because the category D is discrete.

5Recall that for a family of sets (5,),, the elements of [],; S; can be denoted as pairs (i, s)
where i ranges through the index set I and s ranges through the associated set S,.
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We will define the natural transformation G,(Z) via its components G,(Z),,
where the index d ranges through the objects of D. The component G,;(Z),
is the map from Gy(Z)(d) = [ ex) Z(d. x) to X(d) which maps all of Z(d, x)
onto the value x of X(d).

These two functors F and G satisfy the isomorphisms

GoF= l[DOP,Set]/Xs FoG= l[B"P,Set] :

The functors F and G hence give an equivalence of categories between the
slice category [D°P, Set]/X and the functor category [ B, Set].

The general case: start

Let now A be a small category and let X be a presheaf on X. To find the
desired category B, we want a small category whose set of objects is given
by [ acona) X(A), but who also keeps track of the morphisms in A. We con-
sider for this the category of elements of X, i.e., the category E(X).

We define first a functor F from [A°P, Set]/X to [E(X)P, Set], then a func-
tor G from [E(X)°P, Set] to [A°?,Set]/X, and then we show that these two
functors are mutually inverse up to isomorphism.

The general case: construction of F

To construct the functor F on objects, let (Y, @) be an object of [A°?, Set]/X.
This means that Y is a presheaf'Y on A and that « is a natural transformation «
from Y to X. The desired object F(Y, @) needs to be a presheaf on E(X).

« An object of E(X) is a pair (A, x) consisting of an object A of A and an
element x of the set X(A). We define the set F(Y,a)(A, x) as

F(Y,a)(A, x) = a;'(x).

« A morphism in E(X) from an object (A, x) to an object (A’, x”) is a mor-
phism f from A to A’ in A with X(f)(x") = x. We know from the naturality
of a that the resulting diagram

Y(a) —F— Y(4)

X(4) —L— x(4)
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commutes. It follows from the commutativity of this diagram and the equal-
ity X(f)(x") = x that the map Y(f) restricts to a map from the preim-
age ' (x’) to the preimage ;' (x). We denote this restriction by F(Y, a)(f),
so that

FY,a)(f): F(Y,ax)(A’,x") — F(Y,a)(A, x).

We have now constructed the action of F(Y,«) on objects of E(X) and on
morphisms of E(X). We now check that F(Y,«) is a contravariant functor
from E(X) to Set.

« Let (A, x) be an object on E(X). The identity morphism of (A, x) is the
identity morphism of A, whence F(Y, a)(1(,,)) is the restriction of Y(1,) to
a map from a;'(x) to ;' (x). But Y(1,) is 1y(4), whence this restriction is
the identity map of a;'(x), and thus the identity map of F(Y, @)(A, x). This
shows that
F(Y,a0)(14x) = 1pyayan -

o Let
f:(A,X)_)(A,,x,), g:(A/,x/)_)(A//,x//

be two composable morphisms in E(X). The map F(Y, «)(f) is the restric-
tion of Y(f) to a map from aj'(x") to a;'(x), and the map F(Y,a)(g) is
similarly the restriction of Y(g) to a map from a»(x”) to a3 (x"). The com-
posite

F(Y,a)(f) e F(Y, 2)(g)

is therefore the restriction of Y(f) o Y(g) to a map from aj,(x”) to a;'(x).
But

Y(f)-Y(g)=Y(g~f)

by the contravariant functoriality of Y, and the restriction of Y(g o f) to a
map from a»(x”) to a3 (x) is precisely F(Y, a)(ge f). We have thus shown
that

FQY,a)(f) = F(Y,a)(g) = F(Y,a)(g ° f).

This shows that F(Y,«) is indeed a contravariant functor from E(A) to Set.
We have thus constructed the desired functor F on the level of objects.
We proceed by constructing the action of F on morphisms. We consider

for this a morphism

p: Y,a) = (Y',a)
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in [A°?, Set]/X. This means that f is a natural transformation from Y to Y’

that makes the diagram
Y ! Y’
X

commute. For every object (A, x) of E(X) we get the following commutative
diagram:

Y(A) Y'(A)

fa

X(A)

It follows from the commutativity of this diagram that the map S, restricts
to a map from a;"(x) to a3/ (x”). We denote this restriction by F(f)4 -
We note that F(f) is a natural transformation from F(Y, «) to F(Y’,a’). In-
deed, let
fi(Ax)— (A4,x)

be a morphism in E(X). This means that f is a morphism from A to A’ in &/
with X(f)(x’) = x. It follows from the naturality of f that we have the
following commutative diagram:

Y(A) — P, yr(A)
Y( f)} ]Y’(f )
v(a) —2— vi(a)

This commutative diagram restricts to the following commutative diagram:

F(B)ax
_

F(Y,0)(A,x) = a'(x) (a)a'(x) == F(Y',a')(A, x)

F (Y,a)(f)] ’F(Y’,a')(f)

F(B)ar x7)

F(Y,0)(A",x") = au/(x") (a)u(x') = F(Y',a')(A", x")
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The commutativity of this diagram shows that F(f) is indeed a natural trans-
formation from F(Y,a) to F(Y’,a’).

We have now constructed the action of F on morphisms. We need to check
that F is functorial.

« Let (Y, ) be an object of [A°?,Set]/X. The identity morphism of this ob-
ject is the identity natural transformation of Y, i.e., 1. It follows for every
object (A, x) of E(X) that the map (1y), is given by 1y,. The restriction of
this map to a map from F(Y, a)(A, x) to F(Y, a)(A, x) is therefore 1py 4)a.0)-
This shows that

F (I(Y,a))(A,x) = 1F(Y,a)(A,x) = (1F(Y,a))(A,x)

for every object (A, x) of E(X), and therefore F(1(y,)) = 1py o)

o Let
ﬂ . (Y, a) SN (Y',O{') , ,B’ . (Y’,O(') - (Y”,O{"

be two composable morphisms in [A°,Set]/X. Let (A, x) be an object
of E(X). The map

F(B)ax : FY,a)(A x) — F(Y’,a')(A, x)
is a restriction of f8,, and the map
F(B)an : FOY a')(A,x) — F(Y”,a")(A, x)
is similarly a restriction of ;. The composite
F(B ) a0 © F(B)an + F(Y,a)(A,x) — F(Y”,a”)(A, x)

is therefore the restriction of f} o f,. But we have S} o f4 = (f’ ° )4, and
the restriction of (f’ ), to a map from F(Y, a)(A, x) to F(Y”,a”)(A, x) is
precisely F(" o B)(4,). We have therefore found that

(F(ﬁ') ° F(,B))(A,x) = F(ﬁ')(A,x) ° F(,B)(A,x) = F(,B' ° ﬁ)(A,x)
for every object (A, x) of E(X), and thus altogether

F(p) = F(p) = F(f" = p).

This shows the functoriality of G.
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The general case: construction of G

Let Z be an object of the presheaf category [E(X)°?, Set]. We start by con-
structing an object (Gy(Z), G,(Z)) of the slice category [A°?,Set]/X. This
objects needs to consist of an element G,(Z) of [A°?, Set] and a natural trans-
formation G,(Z) from G,(Z) to X.

We start by constructing G,(Z), which needs to be a contravariant functor
from A to Set.

« Let A be an object of A. We define the set G,(Z)(A) as

G(2)A) = ] zAx),

x€X(A)
and denote for every element x of X(A) by
Jax ' Z(Ax) — Gy(Z)(A)

the canonical inclusion map into the x-th summand.

» Let
fi A— A

be a morphism in A. For every element x’ of X(A’), this morphism f is
then also a morphism

s (AX(HED) — (A )
in E(X), and induces therefore a map
Z(f¥): Z(A'x) — Z(A X(H)(x).
We have hence for every element x” of X(A”) the map
Jax(ne © ZUE D) 2 Z(A7 x7) — Gy(2)(A).
These maps can now be bundled together into a map
Go(2)(f) : G(Z)(A") — Gy(Z2)(A)

such that
Go(Z)(f) @ jar.x = Jaxpy ° Z(fFD)
for every element x” of X(A’).
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These assignments are contravariantly functorial from A to Set:

+ Let A be an object of A. We have

X(12)(x) = 1xa(x) = x

for every element x of X(A), and therefore (1) = (4 for every ele-
ment x of X(A). It follows that

Z((lA)[X]) = Z(l(A,x)) =174
for every element x of X(A).

o Let
ftA—A, g:AA— A

be two morphisms in A. The two morphisms
Go(Z2)(g° f),  G(Z)([) > Gy(Z2)(g)

have the same domain and the same codomain. To show that they are the
same, it suffices to show that for every element x” of X(A”), we have

Go(Z)(g ° [ ° jar xr = Go(Z)([f) » Go(Z)(g) © jar, -
The two morphisms
g1 (4, X()(x) —> (A", x”

and

SO (A, X(HX(@(x"))) — (A, X()(x")
compose into a morphism

ghle fX@EOT. (A, X(HX(@(x"))) — (A", x"). (6.5)
We have

X(HX((x")) = (X(f) » X(@)(x") = X(g > fH)x")

because X is contravariantly functorial. The composite (6.5) is therefore
the morphism g o f in A regarded as a morphism from (A, X(g o /)(x”))
to (A”,x”) in E(X). In other words, we have

g[X”] o f[X(g)(X”)] =(go f)[X”] )
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It follows that

Z((g- f)[x”]) = Z(g[x”] ° f[X(g)(x")]) =Z( f[X(g)(x”)]) . Z(g[x"])

by the contravariant functoriality of Z. It now further follows that

Go(Z)(f) © Go(Z2)(g) © jur 1
= Gy(Z)(f) * jur xipm ° Z(&™N)
= Ja Xy © ZUX@ENY o 7(gl )
= jA,x(gof)(x,,) o Z((g o f)[x”])
=G(2)(g* f) e Jurar

which is the equality that we needed to prove.

We have thus proven that G,(Z) is a contravariant functor from E(X) to Set.
We now have to construct a natural transformation from Gy(Z) to X. For
this, we need to construct for every object A of A a map

Gi(2)4 = Go(2)(A) — X(A),
such that for every morphism
fi A— A
in A, the following square diagram commutes:

Go(Z)(f)
_

Gy(Z2)(A") Gy(Z2)(A)
G(2D)p G(Z)4 (66)
X(A) X0 X(A)

We first construct the transformation G,(Z), and then check its naturality.

« We have G(Z)(A) = [l exc) Z(A,x). There hence exists a unique set-
theoretic map G,(Z) , from Gy(Z)(A) to X(A) such that for every element x
of X(A) the composite G,(Z) 4 ° j4, is constant with value x.
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+ The diagram (6.6) commutes because

Gi(2) 4 GO(Z)(f) °Jarxr
=G(2) 4 ° jaxcp) © 2.
= (constant map with value X(f)(x")) » Z(f*'
= (constant map with value X(f)(x"))
= X(f)  (constant map with value x")
= X(f) G Dp ©ju.x
for every element x” of X(A’), and therefore
GAZ)a* GO = X() ¢ G D)

We have thus constructed a natural transformation G,(Z) from G,(Z) to X.
We have overall constructed the action of G on objects. Next, we will con-
struct the action of G on morphisms. Let

Y: Z—2'
be a morphism in [E(X)P, Set]. We need to construct a morphism
Gly): G(Z) — G(Z)

in [A°?,Set]/X. In other words G(y) needs to be a natural transformation
from Gy(Z) to Gy(Z’) that makes the following diagram commute:

G(y)

G,(2) Gy(Z")

\ / (67
G (2) G(Z)
X

« We have for every object A of A that
G2)A) = [] zax, G@zy= 1] zx.

xeX(A) x€X(A)

The morphism y is a natural transformation from Z to Z’, and therefore
gives us for every object (A, x) of E(X) a map y4 ,, from Z(A, x) to Z’(A, x).
This allows us to define the desired transformation G(y) via

G(Y)A = H Y(ax)

x€X(A)

for every object A of A.
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« To check the commutativity of the diagram (6.7), we need to check that for
object A of A the following diagram commutes:

G(y)a

Gy(Z)(A) Gy(Z')(A)
Gm‘ L/(Z’)A
X(A)

For this, it suffices to check that for every element x of X(A), we have

G(2)4°G()a° lin) = Gi( D)o jEis -

This equality hold because

GU(Z)a e G 2 Jax = Gi(Z')4 * Fhx © Vi)
= (constant map with value x) ¢ y4

= (constant map with value x)
= Gl(Z)A ° ji,x .

We have overall constructed an induced morphism G(y) from G(Z) to G(Z").
We have to check that this construction is functorial.

« Let Z be an object of [E(X)P, Set]. We have

G(lz)A = H (12)(A,x)

x€X(A)

= H 1Z(A,x)

x€X(A)

=1 erx(A) Z(Ax)
= g @w

= (1GO(Z))A
for every object A of A, and therefore
G(lz) = lGO(Z) = 1G(Z)-

o Let
y:G—G, y:G—G"
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be two composable morphisms in [E(X)°?, Set]. We have for every object A
of A the equalities

(G(H) o G(y)a =Gy )a°G(y)a

= ( II Y(A,x)) ( I y(A,x>)

x€X(A) x€X(A)

= H (Y(’A,x) ° Y(A,x))

x€X(A)

= 1] & v

x€X(A)
=Gy oy).

We have thus proven the functoriality of G.

The general case: the isomorphism G- F =1

Let (Y, @) be an object of [A°P, Set]/X. We have

(G )Y, a)(A) = GF(Y,a)(A) = [] F.a)Ax)= [] a:i'(x) (6.8)

x€X(A) x€X(A)

for every object A of A, with a, being a map from Y(A) to X(A). The set Y(A)
is the disjoint union of the preimages &' (x) where x ranges trough X(A). We
have therefore a bijection

fyayat (GoF)Y,a)(A) — Y(A)

that is given for every element x of X(A) on the x-th summand of (6.8) by
the inclusion map from «;'(x) to Y(A). We denote this inclusion map by

i(Y,a),A,x : agl(x) - Y(A) .
These bijections &y ) 4 assemble altogether into a transformation
fya t GFY,a)) — Y.
Let us check that this transformation is natural. To prove this, let

fi A— A
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be a morphism in A. We need to check the commutativity of the following
square diagram:

Go(F(Y, a))(A") — D, G (F(Y, a))(A)

&(Y,a),A | |€(Y,a),A

Y(f)

Y(A') Y(A)
This diagram may be rewritten as follows:
1/ Go(F(Y.a))(f) -
I_Ix’eX(A’) ay' (x") —_— erX(A) ay'(x)
&Y.a),A7 l |€(Y,a>,A
Y(A) P Y(A)

To check the commutativity of this square diagram, we need to check that

6‘(Y,az),A ° O(F(Y’ a))(f) ° jA/,x/ = Y(f) ° g(Y,a),A’ ° jA',x’
for every element x’ of X(A’). This equality holds because

E(Y,a),A ° GO(F(Ys O[))(f) ° jA’,x'
= &vaa ® Jaxipen ° F,a)(f BT

= iy maxpe) ° FEa(f BTy
az (X))

= lya)ax(He) ° Y

= Y(f) ° i(Y,a),A’,x’
=Y(f) o eyaya ®Jar -

We have thus constructed a natural transformation &y .y from G,(F(Y, a))
to Y. Each component of ¢y, is bijective, whence ¢y ) is a natural isomor-
phism. We claim that this natural isomorphism is a morphism from (Y, )
to G(F(Y,a)). For this, we need to prove that the following diagram com-
mutes:

a(x)

v

Go(F(Y, @)

Gy(F (& /

X

Y
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We hence need to show that for every object A of A, the following diagram
commutes:

Go(F(Y, a))(A) —2 ., Y(A)

X(A)

It suffices to show that

oy 0 Ey.mya ®Jiax) = GIEY, )4 ° jiax

for every element x of X(A). This equality holds because

@4 © Ey )4 ° JAx)
= Aa° Wya)Ax
= constant map with value x

=G (F(Y, )4 ° jiax) -

We have thus constructed for every object (Y, a) a morphism
E(Y,a) : G(F(Y’ a)) — (Y5 a)

in [A°P,Set]/X. We have also seen that this morphism is an isomorphism
in [A°P, Set]; it is therefore also an isomorphism in [A°P, Set]/X.
The isomorphism ¢y, is natural in (Y, «). To see this, we consider a mor-
phism
p: Y,a) — (', a)

in [A°?,Set]/X. We need to show that the following square diagram com-
mutes:

GF(Y,a) —P, GF(Y’, ')

S(Y'a)l I{é‘(y/'a/)

(Ya 0() - (Y,s (X,)

In other words, we need to prove the commutativity of the following square
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diagram of functors and natural transformations between them:

Go(F(Y, @) ==L, Gy(F(Y", "))

E(y’D,)“ “g(l/’,a’)

Y £ Y’

This means that we need to prove for every object A of A the commutativity
of the following square diagram in Set:

Gy(F(Y, a))(A) —LP4, G (F(Y’,a))(A)

&Y.a),A | |€(Y’ ' ),A

Y(A) P Y'(A)
This diagram may be rewritten as follows:
. ILexon FB)as N
erX(A) az'(x) L erX(A)(a )a (%)
E(Y,),A | |€(Y’ ')A
Y(A) b Y'(A)

The map F(f)(4,) is the restriction of F(f) to a map from a;'(x) to (a’)4' (x),
whence this diagram commutes.

We have thus constructed a natural isomorphism ¢ from G o F to 1z0p set}/x-
The existence of this isomorphism shows that

G ° F = 1[Aop’set]/x .

The general case: the isomorphism F-G =1
Let Z be an object of [E(X)°P, Set]. For every object (A, x) of E(X), the set
F(G(Z2))(A, x) = G|(Z)3'(x)

is precisely the image of Z(A, x) in Gy(Z)(A) = [, exca) Z(A, x"). (Recall that
the map G;(Z), has the constant value x on the summand Z(A, x) of G,(Z).)
In other words, we have

F(G(Z2))(A,x) ={(x,2) | z€ Z(A, x)}.
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We have therefore a bijection
UZ,(A,x) : Z(A3 x) - F(G(Z))(A’ x) s zZ > (xs Z) .

The bijection 7, , ) is natural in (A, x). To see this, we consider a mor-
phism
f : (A5 X) — (A/:x,)

in E(X), and need to show that the following square diagram commutes:

Z(f)

Z(A, x") Z(A,x)
Nz,(A’ x") Nz,(Ax)
;. FG))(f)
F(G(2))(A",x") ————— F(G(2))(A, x)

The map F(G(Z2))(f) is the restriction of G,(Z)(f), and G,(Z)(f) maps the
summand Z(A’, x") of G,(Z)(A’) into the summand Z(A, x) of G,(Z)(A) via
the map Z(f). We thus find that the above diagram commutes.

We have thus for every object Z of [E(X)°P, Set] a natural transformation 7,
from Z to F(G(Z)), i.e., a morphism from Z to (F°G)(Z) in [E(X)°?, Set]. Each
component of 1, is bijective, whence 71, is an isomorphism.

We now check that n, is natural in Z. For this, we need to show that for
every morphism

Yy: Z—2'

in [E(X)?, Set] the following square diagram commutes:

Z ! z’

Nz Nz’

F(G(y)

F(G(2)) F(G(Z"))

This is a diagram consisting of functors and natural transformations, whence
we need to show that for every object (A, x) of E(X) the following square
diagram commutes:

Y(Ax)

Z(A, x) Z'(A,x)

Nz,(Ax) Nz’ (Ax)

F(G())ax)

F(G(Z))(A, x) F(G(Z"))(A, x)
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We recall that

G2 =[] zax), G@ZYW= [] z@x)

x’€X(A) x'€X(A)

and that the map G(y) , from G,(Z)(A) to Gy(Z")(A) is given by [ [ ex(a) Viax)-
The map F(G(y))(4) results from G,(Z), by restriction, and goes from the
copy of Z(A, x) in G,(Z)(A) to the copy of Z'(A, x) in G,(Z)(A’). This means
precisely that the above square diagram commutes.

We have thus constructed a natural transformation 77 from 1 ) get] to FoG.
Each component of 7 is an isomorphism, whence 7 is a natural isomorphism.
The existence of such an isomorphism shows that

1[E(X)°P,Set] = F ° G .

Exercise 6.2.25

(@)

Lemma 6.D. Let & be a category. Let I and I’ be two small categories, and
let D and D’ be diagrams in & of shapes I and I’ respectively. Suppose that
these diagrams admit colimits (C, (q;);) and (C’, (g});) respectively. Let

F:1—T

be a functor and let
a: D= D'oF

be a natural transformation. Then there exists a unique morphism f from C
to C" with

feq = QJ’U(I) °or
for every object I of I.

Proof. We have for every object I of I the morphism

£+ D(I) —— D'(F(I)) — ¢’
We have for every morphism

u:I— 7]
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in I the chain of equalities

fre D) = dr(p ° 9 ° D(u)

= ql/:(]) ° (D, . F)(u) ° OCI

= Qppy o D'(F(w) o o

= qI’:(I) ° o

= fI .
It follows from the universal property of the colimit (C, (q;);) that the mor-
phisms f; assemble into a morphism

f:C—C
with f o q; = f; for every object I of I. |

Proposition 6.E. Let & be a category. Let I and I’ be two small categories,
and let D and D’ be diagrams in &/ of shapes I and I’ respectively. Suppose
that these diagrams admit colimits (C, (q;);) and (C’, (q;);) respectively. Let

F:1—T
be a functor with D" e F = D. There exists a unique morphism f from C to C’
with

feq = q}(z)
for every object I of I. |

Construction of Lanz(X) on objects

We have for every object B of B the diagram X o Py of shape F = Bin §.
We choose for every object B of B a colimit of the associated diagram X o Py.
We denote this colimit by Lanz(X)(B), and denote for every object M of the
category F = B (X o Pg)(M) to Lany(X)(B) by i%;.

Any object of F = B is a pair (A, h) consisting of an object A of A and a
morphism h from F(A) to B, and the morphism if, , is of the form

ian  X(A) — Lang(X)(B).

That (Lanz(X)(B), (if),,) is a colimit of the diagram X o Pj entails that for
every morphism
f+M— M
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in F = B, we have the equality

iy o (X o P)(f) = iy . (6.9)

The objects M and M’ are of the forms M = (A, h) and (A’,h’) and f is a mor-
phism from A to A’ such that h’ o f = h. We can re-express the equality (6.9)
as

i?A’,h’) * X(f) = iégA,h) . (6.10)

In a more diagrammatic formulation, we have the following:

X(f)

F(A) ' F(A) X(A) X(A")

e
h % iCan) iCar )
B

Lan(X)(B)

Construction of Lanz(X) on morphisms

Let
g: B— B

be a morphism in B. This morphism induces a functor
g.: (F=B) — (F=PB),

given by
g(Am)=(Ageh), g(f)=f

on objects and morphisms respectively. The action of g, may be depicted as
follows:

F(f)

F(A) F(A)
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The action of the functor g, on objects of F = B doesn’t change the first entry,
whence Py, o g, = Pg. The following diagram therefore commutes:

(F = B) Xepy

This entails that the outer triangle

(F = B) XoP,
g*| \‘

S
(F=B)

commutes. It follows from Proposition 6.E that the functor g, induces a mor-
phism
Lany(X)(g) : Lang(X)(B) — Lany(X)(B’).

This induced morphism is unique with the property
Lanp(X)(g) o iy = iﬁ;(M) (6.11)

for every object M of F = B.

Checking the functoriality of Lan;(X)
Let us shows that the assignment Lan;(X) from B to & is functorial.

» Let B be an object of B. We need to check that Lang(X)(15) = 114,05
For this, it suffices to check that

Lany(X)(1p) iy = L oo ° in

for every object M of F = B. This equality holds because the functor (15),
from F = Bto F = B is the identity functor, and therefore

Lanp(X)(15) ° iy = iﬁB)*<M) =iy = Lan,(x)(15) ° iy -
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o Let
g:B— B, g :B —B
be two composable morphisms in B. The induced functors
g:(F=B)—(F=7B), (g):F=DB)—(F=Db"),
(g'°8.: F=B)— (F=B")
satisfy the identity g; o g, = (g’ ° g).. It follows that
Lan(X)(g") ° Lanp(X)(g) * ify = Lanp(X)(g") ig(M) = igz(g*(M))
_ B
= Hgrogd )
4
= Kgop).(n)
for every object M of F = B. The composite Lany(X)(g’)  Lanz(X)(g)

therefore satisfies the defining property of the morphism Lany(X)(g’ - g),
which tells us that

Lany(X)(g" » &) = Lanx(X)(g") » Lanp(X)(g)
We have thus proven the functoriality of Lany(X) from B to &

The natural transformation n: X = Lang(X) - F

We note that every object A of A results in an object F(A) of B, which fur-
thermore results in the object (A, 154)) of the category F = F(A). We have
therefore for every object A of A the morphism

i(iiﬁiw) : X(A) — Lang(X)(F(A)).

Let us abbreviate this morphism by 5,. It seems reasonable to assume that
this transformation n from X to Lanz(X)<F is natural. To check this naturality,
we need to verify that for every morphism

f: A— A

in A, the following square diagram commutes:

X(A) XD X(A")
na nas
Lany(X)(F(A)) — XD 1 an (X)(F(A")
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The morphism F(f) goes from F(A) to F(A’). By construction of the mor-
phism Lanz(X)(F(f)) (see (6.11)), we have therefore the chain of equalities

.F(A A) .F(A”)
Lanp(X)(F(f)) * 14 = Lanp(OEC)  iGxnr) = I ) = iar -

We have on the other hand the equality

F(A
Na ° X(f) = z(f\, 1)F(A ") ° X(f).

The desired commutativity is therefore equivalent to the equality

SFA) F(A")
i T © XU = lcaripy -
This equality holds because f is a morphism from (A, F(f)) to (A’, 1p4,) in
the category F = F(A’) (see (6.10)).
FromLany(X)=Yto X =YoF

Let from now Y be any functor from B to &'. If f is a natural transformation
from Lang(X) to Y, then SF is a natural transformation from Lang(X) o F
toY o F, whence

PE o
is a natural transformation from X toY o F.
From X = Yo FtoLany(X) =Y
Let conversely a be a natural transformation from X to YoF. Let Bbe an object
of B. For every object (A, h) of F = B, we have the resulting morphism
< a Y(h)
Ban : X(A) — Y(F(A)) —— Y(B).

This is a morphism from the object X(A) = (X ¢ Pg)((A, h)) to the object Y(B).

We claim that these morphisms, where (A, h) ranges through the cate-
gory F = B, form a cocone for the diagram X o P;. To prove this claim,
we consider a morphism

f: (A h) — (AR)
in F = B, and need to show that

B sy ° (X o P)(F) = Brany -
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This equality holds because

Biarsey e (X o P)(f) = Y(W') o atg o X(f)
=Y(W) o (Y o F)(f) o ay
= Y(H) o Y(F(f)) o s
=Y(W o F(f)) oty
=Y(h)o ay

= ﬁ(A,h) .

We know that (Lang(X), (%)) is a colimit of the diagram X o Py, by con-
struction. It follows that the morphisms f,,, where M ranges through F = B,
induce a morphism S from Lany(X)(B) to Y(B), which is unique with the
property that )

Ps° i5\34 = Pu
for every object M of F = B.
These morphisms fz, where B ranges through the objects of B, assemble

into a transformation f from Lany(X) to Y. Let us check that the transforma-
tion f is natural. To show this, we need to check that for every morphism

g: B— B

in B the following square diagram commutes:

Lany(X)(B) —Y%) [ an(X)(B)
:BB ﬁB’
Y(B) ® Y(B)

In other words, we need to prove the equality

P e Lang(X)(g) = Y(g) ° B5 -

Both sides of this desired equation are morphisms with domain Lanz(X)(B).
We thus need to show that

By o Lanp(X)(g) iy = Y(g)o fpe iy
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for every object M of F = B. Such an object M is of the form (A, h), and we
have the chain of equalities

Py e Lanp(X)(g) < ifan) = Bs ° iy (any

= Py ig\,gf’h)

= :B(A,goh)
=Y(geh)oay
=Y(g) o Y(h) e ay
=Y(g) * fun
=Y(g)ePse i?A,h) .

We have thus constructed a natural transformation f from Lang(X) to Y.

Correspondence between X = Y o F and Lany(X) =Y

The above two constructions are mutually inverse.
Let first a be a natural transformation from X to Yo F. Let  be the resulting
natural transformation from Lanz(X) to Y, which is uniquely determined by

By i?A,h) =Y(h)oay

for every object B of B and every object (A, h) of F = B. Let o’ be the natural
transformation from X to Y o F resulting from f, given by

a' = pFen.
For every object A of A we have the chain of equalities
;o _ _ F(A) —
ay = (BF om)a = Prcay° Ma = Pray © YAtpa) = Y(1pw) © a4 = Lycray © %a
= OCA .

This shows that o’ = a.
Let conversely f be a natural transformation from Lan;(X) to Y. Let a be
the resulting natural transformation from X to Y o F given by

a=pFen.
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Let f’ be the resulting natural transformation from Lang(X) to Y, which is
uniquely determined by

Bi o igan = Y(h) e ay

for every object B of B and every object (A, h) of F = B. We have the chain
of equalities

Bi o ity = Y(h)oay
=Y(h) * (BF o),
=Y(h) ° Breay ° Na
= Y(B) Brcay * i)
= fg e Lang(X)(h) ifzflﬁ)ﬂm)
= By ° i ((Atpen)
= P © i he1y)

= Py > itan

for every object B of B and every object (A, h) of F = B, therefore

Bs = Py

for every object B of B, and thus " = .
This shows that the two constructions are indeed mutually inverse.

(b)

We start off by extending Lan; to a fully-fledged functor from [A, §'] to [B, §].
We then show that Lany is left adjoint to the functor F* from [B, §] to [A, §].
Action of Lan; on morphisms

So far, we have only explained how Lan; acts on objects. Let us construct an
action of Lany; on morphisms too.
Let X and X’ be two functors from A to & and let

Y: X =X
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be a natural transformation, i.e., a morphism in [A, &']. We have for every
object B of B the induced natural transformation

YPB: X°PB=>X,°PB.

The two functors X o P; and X’ » Py are diagrams of the same shape F = B
in &, with colimits Lanz(X)(B) and Lang(X’)(B) respectively. The natural
transformation y Py therefore induces a morphism

Lang(y)p : Lanp(X)(B) — Lany(X")(B)
that is unique with the property
Lang(y)s e in” = i o (Y Pyl

for every object M of F = B. (We use now the slightly more expressive
notations iy;” and iy, " instead of just i¥;, to track which functor we are dealing
with.) This equation can somewhat more explicitly be rewritten as

.X,B .X’,B
Lang(y)p ° Lan = tan °¥a

for every object (A, h) of F = B.

The morphisms Lang(y)z, where B ranges through the objects of B, assem-
ble into a transformation Lang(y) from Lany(X) to Lang(X’). Let us check
that this transformation Lang(y) is natural. To this end, we have to check
that for every morphism

g: X — X

in B the following diagram commutes:

Lanp(X)(g)

Lanz(X)(B) Lanp(X)(B’)
Lang(y)p Lanp(y)pr
Lang(X")(B) —29 | 1 an(X")(B)

We thus need to prove the equality

Lang(y)p o Lanp(X)(g) = Lang(X")(g)  Lang(y)5 .
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Both sides of this desired equality have the object Lanz(X)(B) as its domain,
whence we need to show check that

Lang(y)p o Lang(X)(g) ° i)/\(fB = Lanp(X")(g)  Lang(y) © iz)\ffB .
for every object M of F = B. Each such object M is of the form (A, h), and
we observe the chain of equalities

Lang(y)p o Lanp(X)(g) ° ifi;,%

X, B’
Lang(y)p ° L(A,goh)
X' B

Lageh) ° YA

Lang(X")(g) ° ié;f) °Ya
Lany(X")(g) e Lang(y)g o icsp -

We have thus shown the naturality of Lany(y), and therefore constructed
the action of Lan; on morphisms of [A, &].

Functoriality of Lan;
Let us check that the assignment Lanj is functorial.
« Let X be a functor from A to &. We have

X,B XB _ .X,B _ .X.B _.X,B
(1LanF(X))B *ican) = lLan,Co®) ° ian = ian = kam ° Ix@) = ian ° (1x)a

for every object B of B and every object (A, h) of F = B. This shows that the
natural transformation 1;,, (x) satisfies the defining property of Lan(1y),
whence

LanF(lX) = lLanF(X)'
« Let X, X’ and X” be functors from A to & and let
}/ : X — XI , }/I : XI — XII
be two composable natural transformations. We have thi chain of equalities
(Lang(y’) ° Lang(y))p © ié«ii) = Lang(y")p e Lang(y)p ié&i)
, .X',B
= Lang(y)j o Lcan °Ya
X",B
=lan °Yacova
X",B ¢ ,
=Lam ° (v °¥)a

, X,B
= Lang(y’ o y)p e Lan
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for every object B of B and every object (A, h) of F = B. This shows that the
composite Lan(y’) o Lan(y) satisfies the defining property of the natural
transformation Lany(y’ - y), whence
Lang(y” o y) = Lang(y")  Lang(y).
We have thus shown the functoriality of Lan; from [A, §] to [B, §'].

Adjointness of Lany and F*

For every functor X from A to & we have constructed in part (a) of this exer-
cise a natural transformation

Ny : X = Lang(X)-F,
so that for every functor Y from B to &, the map
[B, S |(Lang(X),Y) — [A, S|(X,Y o F), pf+— fFony (6.12)
is bijective.
The natural transformations y, where X ranges through the objects of the
category [A, §'|, are morphisms in [A, §'|. These morphisms assemble into a
transformation 7 from 1, ¢ to Lang(=) o F = F* - Lany.

To see this, we have to check that for every two functors X and X’ from A
to & and every natural transformation

y: X —X
the following diagram commutes:
X - X’
Lanp(X) o F —2208  [any(X') o F

This diagram takes place inside a functor category, whence it’s commutativity
can be checked pointwise. We thus have to show that for every object A of A
the following diagram commutes:

X(A) I X'(A)
(Ux)A[ |(’7X' )A
Lany(X)(F(A)) — 0% an (X")(F(A))
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This commutativity hold because
X,F(X)
(Lang(y)F)4 o (nx)a = Lang(y)pa) © Y Airx)
_ X0
= Hapy) ° VA

=(x)a° YA -

To summarize our findings: We have overall constructed a natural trans-
formation 5 from 14 51 to F* o Lang. The bijectivity of (6.12) tells us that for
every object X of [A, &'], the morphism ry is an initial object of the comma
category X = F".

It follows from Theorem 2.3.6 and its proof that Lan; is left adjoint to F~,
with 7 being the unit of one such adjunction.

()

Proposition 6.F. Let A and B be two small categories and let F be a functor
from A to B. The induced functor

F,: [B,Set] — [A, Set]
admits both a left adjoint and a right adjoint.

Proof. The category Set admits both small limits and small colimits. The as-
sertion therefore follows from part (b) of this exercise and its dual. More
explicitly, the left adjoint of F* is given by the left Kan extension Lan, and
the right adjoint of F* is given by the right Kan extension Rang. |

Let G and H be two groups and let ¢ be a homomorphism of groups from G
to H. We may regard G and H as small one-object categories G and H re-
spectively, and the homomorphism ¢ as a functor ® from G to H. The func-
tor categories [G, Set| and [H, Set] are isomorphic to the categories of G-sets
and H-sets respectively, and the functor

®* : [H, Set] — [G, Set]
corresponds to the pull-back functor

¢*: H-Set — G-Set

203



Chapter 6 Adjoints, representables and limits

induced by ¢. We know from Proposition 6.F that the functor ®* admits both
a left adjoint and a right adjoint. As a consequence, the functor ¢* admits
both a left adjoint and a right adjoint.

For the trivial group 1, the category 1-Set is in turn isomorphic to Set. We
therefore find the following:

+ By choosing the group H as trivial, we arrive at the functor
Set — G-Set

that regards every set as a trivial G-set. This functor admits both a left
adjoint and a right adjoint.

+ By choosing the group G as trivial, we see that the forgetful functor
H-Set — Set

admits both a left adjoint and a right adjoint.

6.3 Interactions between adjoints functors and
limits
Exercise 6.3.21

(@)

If U were to admit a right adjoint, then it would preserve colimits, and thus
in particular initial objects. This would mean that for the trivial group 1, the
set U(1) would be initial in Set. But the initial object of Set is the empty set,
and U(1) is non-empty.

(b)

The functor I regards every set as an indiscrete category in the following
sense: gives a set A, the category I(A) has the set A as its class of objects,
and for every two elements a and a’ of A, there exists a unique morphism
from a to @’ in I(A). Given two non-empty sets A and B, there exist no mor-
phisms between I(A) and I(B) inside I(A) + I(B). The categories I(A + B)
and I(A) + I(B) are therefore not isomorphic. This tells us that the functor I
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does not preserve binary coproducts, and therefore cannot be a left adjoint.
In other words, I doesn’t have a right adjoint.

The functor C assigns to each small category its set of connected compo-
nents. More explicitly, for every small category A, the set C(A) is the quotient
set Ob(A)/~, where ~ is the equivalence relation generated by

A~ B if there exists a morphism A — B.

Let us show that the functor C does not preserve pullbacks.

Given a small category A and subcategories B and B’ of A, their intersec-
tion B n B’ is again a subcategory of A. We have the following commutative
diagram of small categories and inclusion functors:

BnB — B’

]

B A

This diagram is a pullback diagram. So if C were to preserve pullbacks, then
it would follow that the induced diagram

CBnB) — C(B")

| |

C(B) C(A)

would again a pullback diagram. But this is not always the case!

To see this we consider the category 1 that consists of two objects 0 and 1
and precisely one non-identity morphism, which goes from 0 to 1. Let 0,
and 0, be the subcategories of 1 consisting of the single objects 0 and 1 re-
spectively. We have in Cat the following pushout diagram, where all arrows
are inclusions functors:

»—0,
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By applying the functor C to this diagram, we get the following commutative
diagram:

Q)—){*}

|

{x} —— {%}

But this is not a pullback diagram!

(©)

The functor V from Set to [O(X)?, Set] is defined on objects by V(B)(X) = B
and V(B)(U) = {x} for every proper open subset U of X.

Suppose that the space X is non-empty. (Otherwise, the functor V is an iso-
morphism, and therefore admits both a left adjoint and a right adjoint.) This
assumption ensures that the space X admits a proper open subset, namely
the empty subset @. It then follows for any two sets B and B that

(V(B) + V(B))(@) = V(B)(©) + V(B')(?)
= {4+ {5}
z {x}
=V(B+ B)(®).

This non-isomorphism shows that the functor V does not preserve binary
coproducts, and does therefore not admit a right adjoint.

The functor A is defined dually to the functor V. Given a set B, the func-
tor A(B) is given by A(B)(®) = B and A(B)(U) = @ for every non-empty
open subset of X. Suppose again that the space X is non-empty. (Otherwise,
the functor A is an isomorphism, and therefore admits both a left adjoint and
a right adjoint.) This ensures that the space X admits a non-empty open
subset, namely X itself. We recall that the terminal object of the presheaf
category [O(X)P, Set] is the presheaf with constant value {*}. But for every
set B, we have A(B)(X) = @ # {x}. We thus find that for every set B, the
presheaf A(B) is not terminal in [O(X)P, Set]. This observation entails that
the functor A does not preserve terminal objects, and therefore does not admit
a left adjoint.
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Exercise 6.3.22

(@)
The implication (A) = (R)

Suppose that the functor U admits a left adjoint F. We have for every object A
of o the chain of isomorphisms

U(A) = Set({+},U(A)) = & (F({+}), A),

which is natural in A. This tells us that the functor U is represented by the
object F({*}) of &.

The implication (R) = (L)

This follows from Proposition 6.2.2.

(b)

Suppose that the functor U is represented by an object A of &/. We may
assume for simplicity that U = &/ (A, —).

The desired left adjoint F of U needs to preserve coproducts, and therefore
need to satisfy

F(B) = F(Z{b}) = Y F@ph = ¥ R

beB beB beB
for every set B. We also find that
A (F({+}), A”) = Set({+},U(A")) = U(A") = 4(A, A")
for every object A’ of &/, natural in A’, and therefore
F§xh = A
by Yoneda’s lemma.

Motivated by this thought experiment on the behaviour of F, we define the
functor F from Set to &/ as follows.
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« For every set B let F(B) be the B-fold sum of A, i.e.,

F(B):= Y A.

beB

We further denote for every element b of B the canonical morphism belong-
ing to the b-th summand of F(B) by if. This is a morphism from A to F(B).

« For every map

g: B— B,

let F(g) be the unique morphism from F(B) to F(B’) given by
F(g)eiy = i§Eb>

for every element b of B. (Intuitively speaking, the morphism F(g) maps
the b-th summand of F(B) into the g(b)-th summand of F(B’) — both these
summands are A - via the identity morphism of A.)

We have for every set B and every object A’ of & the chain of bijections

A(F(B), A’) = d(Z A, A’)

beB

= H A(A,A)

beB

= [Ty
beB
= Set(B,U(A")).
The overall bijection is given by

aga : A(F(B),A") — Set(B,U(A)), fr—[br— foif]

These bijections are natural in both B and A’. Let us check this.

®If we only assume that U is isomorphic to &/(A, —), then this formula becomes slightly
messier. Indeed, we need to fix one such isomorphism, and then include its components
in this formula. The author doesn’t want to bother with this additional notational ballast,
and therefore choose U to be o/(A, —).
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6.3 Interactions between adjoints functors and limits

o Let

g: B— B

be a map of sets. We need to show that the square diagram

A(F(B), A’) —22 , Set(B’,U(A"))
F(g) g
A(F(B), A") — 2, Set(B,U(A"))

commutes. This commutativity holds because we have the chain of equali-
ties

g (ag 4 ())B) = (ag 4 (f) > £)b)
= Op A (f)(g(b))
= [ iz
= foF(g)eiy
= ag 4 (f » F(g))(b)
= ap 4 (F(g)"(/))D)

for every element f of o/ (F(B’), A”) and every element b of B.

o Let
h: A — A”

be a morphism in &/. We need to show that the square diagram

A(F(B), A”) —2% , Set(B,U(A"))

h, U(h).

Qap A

A(F(B), A") Set(B,U(A"))

commutes. This commutativity holds because we have the chain of equali-
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ties
U(h). (a5 4 (b)) = U(R) ° ap 4 ())(b)

= U(h)(aB,A’ (f )(b))
=Uh)(f °5;)
=h(f i}

=ho foil

=h.(f) iy

= ag 4 (h.(f))

for every element f of &/(F(B), A”) and every element b of B.

We have overall shown that &/ (F(B), A’) is bijective to Set(B,U(A’)), natu-

ral in both B and A’. This shows that the constructed functor F is left adjoint
to the original functor U.

Exercise 6.3.23

(a)
Let P be a preordered set and let & be the corresponding category.

For every two elements x and y of P, let x ~ y if and only if both x < y

and y < x. The relation ~ is an equivalence relation on P.

For every element x of P we have x < x, and therefore x ~ x. This shows
that the relation ~ is transitive.

Let x and y be two elements of P. Both x ~ y and y ~ x are defined via the
same two conditions, whence x ~ y if and only if y ~ x. This shows that
the relation ~ is symmetric.

Let x, y and z be three elements of P. Suppose that both x ~ y and y ~ z.
This means that

x<y, y<x, y<z, z<Yy.

It follows from x < y and y < z that x < z, and it similarly follows

from z < y and y < x that z < x. We have thus both x < zand z < x,
which shows that x ~ z. This shows that the relation ~ is transitive.

210



6.3 Interactions between adjoints functors and limits

Let x, x" and y, y’ be elements of P with both x ~ x" and y ~ y’. We
claim that x < y if and only if x” < y’. To prove this claim, it suffices to
show that x < y implies x” < y’, because ~ is symmetric. So let’s suppose
that x < y. We know from the assumptions x ~ x" and y ~ y’ that x’ < x
and y < y’. Together with x < y, this tells us that indeed x” < y’.

Let Q be the quotient set P/~. We have thus seen that the preorder < of P
descends to a relation on Q, which we shall again denote by <. This induced
relation satisfies

x<y = [x] <[yl (6.13)

for any two elements x and y of P.

The relation < on Q is both reflexive and transitive, since the original pre-
order on P is reflexive and transitive. In other words, (Q, <) is again a pre-
ordered set. It is, in fact, already an ordered set. To see this, let [x] and [y]
be two elements of Q with both [x] < [y] and [y] < [x]. This means for the
original two elements x and y of P that both x < y and y < x. This tells us
that x ~ y, and therefore that [x] = [y].

Let @ be the category corresponding to the ordered set (Q, <). The equiv-
alence (6.13) tells us that the quotient map from P to Q extends to functor F
from & to @ that is both full and faithful. The functor F is also surjective on
objects, and thus overall an equivalence of categories. (Choosing an essential
inverse to F corresponds to choosing a representative for each equivalence
class of ~.)

(b)

Let M be the class of morphisms of &/. We have for every set I the chain of
isomorphisms and inclusions

M2 A(AB)=d(A B 2{f.gf ={0, 1Y =2() 2{{i} |iel}=1. (6.14)

We have thus constructed for every set I an inclusion from I to M. (More
explicitly, we assign to an element i of I the morphism from A to B’ whose i-th
component is f, and whose other components are g.) This entails that M
cannot be a set (since otherwise we could embed (M) into M, which is not
possible for cardinality reasons).
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Let o/ be a category that is both small and complete. We find from part (b)
of this exercise that for any two objects A and B of & there exists at most
one morphism from A to B in &/. The category & therefore corresponds to a
preordered set P. More explicitly, the elements of P are the objects of &/, and
for any two such objects A and B, we have A < B in P if and only if there
exists a morphism from A to Bin .

It follows from part (a) of this exercise that o is equivalent to an ordered
set. This ordered set is complete since & is complete (and equivalence of
categories preserves completeness).

(d)

Let &/ be a category that admits all finite products. Suppose that there exist
two objects A and B of & for which there exist two distinct morphisms f
and g from A to B. We then find from (6.14) that for every finite set I, the
set of morphisms of & is of larger cardinality than I. This tells us that the
category &/ contains infinitely many morphisms, and is therefore infinite.

Let now 9 be a category that is finite and admits all finite products. We
have just seen that there exists for every two objects A and B of 98 at most one
morphism from A to B in 9. In other words, the category 9 corresponds to
a preordered set P. This preordered set P is finite, since 9 is finite. It follows
from part (a) of this exercise (and our solution to it) that 9 is equivalent to an
ordered set Q that is again finite. The ordered set Q admits finite products, be-
cause 9 admits finite products. Since Q is finite, this means that Q admits all
small products. As seen somewhere throughout the book, this means that Q
admits all small limits. In other words, Q is complete.

Exercise 6.3.24

(@)

We consider for every natural number n the set W, := (A x {1, —1})", and the
evaluation map

€, : Wn — G, ((alsgl)a---,(amgn)) — ail "'afgln'
For the set W := ) . W,, the maps e,assemble into a single map

e: W —G.

212



6.3 Interactions between adjoints functors and limits

The subgroup H of G generated by A is precisely the image of the map e. We
therefore find that

H| < [W].
We show in the following that [W| < max {|IN|, |A[}. For this, we distinguish

between two cases.

 Suppose that the set A is finite. It then follows that each set W, is again
finite. The set W =), W, is therefore countable (either finite or infinite),
so that [W| = |IN|.

« Suppose that the set A is infinite. It then holds that
|Ax {1, -1} = |A]- {1, -1} = [A] - 2 = |A] + [A] = |A],

and it follows that [W,| = |A|" = |A|. It further follows that

W= W= A=Al

nelN nelN

(b)

For every set T let G(T) be the set of group structures T. This collection is
indeed a set, since it is a subset of Set(T x T, T).

Let & be the class of groups who are of cardinality at most |S|. Every sub-
set T of S and every element of G(T) results in a group whose underlying set
is T. We have in this way a map

> G — 9,

TeP(S)

which further descends to a map

> G — g /=.

TeP(S)
Every group contained in & is isomorphic to a group whose underlying set

is a subset of S, whence this second map is surjective. The left-hand side is a
set, so it follows that the right-hand side is also one.
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Let (G, g) be an object on A = U. This means that G is a group and g is
a set-theoretic map from A to U(G). Let H be the subgroup of G generated
by the image of g, i.e., the subgroup of G generated by the family (g(a)),ea-
The map g restricts to a set-theoretic map h from A to U(H), resulting in the
object (H, h) of A = G. The inclusion map i from H to G is a homomorphism
of groups that makes the diagram

U(H) e U(G)

N A

A

commute. In other words, i is a morphism from (H, h) to (G, g) in A = U.

Let S” be the class of objects (H,h) of A = G for which the group H is
generated by the image of h. We have seen above that the class §” is weakly
initial in A = U.

We find from part (a) of this exercise that for every object (H, h) of S”, the
cardinality of the group H is at most max {|IN|, |Al}.

Let S be a set of cardinality max {|IN|, |Al}, and let S’ be the class of all those
objects (G, g) of A = U for which the group G has at most cardinality |S|. The
class §’ contains the class S”, and is therefore again weakly initial in A = U.

Let S be the set of all those objects (G, g) of A = U for which the underlying
set of the group G is a subset of S. Every object of the class S’ is isomorphic
to some object of the class S.7 The set S is therefore again weakly initial
inA="U.

(d)

The category Grp is locally small. We know from part (c) of this exercise that
for every set A, the comma category A = G admits a weakly initial set. We

"We use here a similar argument as in part (b). Instead, we could directly use part (b) as
follows:

By part (b), the collection of isomorphism classes of objects of S’ is small.
We can therefore choose S as a set of representatives for the isomorphism
classes of objects of §’.

We haven’t chosen this approach, so that we can avoid choosing representatives.

214



6.3 Interactions between adjoints functors and limits

know that the category Set is complete, and we know from Exercise 5.3.11,
part (a) that the functor U creates limits. It follows that Grp is complete and
that U preserves limits.

It follows from the general adjoint functor theorem that the functor U ad-
mits a left adjoint.

Exercise 6.3.25

We abbreviate [A°?, Set] as A, and denote the Yoneda embedding from A to A
by &.

The Yoneda embedding preserves products

We know from Corollary 6.2.11 that the Yoneda embedding & preserves limits,
and therefore in particular products.

What it means to preserve exponentials

The book doesn’t define what it means to preserve exponentials, so let us
rectify this.

Suppose that we have two cartesian closed categories & and % and a
functor F from & to 93. For F to preserve exponentials, we surely need
that F(C?) = F(C)™™® for any two objects B and C of /.

However, this won’t be enough: constructions in category theory typically
come with structure morphisms, and for a functor to preserve a certain kind
of construction, we also want it to play nicely with these structure morphisms.
(Recall, for example, what it means for F to preserve binary products: it is not
only enough that F(A x B) = F(A) x F(B) for any two objects A and B, even
if these isomorphisms are natural in A and B.* More strictly than that, we
require the functor F to turn the canonical projects BxC — Band BxC — C
into the canonical projections F(B) x F(C) — F(B) and F(B) x F(C) — F(C).)

8To see this, let us consider the functor F := (=) x IN from Set to Set. This functor
satisfies F(B x C) = F(B) x F(C) for any two sets B and C because N x N = N
as sets. By fixing one such bijection N x N — IN, we even get a natural isomor-
phism F(—) x F(—=) = F((-) x (=)). But the functor F does not preserve products,
since for any two non-empty sets B and C with canonical projections p: BxC — B
and g : BxC — C, the induced map (p x 1y,gx 1) : BXxCxN — (BxN) x (CxN) is
not an isomorphism.
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So to say what it means for F to preserve exponentials, we need to under-
stand how the structure morphisms for exponentials look like.

In the book, the exponential C® has been defined as the value of (—)? at C,
where (—)? is a right-adjoint of (=) x B. Part of the data of the adjoint (—)? is
a natural isomorphism

a ﬂ((_) X Bs _) - 'Q{(_: (_)B) .
Part of the natural isomorphism « is a natural isomorphism
/@Yo 'Qf((_) x B, C) - d(—, CB) >

for every object C of &, as explained in Exercise 1.3.29. The natural isomor-
phism &) needs to be understood as being part of data of the exponen-
tial CB.

In other words, the exponential C® comes with a canonical natural isomor-
phism &/((=) x B,C) = /(—,CP). This natural isomorphism can also be
characterized in terms of its universal element, as explained in Section 3.1.
This universal element is an element ev of &/(C? x B, C) such that for every
object A of &/ and every element f of &/(A x B,C), there exists a unique mor-
phism f’: A — CP such that (f x 15)*(ev) = f. In other words: for every
object A of &/ and every morphism of the form f : A x B — C there exists a
unique morphism of the form f’: A — C® such that the following diagram
commutes:

AxB

f’ﬂBl \

CPxB ——— C

We call this morphism ev the canonical evaluation morphism. This is the
structure morphism belonging to the exponential C”.

We can now say what it means for F to preserve exponentials. Suppose
that F already preserves binary products. For every two objects B and C
of & let C® be the exponential from B to C with canonical evaluation mor-
phism evy-: CP x B — C. In B, we have the induced morphism

F(evgc)
eVhgre | F(CP) x F(B) — F(CP x B) ——— F(C).
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(The morphism F(C?) x F(B) — F(C? x B) is the isomorphism that comes
from the fact that F preserves products.) We say that the functor F preserves
exponentials if for any two objects B and C of & the object F(C?) together
with the induced morphism ev ) - is an exponential from F(B) to F(C).

Exponentials in presheaf categories

Let us revisit the construction of exponential objects in [A°P, Set]| in a way
that emphasizes the canonical evaluation morphisms. By a “presheaf” we
will always mean a presheaf on A.

Given two presheaves Y and Z, we once again define the presheaf Z" as

7= A(L(-) %Y, 2).
For every morphism
f:B— A
in A, the result of applying Z* to f is consequently the map
Z'(f): A(X(A)xY,Z) — A(&(B)xY,Z)

given on elements by

ZY()O0) = (E(f)x 1,)°(0) = 0« (£ (f) x 1y)

for every 0 € A(&(A) x Y, Z). The function value Z*( 1)(0) is a natural trans-
formation from &(B) x Y to Z, whose components are given by the maps

Z'(f)0)c = A(C,B)xY(C) — Z(0),
with
Z'()O)c(h, y) = (0> (£(f) x 1y)) (h, y)
= (ec o (&£(f) x lY)C)(h’ y)
= (Gc o (f. x 1Y(C)))(ha y) (6.15)
= 0c((f. % 1ye)(h, )
=0c(f>h,y)

for every object C of A and every element (h, y) of A(C, B) x Y(C).
To make the presheaf Z* into an exponential from Y to Z, we need to con-
struct an evaluation natural transformation

£: 2V xY = Z.
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For every object A of A we define the component ¢, as
€ ZY(A) XY(A) - Z(A)a (9, Y) — GA(lA: y)

To check the naturality of the transformation ¢, we consider an arbitrary mor-
phism

f:B— A
in A. The resulting diagram
Y X
ZY(A) x Y(A) 2D | 7vig)y « v(B)
€A B
Z(f)

Z(A) Z(B)

commutes because for every element (6, y) of the top-left corner, we have

es((Z"(f) x YO, y)) = es(Z"(F)(0), Y(F)())
= Z"(£)0)5(15 Y(H) (1))
= GB(f ° 1BaY(f)(3/))
=0(f.Y(H),

as well as

Z(f)(es0, y)) = Z(f) (0414 ¥))
= Op((£(A) x Y)(F)(14, )
= Op((F (AP x Y14, 7))
= 05((f* xY())(14 )
= 0(f.Y(/)(»)

because 6 is a natural transformation from £(A) xY to Z.
We now need to show that for every presheaf X on A and every natural
transformation
f: XxY=Z

there exists a unique natural transformation

a: X =27"
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that makes the diagram

XxY
1“ § (6.16)
ZVxY =—— Z

commute.
Let us start by showing the uniqueness of . The commutativity of the
diagram (6.16) means that for every object A of A the diagram

X(A)xY(A)

anly(A)I x

Z'(A) xY(A) —— Z(A)
commutes. In terms of elements, this is equivalent to saying that

Pa(x,y) = e4((aa X 1y))(x, ¥)) = €a(@a(x), y) = () 4(14, ) (6.17)

for every object A of A and all elements x € X(A), y € Y(A).
We want to determine the natural transformation ¢ : X = Z" in question,
which means that we need to determine for every object A of A its component

ay: X(A) — ZY(A) = A(k(A) x Y, 2).

This means that we need to determine for every element x of X(A) the el-
ement a,(x) of A(k(A) x Y, Z). This element is itself again a natural trans-
formation, now from & (A) xY to Z. We hence need to determine for every
object B of A the component

ay(x)z: A(B,A)xY(B) — Z(B).

For this, we need to determine the value a,(x)5(f, y) for every element (£, y)
of A(B, A) x Y(B). The element f of A(B, A) is a morphism from B to A in A,
and therefore gives us the following commutative diagram:

X(f)

X(A) X(B)
7' -2, 2(B)
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We find from the commutativity of this diagram that

as()p(f, y) = as(x)p(f 2 15, )
= Z"(f)aa(x))5(15, ) (6.18)
= ap(X(f)(x))p(15,¥) (6.19)
= Pp(X(H)x).y),

where equality (6.18) follows from the description of Z"(f) from (6.15), and
equality (6.19) follows from the property of « from (6.17). We have thus
shown the uniqueness of a.

Let us now show the existence of the natural transformation a. We set

as(X)p(f,y) = Be(X()(x), y) (6.20)

for every two objects A and B of A and all x € X(A), (f,y) € A(B, A) x Y(B).
This gives us a well-defined map

as(x)p : A(B, A)xY(B) — Z(B)

for every two objects A and B of A and every x € X(A).

Let us show that the resulting transformation a,(x) from &(A) xY to Z
is natural for every object A of A and every x € X(A). For this, we need to
show that for every morphism g : C — Bin A the diagram

g xY(g)
_—

A(B, A) x Y(B) A(C, A) x Y(C)

a(x)p ap(X)c

Z(g)

Z(B) Z(C)

commutes. This holds because

a,(0)c((g* xY(@)(f, 1) = ax(x)c(f > £ Y(©)))
= fe(X(f - ). Y() )
= fe(X(X(H (X)), Y()W)
= fe((X() x Y()X()(x). )
= fe((X x )(X(f)(x), )
= Z(9)(B(X(f)(x), )
= Z(g)(aa(0)s(f.¥))
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for every element (f, y) of the top-left corner of this diagram.
We have thus constructed a well-defined map

ay: X(A) — A(&(A) xY,Z) = ZY(A)

for every object A of A. Let us show that the resulting transformation o
from X to Z" is natural. For this, we need to check that for every mor-
phism g : B — Ain A the following diagram commutes:

X(g)

X(A) X(B)
7'(4) —2€, 2(B)

We hence need to show that

ap(X ()N, ) = Z¥ (g)aa()c(f. ¥)

for every x € X(A), every object C of A and every (f,y) € A(C, B) x Y(C).
This equality holds because

ax(X(R)N ([, ¥) = b (X(HX(Z)(x)), y)
= Pe(X(g > )(x),y)
= ay(x)c(g° f.y)
= Z"(g)aa())c(f. y) -

We have thus shown that « is natural.

It remains to show that the constructed natural transformation a« makes
the diagram (6.16) commute. We have already seen in (6.17) that the commu-
tativity of (6.16) is equivalent to the equations

Ba(x,y) = as(x)4(14,y)

for every object A of A and all x € X(A), y € Y(A). The natural transforma-
tion « satisfies these equations because

4(¥)a(14,¥) = BAX (1) (), ¥) = Pa(lxay(x), ¥) = Balx, y).
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The Yoneda embedding preserves exponentials

Let us now show that the Yoneda embedding preserves exponentials. Let B
and C be two objects of A with exponential C? and evaluation homomorphism

ev: CBxB— C.

We need to show that the object &(C?) together with the induced natural
transformation

ev’ : £(CP)x £(B) —> £(CP x B) —— £(C)

as an exponential from &(B) to &(C). We note that the components of ev’
are given by

evp : A(D,C%) x A(D,B) — A(D,C), (f,g)+>eve(f,g)

for every object D of A.
We consider the exponential &(C)*® and its evaluation natural transfor-
mation

e: £(O)*® x X(B) = X(0).
There exists a unique natural transformation
a: X(CP) = X(B)*©

that makes the diagram

£ (CP) x £(C)

axl;(c)“ \

F(O)*B) x £(C) =—— &(B)

commute. We show in the following that this natural transformation « is
already an isomorphism. Since &(C)*® together with ¢ is an exponential
from &(B) to &(C), this then shows that &(C?) together with ev’ is also an
exponential from & (B) to £(C). To show that « is an isomorphism, we will
show that it is an isomorphism in each component.
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We can already see that the presheaves & (C)*® and & (C?) are isomorphic
in each component (in some way) because

X(CBY(A) = A(A, CP)
= A(AxB,C)
= A(&(A x B), £(0))
= A(&(A) x £(B), £(C))
= £(O)*P(4)

for every object A of A. Let us denote this isomorphism from &(C?)(A)
to £(C)*®(A) by ¢,. We can derive an explicit formula for ¢, as follows:

« Let f be an element of £(C?)(A) = (A, CP).
+ The resulting element f’ of A(A x B,C) is given by f’ = ev o (f x 1p).

« The resulting element y of A(X(AxB), £(0)) is a natural transformation
from & (A x B) to &(C), which is given in components by

Yo: A(D,AxB) — A(D,C), g+ f'-g
for every object D of A. In other words,
yp(g) =eve(fxlp)eg.

« The resulting element y’ of A(L(A) x £(B), £(C) = £(C)*P(A) is a nat-
ural transformation from & (A) x &(B) to &(C), which is given in compo-
nents by

vp: A(D,A)x A(D,B) — A(D,C), (g,h) — yp((g. 1)
for every object D of A. In other words,
yo(g.h) =eve(fx1p)e(gh)=eve(fogh).
We see altogether that the isomorphism ¢, is given by

a(f)p(g.h) =eve(fogh)

for every object D of A.
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We have previously seen an explicit formula for « in (6.20). Adapting this
general formula to our special case, we see that for every object A of A, the
component a, is given by

aa(f)p(g. h) = evi(E(CO)Q(f), 1) = evi(f e g.h) = eve(f o g h).

We hence see that the component a, is precisely the isomorphism ¢,, which
entails that ¢, is an isomorphism.

Exercise 6.3.26

The construction of subobjects from Exercise 5.1.40 allows us to generalize the
notion of “subsets” to arbitrary categories. One important operation that we
can do with subsets is taking preimages: given two sets A’ and A and a map f
from A’ to A, we can form for every subset S of A its preimage f~'(S), which
is a subset of A’. The following proposition allows us to express preimages
in the language of category theory.

Proposition 6.G. Let A be set, let S be a subset of A and let i be the inclusion
map from S to A. Let A’ be another set and let f a map from A’ to A. Let i’
the inclusion map from f~!(S) to A’ and let f” the restriction of f to a map
from f~!(S) to S. The following diagram is a pullback diagram:

f8) ——s

|

AI

i

A

In the following, we will use this reformulation of preimages via pullbacks
to generalize preimages to arbitrary categories.

(a)
We can form for every object (X, m) of Monic(A) the pullback diagram
X’ X
m’| |m (62 1)
A —L A
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We know from Exercise 5.1.42 that the morphism m’ is again a monomor-
phism, whence we have constructed an object (X’,m’) of Monic(A’). By
choosing for every object (X, m) of Monic(A) a pullback as above, we have
thus constructed a map

Monic(f) : Ob(Monic(A)) — Ob(Monic(A")).
We show in the following that the map Monic( f) descends to a map
Sub(f): Sub(A) — Sub(A’).

This then shown that we can pull back subobjects of A to subobjects of A’ via
pullbacks.

To show that the map Monic(f) descends to a map Sub( f) as desired, we
need to show that isomorphic objects of Monic(A) lead to isomorphic objects
in Monic(A”). We will show more conceptually that Monic(f) extends to a
functor from Monic(A) to Monic(A”).

To construct the action of Monic on morphisms, let

h: (X,m)— (Y,n)

be a morphism in Monic(A). This means that we have the following commu-

tative diagram:
X : Y
A

Let (X’,m’) and (Y’,n") be the images of (X, m) and (Y,n) under Monic(f).
There exists a unique morphism from X’ to Y’ that makes the following dia-
gram commute:

X’ X
. Y’ Y
A’ f A
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We denote this induced morphism from X’ to Y’ by Monic( f)(h), which is
a morphism from (X’,m’) to (Y’,n’). This morphism is thus unique with
making the following two-dimensional diagram commute:

A ™ X X
H [MoniC(f )(h) lh
A’ "y Y

Let us show that the assignment Monic(f) from Monic(A) to Monic(A’) is
functorial.

« Let (X,m) be an object of Monic(A), and let (X’,m’) be resulting object
of Monic(A’). The diagram

A "X X
A" X X

commutes, whence the morphism 1y, = 1.y, satisfies the defining rela-
tionship of the morphism Monic(f)(1x ).

« Let (X, m), (Y,n) and (Z, p) be objects of Monic(A), and let (X’,m"), (Y’,n")
and (Z’, p’) be the resulting objects of Monic(A”). Let

h: (X,m) — (Y,n), k: (Y,n)—(Z,p)

be two composable morphisms in Monic(A). We have the following com-
mutative diagram:

A’ i X’ X
Monic(f)(h) h
A’ u Y’ Y

Monic(f)(k) k
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By leaving out the middle row of this diagram, we end up with the following
commutative diagram:

A —" X X
H |Monic( f)(k)eMonic(f)(h) koh
AT 7 A

The composite Monic( f)(k) - Monic( f)(h) thus satisfies the defining prop-
erty of the morphism Monic(f)(k o h). These morphisms are therefore the
same.

We have altogether constructed a functor
Monic(f) : Monic(A) — Monic(A’).
This functor induces a map
Sub(f) : Sub(A) — Sub(A’)

as desired. This map Sub(f) has the following explicit description: Given an
element [(X,m)] of Sub(A), we form the pullback diagram (6.21). The image
of [(X, m)] under Sub(f) is then the element [(X’,m")].

Remark 6.H. The functor Monic(f) that we constructed above is somewhat
evil, since it relies on choosing pullbacks. However, pullbacks are unique up
to isomorphism. We can use this uniqueness up to isomorphism to show that
the functor Monic(f) is again unique up to isomorphism. That is, different
choices of pullbacks result in isomorphic functors.

As a consequence, the induced functor Sub( f) from Sub(A) to Sub(A’) does
not depend on our original choice of pullbacks.

(b)

The collection Sub(A) is a set for every object A of &, since the category & is
assumed to be well-powered. We can therefore regard the construction Sub
as an assignment from & to Set (both on objects and on morphisms). Let us
check that this assignment is contravariantly functorial.
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+ Let A be an object of & and consider the identity morphism
1,: A— A.

For every object (X, m) of Monic(A), the diagram

X —* ,x
A—TL 4

is a pullback diagram. Therefore,

Sub(1,)([(X,m)]) = [(X,m)].

This shows that Sub(1,) = 1g,4)-

» Let
fiA—A, A A
be two composable morphisms in &/. Let (X, m) be an object of Monic(A),
let (X’,m’) be the image of (X,m) under Monic(f), and let (X”,m”) be
the image of (X’,m’) under Monic(f"). This means that in the following
commutative diagram, both squares are are pullback diagrams:

X" X’ X
Aar— I T g

By leaving out the middle column of this diagram, we get the following
commutative diagram:

X" X
A T4

It follows from Exercise 5.1.35 that this diagram is again a pullback diagram.
We hence find that

Sub(f o f)((X,m)])) = [(X",m")].
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But we also have

[(X”,m”)] = Sub(f")([(X’,m")]) = Sub(f")(Sub(f)([(X,m)])).
We have therefore shown that Sub(f o f”) = Sub(f”) o Sub(f).

We have shown that Sub is a contravariant functor from & to Set.

Remark 6.1. We should actually be able to lift the identities

Sub(1,) = Loyeay.  Sub(f o f7) = Sub(f") o Sub(A)

to isomorphisms
Monic(1,) = Iyonicay, Monic(f e f') = Monic(f’)  Monic(f).

But we cannot expect these isomorphisms to be equalities, since these action
of Monic on morphisms is only unique up to isomorphism.

(©)

Subobjects in Set are the same as subsets. More precisely, we have for every
set A a bijection

@y P(A) — Sub(4), S [(S,i)],

where for every subset S of A we denote the inclusion map from S to A as is.
The existence of these bijections also shows that the category Set is well-
powered.

Let us check that the bijection ¢, is natural in A, so that « is a natural
isomorphism from & to Sub. We need to check that for every map

f+AA—A
the following diagram commutes:

as

P(A) Sub(A)

2

|Sub(f)

P(A) —2~, Sub(A’)
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In view of our explicit description of Sub( f) via pullbacks, this commutativity
follows from Proposition 6.G (page 224).

Let now Q be the set {0, 1}. Given a subset S of a set A, we can consider the
characteristic function of S on A. This is the map

A o 1 ifaes,
. — —>
Xas > @ 0 otherwise.
The resulting map

Xa: P(A) — Set(A,Q), S+ xas

is bijective for every set A. It is also natural in A. To see this, we need to
convince ourselves that for every map

fiA—A

between sets, the following diagram commutes:

P(A) — 5 Set(A, Q)

93(f)| lf*

PA) —2, Set(A, Q)

This diagram commutes because we have for every subset S of A and every
element a’ of A’ the equalities

F QaOX@) = f*(xas)a) = (xas ° @) = xas(f(a))
and
)(A’,f*l(s)(a,) = xa (1 N@) = xu (PN ),
therefore the chain of equivalences
FOudN@) =1 = yas(f@)) =1

= f(a)es
= da e f(S)
— )(A,’ffl(s)(a’) =1

Xa(P(HHON@) =1,
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6.3 Interactions between adjoints functors and limits

and thus the equality f*(x4(S)) = xa (P(f)(S)).

We have overall constructed isomorphisms
Sub = Z = Set(—, Q).

The existence of the composite isomorphism Sub = Set(—, ) shows that the
functor Sub is represented by the set Q = {0, 1}.

Exercise 6.3.27

We denote the presheaf category [A%, Set] by A.

To give an explicit description of subobjects in A we introduce the notion
of a subfunctor: a subfunctor is to a functor what a subset is to a set. Just
as subobjects in Set correspond to subsets, we will show that subobjects in A
correspond to subfunctors.

Definition of subfunctors

Let & be a category and let H be a functor from & to Set. We say that another
functor S from & to Set is a subfunctor of H if it satisfies the following two
conditions.

1. S(A) is a subset of H(A) for every object A of .
2. S(f) is the restriction of H(f) for every morphism f in <.

In other words, a subfunctor S of H consists of a subset S(A) of H(A) for every
object A of &, such that H(f)(S(A)) € S(B) for every morphism f: A — B
ind.

We write S C H if S is a subfunctor of H. The relation C is a partial order
on the class of functors from & to Set. We denote the class of subfunctors
of H by P(H). Given two subfunctors S and T of H, we have S C T if and
only if S(A) C T(A) for every object A of .

The image of a natural transformation

Given another functor H’ from & to Set and a natural transformation «
from H’ to H, we define a subfunctor im(«) of H with

im(a)(A) = im(as)
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for every object A of &. This is indeed a subfunctor of H because

H(f)(im(a)(A)) = H(f)(im(e,))
= H(f)(a(F(A)))
= a(F(f)(F(A)))
C ag(F(B))
= im(ag)
= im(a)(B)

for every morphism f : A — Bin &/. We refer to the subfunctor im(«) of H
as the image of a.
Correspondence between subobjects and subfunctors

Let us now restrict our attention to subobjects of H. We claim that the map
Ob(Monic(H)) — P(H), (X, p) — im(p), (6.22)

descends to a well-defined bijection from Sub(H) to 9(H). To prove this
claim we need to check the following subclaims:

1. Isomorphic objects of Monic(H) have the same image.

2. The map (6.22) is surjective.

3. If two objects of Monic(H) have the same image, then they are already

isomorphic in Monic(A).

To show the first subclaim, suppose that we have a commutative diagram
of functors and natural transformations as follows:

7N

F G

We then have im(«) C im(f). For two isomorphic objects (X, p) and (X, p')
of Monic(H) we thus have both im(y) C im(y’) and im(x’) € im(y), and
therefore im(y) = im(y’).
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6.3 Interactions between adjoints functors and limits

Now we show the second subclaim. For every subfunctor S of H we have a
natural transformation : : S = H whose component 1, is given by the inclu-
sion map from S(A) to H(A) for every object A of &. Each component of ¢ is
an injective map, whence ¢ is a monomorphism. The object (S, t) of Monic(H)
serves as a preimage of S for the map (6.22), whence this map is surjective.

To show the third subclaim, suppose that (X, i) and (X, ") are two objects
of Monic(H) with the same image in 9(H), i.e., with im(y) = im(y’). We
know from Exercise 6.2.20 that the components of p and p” are injective. For
every object A of & we have thefore the two injective maps

Uy X(A) — H(A), py: X'(A)— H(A).
These two maps have the same image since
im(j1,) = im(u)(A) = im(')(A) = im(x}).

As seen in the solution to Exercise 5.1.40, there exists a unique bijection a,
from X(A) to X’(A) that makes the following diagram commute:

X(A) o X'(A)

N A

H(A)

We claim that the resulting transformation « from X to X’ is natural. To
show this, we need to check that for every morphism f: A — Bin & the
diagram

X(A) —2 5 X'(A)

X(f)| |X'(f)

X(B) —=2— X’(B)
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commutes. To this end, we consider the following extended diagram:

ap
x /

X(f) H(A) X'(f)

X(A) X'(A)

H(f)

ap

S| A

H(B)

X(B) X'(B)

The top and bottom of this diagram commute by definition of «, and the
frontal two sides commute by the naturality of p and p’. It follows that

o X'(F) e iy = H(F) oty o s
= H(f)° pa
= pp o X(f)
= ppoage X(f).

The map pj is injective, so it follows that X’(f) o @y = a5 o X(f), as desired.
We have thus constructed a natural isomorphism « from X to X’ that makes

the diagram
X = X’
H

commute. It follows from Proposition 5.B (page 131) that this natural isomor-
phism « is an isomorphism in Mon(H) from (X, ) to (X’, ). This shows
the third subclaim.

We have thus constructed a bijection from Sub(H) to &(H). In this way,
subobjects of H are the same as subfunctors of H.
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The category A is well-powered

We have for every functor H from & to Set an injective map from 9(H) into
the product [ [ 4cop) H(A). So if the category & is small (or more generally
if Ob(&f) is a set), then it follows that ?(H) is a set, whence Sub(H) is a set.
This tells us that the category Ais well-powered.

Functoriality of the power set

Let H and H’ be two functors from & to Set. Suppose we have a subfunctor S’
of H’ and a natural transformation a from H to H’. We can then consider for
every object A of &f the subset S(A) := a~'(S'(A)) of H(A). These sets form
a subfunctor S of H since for every morphism f: A — Bin &/ we have
a(H(f)(S(A))) = H'(f)ax(S(A)) € H'(f)(S'(A)) € S'(B),

and thus H(f)(S(A)) C a3'(S’(B)) = S(B). We refer to the subfunctor S of H
as the preimage of S’ under «, and denote it by a~'(S"). We thus have

a (S )(A) = az'(S'(A))
for every object A of /. We get in this way a map

al: PS) — P(S).
This construction makes & functorial:

1. Let S be a subfunctor of H. We have the equalities

(1) (S)A) = 14)(S(A)) = S(A)
for every object A of &/, and therefore (1,)7*(S) = S. Consequently, (1)
is the identity map on P (H).
2. Let H” be yet another functor from &/ to Set. Let S” be a subfunctor of H”
and let
a: H=H', o: H=—H"
be natural transformations. We have the chain of equalities
(a o) H(S")(A) = (a’ > )4 (S"(A))
= (ah o o) (S"(A)
az' ((an) (8" (A))
= a; ((@)7'(8")(A)
o' (@)1 (S")(A)
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for every object A of &/, and therefore the equality
(@ 2a) ' (5) = a (@) (5.
Consequently, (¢’ ca) ' =a o (a’)".
These properties tell us that we have constructed a contravariant functor
P |A,Set] — Set

if the category & is small.

Naturality of the isomorphism Sub(H) = 2(H)

We have previously constructed for every functor H from & to Set an isomor-
phism ¢y from P(H) to Sub(H). We will now show that the isomorphism ¢y
is natural in H. If the category & is small, then this means that the two func-
tors Sub and & from &/ to Set are isomorphic.

We need to check that for every two functors H and H’ from &/ to Set
and every natural transformation « from H to H’ the following diagram com-
mutes:

P(H) —, Sub(H’)

a71 | |Sub(a)

P(H) —*— Sub(H)

Let S’ be an element of the top-left corner of this diagram, i.e., a subfunctor
of H’'. We give descriptions of the two resulting elements of Sub(H) and then
show that these two elements are equal.

The subobject ¢y, (S") of H’' (an element of the tow-right corner of the dia-
gram) is represented by (S’,1") where 1’ is the natural transformation from S’
to H’ that is the inclusion map in each component. Let us denote the re-
sulting element Sub(a)([(S",1')]) by [(T,6)]. This is a subobject of H, and
it is uniquely determined by the fact that there exists a pullback diagram
in [, Set] of the following form:
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The subfunctor S := a'(S") of H (an element of the bottom-right corner of
the diagram) is given by
S(A) = a3 (S'(A))

for every object A of A. The subobject ¢;(S) of H (an element of the bottom-
right corner of the diagram) is represented by (S, 1) where 1 denotes the natural
transformation from S to X that is the inclusion map in each component.

To show the desired equality [(S,1)] = [(T, )] we need to show that there
exists a pullback diagram of the form

in [/, Set]. We know that limits in functor categories can be computed point-
wise. It therefore suffices to show that there exists for every object A of & a
pullback diagram of the form

S(A) S'(A)
HA) —* 5 H,

in Set. This desired diagram simplifies as follows:

a;'(S'(A)) S'(A)
H(A) o H,

We get this desired pullback diagram by choosing the upper horizontal arrow
as the restriction of @, as seen in Proposition 6.G (page 224).

Special case: the category A has one object and is discrete

To better understand the problem at hand, let us first consider the special
case that the category A is the one-object discrete category. The presheaf
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category A is then just Set, and the functor 2 is just the usual contravariant
power set functor.

Let 1 = {1} be a one-element set. For every set X, elements of X are the
same as maps from 1 to X. For the subobject classifier Q of Set we have
therefore the isomorphisms

Q = Set(1,Q) = 2(1).

We turn this observation into motivation to define Q as 2(1).

We observe that Q = {@, 1}, which agrees with the usual definition of the
subobject classifier of Set. But we won’t need this explicit description of Q,
and will deliberately avoid it. Instead, our argumentation will rely on the
following two properties of the set 1 and its element 1.

1. For every set X and every element x of X there exists a unique map e,
from 1 to X with e (1) = x.

2. The only subset of 1 containing 1 is 1.

In terms of intuition, the second property tells us that “the subset of 1 gener-
ated by the element 1 is 1”.

In the following, let X be some set. We will describe how to abstractly
construct the usual bijection between J(X) and Set(X, Q), and how to show
that this bijection is natural in X.

Suppose first that S is a subset of X. For every element x of X we can pull
back the subset S of X along the map e, a subset of 1. We get in this way a
map

Xs: X —Q, xr+—e/(S).

(We observe that ys(x) = 1if x € S and y5(x) = @ otherwise, so our abstract
construction of the characteristic function ys agrees with the usual explicit
definition.)

Suppose now that f is any map from X to Q. The set 1 as a special subset,
namely 1 itself. The set U := {1} is then a subset of Q, which we can pull back
along f to the subset f~'(U) of X.

We will now check that the above two constructions between subsets of X
and maps from X to Q are mutually inverse, and also natural in X.
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Let S be a subset of X. We have for every element x of X the chain of
equivalences
x€eS < e(1)eS
= 1€e(S) = ys(x)
= 1=y (6.23)
= x€x'(U),

and therefore the equality S = y5'(U). For the step (6.23) we used that y,(x)
is a subset of 1 containing 1, and that the only such subset is 1.

Let now f be a map from X to Q and let S := f~'(U). To show the equal-
ity f = xs we need to show that f(x) = ys(x) for every element x of X.
Both f(x) and ys(x) are subsets of 1, so we need to show that for every ele-
ment p of 1, we have p € f(x) if and only if p € ys(x). The only element of 1
is 1, and we have the chain of equivalences

le f(x) & f(x)=1

«~— x€S
= x(x)=1
= 1€ x00.

We have thus shown that indeed f = ys.
To show the required naturality, we need to show that for every map

f: X—Y
the following diagram commutes:

PY) —O ., Set(Y,Q)

1k

PX) —2 ., Set(X, Q)

Let S be a subset of Y and let x be an element of X. Then f ce, = ey, because

(f o e)(1) = fle(1)) = f(x) = es(1),
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and consequently
T Os)(x) = (x5 © ()
= xs(f(x))
= €50 (S)
=(fee) (9
= e (f7(S)
= Xf-l(S)(x)-
This shows that f*()xs) = x/(s), so that the diagram commutes.

Special case: the category A has one object

Suppose now slightly more generally than before that the category A con-
sists of only a single object *. For the monoid M := A(x, %), the presheaf
category A is then isomorphic to the category . of right M-sets. For every
right M-set X the set 2(X) consists of all M-subsets of X, and for every homo-
morphism of right M-sets f: X — Y the induced map f': 2(Y) - P(X)
is given by taking preimages in the usual sense.

For every right M-set X, the elements of X correspond to homomorphisms
from M to X. For the subobject classifier Q of .# we have therefore the
isomorphisms

{elements of Q} = M (M, Q) = P(M).

We therefore define Q as follows:
« The underlying set of Q is P(M).

« For every element m of M, left multiplication with m is a homomor-
phism A,, : M — M, and therefore induces a map A,! : P(M) - P(M).
This map is the action of m on Q. More explicitly, we have

Sm=1'S)=nheM|A,(n)eSt={ne N |mneS}. (6.24)

We denote the set (6.24) as (S : m), in accordance to the notation for quotient
ideals in ring theory. We note that m is contained in S if and only if 1, is
contained in (S : m).

More generally, if X is any right M-set, S is an M-subsets of X, and x is an el-
ement of X, then we will use the notation (S : x) for the set{m € M | xm C S},
so that

S:x)>om < S>xm.
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We note that x is contained in S if and only if 1,, is contained in (S : x), if
and only if (S : x) = M.

As in the previous special case, we will try not to work with the explicit
elements of Q. Instead, we will rely on the following two observations:

1. There exists for every right M-set X and every element x of X a unique
homomorphism e, from M to X with e, (1,,) = x.

2. The only M-subsets of M that contains 1,, is M itself.
Let X be aright M-set and let S be an M-subsets of X. For every element x

of X we can pull back S along the homomorphism e, to an M-subsets of M.
We have in this way a set-theoretic map

Xs: X —Q, xr— e /(S).
This map is more explicitly given by
xs(x)=e'S)={meM|e(m)eSt={meM|xmeS}=(S: x)

for every x € X. As a by-product of the construction of yg, we see that (S : x)
is an M-subsets of M.

We claim that the map y;s is already a homomorphism. To see this, we
observe that e, = e, ° 4, since both e, and e, - A,, are homomorphisms and

exm(lM) =Xxm = ex(lM)m = ex(m) = ex(Am(lM)) = (ex ° Am)(lM) .
It follows that
Xs(xm) = €5, (S) = (e, ° 4,)7'(S) = A, (e (8)) = xs(x)m.

Suppose conversely that f is any homomorphism from M to Q. We note
that M contains a very special M-subsets, namely M itself. Every element m
of M is contained in M (surprise!), whence Mm = (M : m) = M. This tells
us that M is a fixed point in Q. Equivalently, U := {M} is an M-subsets of Q.
By pulling back U along f, we arrive at the M-subsets f~'(U) of X.

We will now show that the above two constructions between M-subsets
of X and homomorphism from X to Q are mutually inverse and natural.
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Let S be an M-subsets of X. We have for every element x of X the chain of
equivalences
x€S < e(1,)€S
= 1y €¢'(S) = xs(x)
= x(x)=M (6.25)
= x¢€x'(U)

and therefore the equality S = y;'(U). We have used in the step (6.25)
that ys(x) is an M-subsets of X containing 1,,, and that the only such sub-
set is M itself.

Let f be a homomorphism from X to Q. For the M-subsets S := f'(U)
of X we want to show that f = y;. We need to show that f(x) = ys(x) for
every element x of X. Both f(x) and ys(x) are M-subsets of M, so we need to
show that for every element m of M we have m € f(x) if and only if m € yg(x).
We have

(f(x) = m) = f(x)m = f(xm),

and therefore the chain of equivalences

me f(x) = 1y €(f(x): m)
1y € f(xm)
flxm) =M
xmeSs

me (S : x)

m € ys(x).

rrooa

This shows that indeed f = ys.
It remains to show the naturality of the bijections y_, : P(X) — (X, Q).
For this, we need to show that for every homomorphism

f: X—Y
the following diagram commutes:

X

P(Y) MY, Q)

1k

PX) —2  w(X,Q)
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Let S be an M-subsets of Y and let x be an element of X. Then f e, = ey
because

(f e ey = fle(1y) = f(x) = ep (1),
and consequently
F Q) = (xs o fx)
= xs(f(x))
= €50 (S)
=(fee)'(S)
= e ' (f7(9)
= Xf*l(s)(x)-
This shows that f*()s) = xs1(s) which shows the required commutativity.

(@)

Suppose that Q is a subobject classifier for A. For every object A of A we then
have the isomorphisms

Q(A) = A(H,, Q) = Sub(H,) = P(H,).

(b)

We define the desired subobject classifier Q of A as the composite of the
Yoneda embedding from A to A (which is covariant) and the contravariant
power set functor from A to Set. More explicitly, we have

QA) = 2(Hy)
for every object A of A, and for every morphism f : B — A in A the map
Q(f) ==H;': P(H,) — PHp), S+ H(S).
More explicitly, we have
Q(HS)C) = Hf'(S)(C)
= (Hp)c'(S(0))
= (£)71(S(C))

=1g: C - B| f.(g) € S(CO);
={g: C—> B| fogeS)}. (6.26)
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We will show in the following that the presheaf Q is a subobject classifier
for A, i.e., that A(—, Q) = Sub. We have already seen that Sub = %, so we
will show in the following that & = A(—, Q). We will use the following two
properties of the presheaves H,.

1. For every object A of A and every element x of X(A) there exists a
unique natural transformation ¢, from H, to X with e 4(1,) = x.

2. For every object A of A, the only subfunctor of H, containing 1, is Hy,
itself.

Let X be a presheaf on A and let S be a subfunctor of X. Let A be an object
of A and let x be an element of X(A). We can use the natural transformation ¢,
to pull back the subfunctor S of X to the subfunctor £;'(S) of H,. We get in
this way a set-theoretic map

Xsa i X(A) — P(Hy) =QA4), x— & (S).
More explicitly, we have

Xs.4(B) = &:1(S)(B)

= &, 5(S(B))
{g € Hy(B) | &, 5(g) € S(B)}
={g: B> A[ X(g)(x) € S(B)}.

The resulting transformation ys from X to Q is natural. To see this, we
need to check that for every morphism

f:B— A
in A the following diagram commutes:

X(A) —24 5 Q(A)

X(f)l lQ(f)

X(B) —22— Q(B)

We observe for every element x of X(A) that

Ex(f)x) = & ° Hy
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6.3 Interactions between adjoints functors and limits

since both sides are functors from Hj to X with

ex(p,8(15) = X(f)(x)
= X(f)(era(14))
= x,B((HA)(f)(lA))
= x,B(f)
= x,B((Hf)B(lB))
= (Sx,B ° (Hf)B)(lB)
= (fx,B ° Hf)B(lB)~

It follows for every element x of X(A) that

Xs5(X(F)(X) = ex()0(S)
= (&, °Hy)™'(S)
=H;'(&'(5))
= Q(f)(xs(x)) -

This shows the required commutativity.

Suppose now that « is a natural transformation from X to Q. The func-
tor H, has itself as a subfunctor, and for every morphism f: B — Ain A we
have H;'(H,) = Hy because

H'(HA)(C) = (Hp)c'(Ha(0))
= {g € Hp(C) | (Hy)p(g) € Ha(C)}
={g € A(C,B)| f-g € A(C, A)}
= A(C,B)
= Hy(C)

for every object C of A. This tells us that the presheaf Q has a subfunctor U
given by U(A) = {H,} for every object A of A. We can pull back the sub-
functor U of Q along the natural transformation « to the subfunctor a™*(U)

of X.
We will now check that these two constructions between subfunctors of X
and natural transformations from X to Q are mutually inverse, as well as

natural.
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Chapter 6 Adjoints, representables and limits

Let S be a subfunctor of X. We observe for every object A of A and every
element x of X(A) the chain of equivalences

x € S(A)

£.a(14) € S(A)

14 € &.4(S(A)) = &' (S)A) = xs5.4(x)(A)

Xs.a(x) = Hy (6.27)
x € xsA({Ha}) = xs4U(A) = x5 (U)(A).

11t

For the equivalence (6.27) we use that ys .(x) is a subfunctor of H, contain-
ing 1,, and must therefore be all of H,. This shows that S(A) = y5'(U)(A)
for every object A of A, and therefore S = y5'(U).

Let now « be a natural transformation from X to Q and let S = a '(U). We
want to check that @ = ys. For this, we need to show that for every object A
of A and every element x of X(A) we have a,(x) = ysa(x). Both a,(x)
and ys 4(x) are elements of Q(A) = 9(H,), and therefore subfunctors of H,,.
We hence need to show that a,(x)(B) = x5 4(x)(B) for every object B of A.
We have for every element f of H,(B) = A(B, A) the chain of equalities

f € ay(x)(B)
= 13 € Q(fNaa(x))(B) (6.28)
= Q(f)aa(x)) = Hg (6.29)
= ag(X(f)(x)) = Hp (6.30)
= X(f)(x) € a5'({Hp}) = a3 (U(B)) = &' (U)(B) = S(B)
= &.5(f) € S(B) (6.31)
= f€ep(S(B) =& (S)(B) = ys(x)(B),

and thus a,(x)(B) = ys(x)(B). For (6.28) we use the formula (6.26). The equal-
ity (6.27) holds because Q( f)(a4(x)) is a subfunctor of Hy that contains 15, and
the only such subfunctor is Hy itself. For (6.30) we use the naturality of «, and
for (6.31) we use that X(f)(x) is precisely &, z(f).

To show the required naturality we need to check that for every natural
transformation

a: X —Y
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6.3 Interactions between adjoints functors and limits

between presheaves on A the following diagram commutes:

PY) —2 5 A®Y,Q)

PX) 2 L AX, Q)

Let S be a subfunctor of Y, let A be an object of A and let x € X(A), then

a*(xs)a(x) = (xs ° @) 4(x)
= (Xs.4 ° @a)(x)
= Xs.alas(x))
= &, ((S)
=(aoe)7'(S)
=& '(a7(5)
= )(orl(s),A(x),

therefore a*(¥s)a = Xu-1(s).4> and thus a*(xs) = x,-1(s)- This shows the re-
quired commutativity.

(c)
We know from Corollary 6.2.11 that A has all small limits. This entails that A
has finite limits. We have seen in Theorem 6.3.20 that A is cartesian closed.
We have seen in this exercise that A is well-powered and has a subobject
classifier.

This shows altogether that Aisa topos.
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Appendix A

Proof of the general adjoint
functor theorem

Exercise A.3

(@)

For every object B of &, let iz be the unique morphism from 0 to B.

Let for a moment (C, (¢z)) be a cone on the identity functor 1,. We have
for every morphism g : B — B’ in & the equality g o gz = gz . By choosing
the morphism g as iz we find that

ig°qo = qp
for every object B of 9. This tells us that the entire cone (C, (g3)p) is already
uniquely determined by the single morphism g, : C — 0.

Conversely, given any morphism g: C — 0 in 3B, we can pull back the
cone (0, (i5)) along the morphism g to the cone (C, (i ° g)5). We note that
for B =0 we have iz > g =i, o g = g since the morphism i, is necessarily the
identity morphism of 0.

The above two constructions are mutually inverse. We thus find that a cone
on the identity functor 15 with vertex C is the same as a morphism from C
to 0.

Suppose now that (C, (q3)) and (C’,(gg)s) are two cones on the identity
functor 154. We find for every morphism f from C to C’ that

f is a morphism of cones from (C, (q5)5) to (C’, (q5)5)
< qpe f = qp for every object B of &
< igoq)e f =ige°q, for every object B of &
= q°f=q- (A.1)
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For the equivalence (A.1) we use again that i, is the identity morphism of 0.
We have thus found an isomorphism between the cone category Cone(1)
and the slice category 9 /0. This slice category has as a terminal object,
namely (0, 1,). The corresponding cone (0, (i ° 1,)5) = (0, (iz)p) is therefore
terminal in Cone(1). This means precisely that this cone is a limit cone.

(b)
We have for every morphism g : B — B’ in & the equality
8°Pp= Pp -

This entails that pge p; = pp for every object B of %, whence pgeo p; = pgel;
for every object B of 9. Consequently, p; = 1; by Exercise 5.1.36, part (a). It
further follows for every object B of & that the morphism py is the only mor-
phism from L to B: for every morphism g from L to B we have the equalities

pPp=8°pr=8°1,=g.

Exercise A.4

(@)

For every two elements ¢ and ¢’ of C, there exists a morphism from c to ¢’ if
and only if ¢ < ¢’. Therefore, S is weakly initial if and only if there exists for
every element ¢ of C an element s of S with s < c.

(b)

For every element ¢ of C there exists an element s” of S with s" < ¢, whence

/\sgs’gc.

Exercise A.5

(@)

For every object I of I, an object D(I) of (A = G) is the same as a pair (E(I), ¢;)
consisting of an object E(I) of % and a morphism e; from A to G(E(I)). For
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Appendix A Proof of the general adjoint functor theorem

every morphism u : I — J in I, a morphism D(u) from D(I) to D(J) is then
the same as a morphism E(u) from E(I) to E(J) such that G(E(u)) - ¢; = e;.

The functoriality of the assignment D is precisely the functoriality of the
assignment E. If this functoriality is satisfied, then (A, (e;),] is precisely a
cone on G o E with vertex A.

We hence find that a functor D fromIto (A = G) is the same as a functor E
from I to % together with a cone (A, (¢;);) on G E. The two functors D and E
are related through the projection functor P, from (A = G) to & via

E=P,oD.

(b)

Let I be a small category and let D be a diagram in (A = G) of shape L
The resulting diagram E := P, o D in B admits a limit (L', (p;);) since the
category & is complete. We need to show the following two assertions:

1. There exists a unique cone (L, (p;);) on the original diagram D such
that L’ = P,(L) and p; = P,(p;) for every object I of L

2. This cone (L, (p;);) is a limit cone.

We know from part (a) of this exercise that we may regard the diagram D
in (A = G) as the diagram E together with a cone of the form (A, (¢;);) on G-E.
To prove the first of the above two assertions, we make the following obser-
vations:

« Lifting the object L’ of & to an object L of (A = G) means choosing a
morphism ¢ from A to G(L") in &/, so that then L = (L, ©).

« Let I be some object of I. There can be at most one lift of the mor-
phism p;: L’ — E(I) to a morphism p;: L — D(I) because the pro-
jection functor P, is faithful. More explicitly, the only possible lift is p;
itself, but pf is a morphism from L = (L', ¢) to D(I) = (E(I), ¢;) if and only

if the diagram
/ \

G(L') ot G(E(D))

commutes, i.e., if and only if e, = G(p}) » L.
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« Writing p; = pj, the object L of (A = G) together with the morphisms p;
is then automatically a cone for the diagram D. Indeed, we need for every
morphism u : I — J the commutativity of the following diagram:

D(u)

D(I) D(J)

It suffices to check that this diagram commutes after applying the forget-
ful functor P,, resulting in the following diagram:

7&

E(u)

E(I) E(J)

This diagram commutes because (L, (p{);) is a cone on E.

As a consequence of these observations, to prove the first assertion, we
need to show that there exists a unique morphism £ from A to G(L") such
that G(py) o £ = ¢, for every object I of .

We note that the object G(L") of &/ together with the morphisms G(p;)
forms a cone on G o E because (L', (pj);) is a cone on E. We note that the
cone (G(L"), (G(p;));) in question is already a limit cone because the original
cone (L', (p;);) is a limit cone and the functor G is continuous. It follows that
there exists a unique morphism £ from A to G(L") with

G(pr)et=r¢

for every object I of I. The overall situation is depicted in Figure A.1.

We have thus proven the first assertion by explicitly construction the re-
quired cone (L, (p;);) on D.

Suppose now that (C,(q;);) is another cone on D. To prove the second
assertion, we need to show that there exists a unique morphism f from C
to L in (A = G) such that p; o f = g, for every object I of L.

The object ¢ is of the form C = (C’,¢) for an object C’ of & and a mor-
phism ¢: A - G(C’) in &/, and each morphism ¢, : C — D(I) can we re-
garded as a morphism q; : C’ — E(I) with

Glgnec=r¢. (A2)
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T > G(L) r
%%
¢ G(p") p
GoE E
in o in 3B

Figure A.1: Construction of ¢.

We need to show that there exists a unique morphism f from C’ to L’ in &
such that the following two properties hold:

1. G(f) o ¢ = £, where both sides are morphisms from G(C") to G(L’).
2. pre f = q; for every object I of L

Indeed, the first property is what it means for the morphism f from C’ to L’
to also be a morphism from C = (C’,¢) to L = (L’,t), whereas the second
property means precisely that p; o f = g; for every object I of I.

We know that (C, (q;);) is a cone on D, so by applying the projection func-
tor P, we find that (C’,(q;);) is a cone on E. It follows that there exists a
unique morphism f from C’ to L’ satisfying the second property, as (L', (p});)
is a limit cone on E.

To show the required equality G(f) o ¢ = ¢, it suffices to show that

G(pr) e G(f)ec=G(pp) ot

for every object I of I, thanks to Exercise 5.1.36, part (a) and because the
cone (G(C”), (G(py));) is a limit cone. This required equality holds because

G(pr) e G(f)ec=G(pro f) =Glgn oc=e =G(pp) ¢,

where we use the functoriality of G, the definition of f, identity (A.2), and the
definition of ¢.

252



Bibliography

[AHS06]

[Leig]

[Macog8]

[MSE13a]

[MSE13b]

[MSE13c]

[MSE17]

Jifi Adamek, Horst Herrlich, and George E. Strecker. Abstract and
Concrete Categories. The Joy of Cats. Reprints in Theory and Ap-
plications of Categories 17. July 14, 2006. 509 pp. URL: http://
www.tac.mta.ca/tac/reprints/articles/17/tri7abs.html (visited
on November 10, 2022).

Tom Leinster. Basic Category Theory. Cambridge Studies in Ad-
vanced Mathematics 143. Cambridge: Cambridge University
Press, 2014. viii+183 pp. ISBN: 978-1-107-04424-1. DOIL: 10.1017/
CB09781107360068. arXiv: 1612.09375 [math.CT].

Saunders Mac Lane. Categories for the Working Mathematician.
2nd ed. Graduate Texts in Mathematics 5. New York: Springer-
Verlag, 1998. xii+314 pp. ISBN: 978-0-387-98403-2. DOI: 10.1007/
978-1-4757-4721-8.

Zhen Lin. Do pushouts preserve regular monomorphisms? Jan-
uary 5, 2013. URL: https://math.stackexchange.com/a/270858/
300783 (visited on November 10, 2022).

Peter LeFanu Lumsdaine. Is every monoid isomorphic to its oppo-
site. September 4, 2013. URL: https://math.stackexchange.com/a/
484120/300783 (visited on May 21, 2022).

spitespike. The fundamental group functor is not full. Counterex-
ample? Subcategories with full restriction? June 7, 2013. URL:
https:// math.stackexchange .com/ questions/ 414093 (visited
on April 16, 2021).

Qiaochu Yuan. Is this functor full? Top”"op -> CRing (ring of real-
valued continuous functions on a topological space). August 29,
2017. URL: https://math.stackexchange.com/a/2410437/300783
(visited on October 2, 2022).

253


http://www.tac.mta.ca/tac/reprints/articles/17/tr17abs.html
http://www.tac.mta.ca/tac/reprints/articles/17/tr17abs.html
https://doi.org/10.1017/CBO9781107360068
https://doi.org/10.1017/CBO9781107360068
https://arxiv.org/abs/1612.09375
https://doi.org/10.1007/978-1-4757-4721-8
https://doi.org/10.1007/978-1-4757-4721-8
https://math.stackexchange.com/a/270858/300783
https://math.stackexchange.com/a/270858/300783
https://math.stackexchange.com/a/484120/300783
https://math.stackexchange.com/a/484120/300783
https://math.stackexchange.com/questions/414093
https://math.stackexchange.com/a/2410437/300783

Bibliography

[MSE22]

[pos21]

[Wei1g]

254

Jendrik Stelzner. Describing epimorphisms in Set-valued func-
tor categories without pointwise computation of colimits. Novem-
ber 15, 2022. URL: https://math.stackexchange.com/q/4577194/
300783 (visited on November 15, 2022).

positrono8o2. Solutions to Basic Category Theory, Tom Leinster, All
Chapters. January 1, 2021. URL: https://positrono8o2.wordpress.
com/basic-category-theory-leinster/ (visited on January 7, 2023).

Michael Weiss. Math Notes. Exercises from Leinster. March 10,
2019. URL: https://diagonalargument.com/mathnotes/ (visited
on January 7, 2023).


https://math.stackexchange.com/q/4577194/300783
https://math.stackexchange.com/q/4577194/300783
https://positron0802.wordpress.com/basic-category-theory-leinster/
https://positron0802.wordpress.com/basic-category-theory-leinster/
https://diagonalargument.com/mathnotes/

	Introduction
	Categories, functors and natural transformations
	Categories
	Functors
	Natural transformations

	Adjoints
	Definition and examples
	Adjunctions via units and counits
	Adjunctions via initial objects

	Interlude on sets
	Constructions with sets
	Small and large categories
	Historical remarks

	Representables
	Definitions and examples
	The Yoneda lemma
	Consequences of the Yoneda lemma

	Limits
	Limits: definition and examples
	Colimits: definition and examples
	Interactions between functors and limits

	Adjoints, representables and limits
	Limits in terms of representables and adjoints
	Limits and colimits of presheaves
	Interactions between adjoints functors and limits

	Proof of the general adjoint functor theorem
	Bibliography

